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PREFACE 


The author’s aim has been to produce a book suitable to the 
beginner who wishes to acquire a sound knowledge of the more 
elementary parts of the subject, and also sufficient for the 
candidate for a mathematical scholarship. The syllabus for 
Honour Moderations at Oxford has been taken as a maximum 
limit. 

The main principles observed in its construction are : (1) to 
utilize the previous knowledge of the student ; (2) to make the 
subject self-dependent ; (3) to arrange the bookwork in such 
logical order that any portion can be readily found ; (4) to 
illustrate difficulties by worked-out problems, each selected with 
a definite object ; (5j to graduate the exercises and to select 
only those which can be done by the preceding bookwork. 
The solutions of illustrative examples are not always the most 
elegant possible ; the probable capacity of the student at each 
stage has been carefully considered. 

During twelve years’ daily experience of teaching this sub- 
ject the author has noted the difficulties common to students. 
For example, the average student has no idea of ‘ the form of 
an equation ’ : thus, asked to find the equation of a line through 
a given point perpendicular to a ^iven line, he begins, ‘ Let 
y=zmx + c be the line, then its “la”’, &c., whereas, if he had 
a clear understanding of form, he would readily write such an 
equation down. 

In order to give the reader confidence in analytical methods, 
familiar properties are used as illustrations and well-known 
facts are noted wherever they arise naturally out of the analysis. 
Thus the circle is fully dealt with; methods and ideas are 
thereby illustrated earlier than usual. A large number of 
exercises are given in this part of the work so that the pupil 
can make the foundations sure ; the reader with special mathe- 
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matical ability can omit many of these. Some of the work on 
the circle, especially that dealing with the circles of the triangle, 
is, the author believes, new. 

The author has tried to avoid obtaining analytical results by 
quoting geometrical results with which the reader may be 
acquainted in Geometrical Conics. This process makes some 
pupils lose confidence in Analytical Geometry; others welcome 
it as a dodge enabling them to avoid a real understanding of 
the principles of the subject ; in either case the result is bad. 
All properties of the conic are developed by analytical processes 
following on definitions. Thus, for instance, the equation of 
the axes of the general conic, either in Cartesian or Areal 
coordinates, is obtained from the simple definition of an axis 
as a straight line about which the conic is symmetrical : the 
foci are subsequently shown to lie on the axes. This equation 
of the axes is not deduced from those giving the foci by making 
the statement that the foci lie on the axes, a statemejit which, 
most probably, the reader would fail to justify except by an 
appeal to Geometrical Conics. 

Briefly, this book attempts to answer the question, ‘ What do 
the general equations of the first and second degree represent'?'* 
rather than, ‘ What equations represent certain known curves ? ’ 
The chapter on the cii'cle, however, comes before the general 
discussion of the equation of the second degree ; the purpose 
being to familiarize the student with the work before the more 
serious attack, and to cater for those examinations which limit 
their syllabus to the line and circle. 

A few details may be noted ; abridged notation is insisted upon 
as probably the best introduction to quite general cooi'dinates. 
The author’s treatment of the parabola y/ax+ V htj = 1 is original, 
and will, he hopes, commend itself to teachers who have realized 
the difficulties boys find with the usual work. Parametric co- 
ordinates are given their rightful prominence. In the first draft 
of this book point and line coordinates were treated concurrently : 
convinced, however, of the relative importance of the former, the 
author changed his scheme: it is hoped that the introductory 
chapter on line coordinates will prove useful. Special care has 
been given to the introduction of imaginary points, points at 
infinity, and the line at infinity. The last chapter, is devoted 
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to Areal coordinates, and here tangential e4Uations are freely 
used ; many of the proofs given are new. 

The author’s first and unlimited thanks are to Mr. A. E. Jollift’e, 
M.A., Fellow and Tutor of Corpus Christ! College, Oxford : when- 
ever a diflSculty, either of arrangement or of method, has arisen 
he has given most helpful advice, and it is largely due to his aid 
and encouragement that this work has been completed. 

Mr, Jolliffe also read through and thoroughly criticized both 
the manuscript and the proofs. The author is entirely responsible 
for the form and accuracy of the work, but it is right to state 
that Mr. Jolliffe most generously placed a quantity of his own 
work at the author’s disposal ; thus the practical methods of 
drawing conics and some of the best paragraphs in the later 
chapters are adapted from his manuscript. Chapter IV was 
inserted at his suggestion, and he kindly submitted this part 
of the work to other mathematical authorities for their criticism. 

Mr. P. H. Wykes, M.A., spent much time and care reading the 
manuscript, and his suggestions were often adopted. 

Miss Isabella Thwaites, scholar of Girton College, Cambridge, 
and Mr. W. E. Paterson, M,A,, have kindly read the proofs. 

The author is glad also to recognize the unfailing courtesy 
and kindness extended to him by the Clarendon Press. 

The author hopes he has produced a book that will not only 
make the subject interesting to schoolboys, but will be a valuable 
companion to which later on the undergraduate will often refer 
and from which he will not readily part. 


BllADKORD, 1912 . 


A. C. J. 
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CHAPTER 1 


THE POINT 

§ 1. The method of algebraical analysis involves three distinct 
processes : — 

(a) The conditions of a geometrical problem are represented by 
algebraical expressions and eipiations. 

(?>) The processes of algebra are applied to these expressions and 
equations to obtain new results. 

(c) These new results are translated back into geometrical lan- 
guage. 

The object of the bookwork given is to enable the student to 
jierform readily the first and third operations. The tendency in this 
subject is to lose sight of the geometrical significance: the student 
should take the greatest pains to acquire the habit of connecting 
every algebraical detail with its geometrical interpretation. 

One of the most elementary relations between Geometry and 
Algebra is the expression for the area of a rectangle. The number 
of square units in the area of a lectangle, whose sides are a and 0 
units of length respectively, is the product ah. The algebraical ex- 
pression ah may thus be said to represent the geometrical quantity, 
the area of a rectangle. 

Algebraical proofs of the propositions in Euclid, Bk. II, are based 
on this idea. The logic of the process is here illustrated. 

^ b A C B 


7> b 

y 


zs b 


j If a straight line he divided into any tivo parts the square on the 
whole line is equal to the sum of the squares on the two parts, together 
ivith twice the rectangle contained by the two parts. 
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If AB is the straight line divided at (7, let AC, CB be a and h 
units of length respectively. 

(а) The area of the square on AB is represented algebraically by 
the product (a + 6) X (a -j- &). 

(б) Now (a + b) X (a + &) = (a + iY 

= + 2a6. 

(c) But this result represents the square on -d.C-fthe square on 
(7B + twice the rectangle contained hy AC and CB. 

Hence ^ the square on AB is equal to &c. 

The algebraical idea of sign is represented geometrically by direc- 
tion ; thus if the length of CB measured from (7 to JS is +6, the 
length measured from J? to (7 is — Z>. 


A 


(i) 


A“ 


A 


(ii) 


KT.C 

b 


Thus in Fig. (i) AB is of length (ci + fc), in Fig. (ii) of length (a— 6). 
The absence of this idea in Euclid accounts for the number of pairs 
of propositions which are algebraically equivalent : e. g. II. 4 and 
II. 7 ; II. 5 and II. 6 ; II. 12 and II. 13. 

For instance, in the example given above, if h were negative 
proposition II. 7 is derived. Using Fig. (ii) ^ 

(a) The square on AB is represented by (a — h) la— *6). 

(b) + 

(o) This represents the sum of the squares on AC and BC less 
twice the rectangle contained by AC and BC, 

The drawing of graphs is a further useful step towards connecting 
the subjects of Geometry and Algebra. Graph drawing is how taught 
in all schools, and we assume that the reader has some knowledge 
of the process. 


§ 2. Cartesian Coordinates. Rectangular and Oblique Axes. 

The position of a point P in a plane is indicated by its distances 
measured in fixed directions from two chosen intersecting straight 
lines Ox, Oy (the coordinate axes or axes of reference) ; the axes 
are called rectangular when Ox, Oy are perpendicular, otherwise 
oblique. In both cases, if PN be drawn parallel to Oy (the axis of y), 
the lengths 0N,NP are called the x and y coordinates. Thus, if 
ON = h and NP = A;, P is the point {h, k). 

The same convention with regard to sign is made as in trigo- 
nometry: lines measured upwards {NP) are positive, downwards {N'P') 
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negative, and again to the right {ON) positive, to the left {ON') 
negative: e. g. the point P' is (~a, —6) where ON' ^ a and 
N'P'=^ h. The angle xOy is usually called to. 



The a;-coordinate of a point is called its abscissa^ the ^-coordinate 
its ordinate. We shall refer to ^ the point P whose coordinates are 
a, 6 ’ as ‘ the point P(a, b) \ 

Note. In the majority of pioblems it is more convenient to use rect- 
angular axes, especially when the lengths of lines or the magnitude of 
angles (i. e. metrical properties) are involved, because the expressions for 
these quantities are much simpler when w is a right angle : it may happen, 
however, that the solution of a problem is so much simplified in other 
ways by the use of oblique axes that the inconvenience due to the more 
clumsy formulae is outweighed ; consequently the student should make 
himself familiar with the formulae in the more general case. It may be 
well to note here that as a rule the student has free choice of axes of 
reference in any problem ; the first step is to decide what lines in the 
figure will make the most convenient axes of reference, the only lestriction 
being that they must be fixed ; a variable line must not be chosen for an 
axis nor a variable point for origin. 

§ 3. Polar Coordinates. 



The position of a point P is indicated by 

(i) its distance OP (r) from a fixed point 0, called the pole, 

(ii) the angle (d) which OP (the radius vector) makes with a fixed 

axis OZ, 
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When 0 is positive, to find the position of P, the radius vector 
must start from the position OZ and revolve about 0 in a direction 
opposite to that of the hands of a clock through the angle 6 ; the 
distance r, if positive, is measured along this radius from 0 ; if 
negative, in the opposite direction. It should be noted that with 
this convention of sign the points indicated by (r, d), ( — r, 7rH-0), 
( — r, — TT + d), (r, d — 27r) are identical. 

§ 4. The polar coordinates of a point referred to the line OZ are 
connected by simple relations tvith the Cartesian coordinates referred 
to rectangular axes through 0, along and perpendicular to OZ. 



Let P be the point (r, d) or (,r, y) : 
then X = ON = r cos 0 ; y =: NP = r sin 0. 

Conversely r = ; and 0 = tan~^ -• 

X 

Thus with these lines of reference the graphs of 

X ^ 2^ — 1 and r cos 0 = 2r sin d— 1 

are identical. 

Examples I a. 

1. With rectangular axes mark the positions of the points (2, 1*5), (0, 3), 
(4, 0), (8, —3) (—2, 4*5). Note graphically that they arc collinear. What 
equation do they all satisfy ? 

2. With axes inclined at 120^ note the positions of the points (0, 0), 

(6,1), 2, -3), (5, 4), (2, -l)( -3,4). 

Which of these points are collinear ? 

3. Mark the positions of the following points : — 

(«» («» (“-0, -Jtt), 

and find their Cartesian coordinates referred to rectangular axes through 
the pole, one of which coincides with the polar axis. 

4. Find the polar coordinates, referred to Ox^ of the following points, 
whose Cartesian coordinates referred to rectangular axes are : - 

(3, 4), (5, 5), (2>/3, 2)(-2v^3, 2), (-2^3, -2), (2V3, -2). 
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5. The sides of a square are 4 units long ; choose coordinate axes so as 
to make the coordinates of the cornel’s as symmetrical as possible, and 
state their coordinates. 

6. The sides of a parallelogram are 4 and 6 units of length ; find the 
coordinates of its corners referred to suitable axes. 

7. The diagonals of a rhombus are 2 and 4 units of length ; find the 
coordinates of its corners referred to suitable rectangular axes. 

8. Draw the graphs of (i) a: = 4, (ii) y = 3, (iii) x (iv) x + a = 0, 
(v) y = 4aT, (vi) rc + y = 0, referred to (a) rectangular, (6) oblique axes. 

9. Draw graphs of (i) r cos d = 1, (ii) r sin d + 2 = 0, (iii) 3 r—sec d == 0, 
(iv) 0 = Jtt, (v) 2r+5 cosec d = 0. 

10. The polar coordinates of a point are (a, OK), its Cartesian coordinates 
referred to rectangular axes through the pole, the a:-axis making an 
angle 30° with the polar axis, are (a?, y) : prove 

(i) a;^4i/‘" = a^; (ii) tan 0( = (//v/8 -f rr)/(.T\/3 -y). 

§ 6. To find the distance hettveen two points tvhose coordinates are 
given. 

I. Cartesian Coordinates, Oblique axes. 



Let the points be P (.r^, y^) and Q (^ 2 , y.,). Draw PIS^ Q3f parallel 
to Oy, and QL parallel to Or, 
then /.PTjQ = tt — co; QL = ON— OM = 

LP = NP-MQ = -y , ; 

therefore in the triangle PLQ, PQ^ = LP^ -f QI/—2LP, QL cos PLQ. 

PQ2 ^ _ y^yz 4* 2 ~ ro) (y^ - y.) 

or I'Q - v/ {(.r, - x.^f + («/, -y.J- + 2 (xj - .rj^) (//i -?/.,) cos to] . 

Note i. When the axes are rectan}j;ulav, since <o = Jtt, 
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Note ii. If the point P{x^ y) is always at a distance c from a fixed point 
(rt, h)y then the coordinates of P always satisfy the equation 
{x-af-\r(y-Vf ^~2{x-a){y-h) cos oo = o’ 

(oblique axes) and (a? — «)’ + (y — 6)’=c’ (rectangular axes). The equations 
therefore represent a circle whose centre is the point (a, h\ and whose 
radius is c. 

II. Polar Coordinates. 


P(Kl.$l) 



Let the points be P(^i, and Q (>* 2 , ^ 2 ), then the Z.POQ = 
and from the triangle POQ 

PQ^ = cos 

or PQzzz s/\ ^ ^ 2 cos (dj - dg)} . 

Note. If the point (r, d) moves so as to be always a distance c from 
the point (a, a), then its coordinates satisfy the equation 
r^-ha^— 2ra cos (0 — oc) ■= 

which equation therefore represents in polar coordinates the circle 
whose centre is (a, oc) and whose radius is c. 

§ 6. To find the coordinates of a point which divides the distance 
behveen ttvo given points in a given ratio. 



The method and result are the same for rectangular and oblique 
axes. 
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Let the given points be P(iC,^i) and Q{x,jiu), and let the point 
R {x, y) divide FQ internally in the ratio J : m. 

Now draw FL, QM, RN parallel to Oy, 

then FR LN . I _x—Xi 

Rq~ NM’ ^’^'m~^-x 
Ix^ — = mx—mx ^ . 

lx., -f mx^ 

* 7* m: 


By drawing parallels through P, Q, P to Ox, we can show similarly 
that 


_ ??/2 
Z + m 


^ Z-hm /4 / 




Z4 


Note i. The mid-point of PQ is [J(^i + ^2)> 

Note ii, \wiien the point R lies outside PQ, i. e. when it divides PQ 
externally in the ratio 1 /m, this ratio must be considered negative, and m 
written negative in the result.^ For in the ratio PR/RQ the length RQ is 
measured in the opposite direction to the length PR. 

Note iii. If the points C, D divide a straight line AB internally and 
externally in the same ratio, the points CD are said to be Harmonic conju- 
gates of A, B : also the four points A, B, C, D are said to form a Harmonic 
Range. From Note (ii) it follows that the points 


/ lx2 '\ mx^ 


f — mx^ 

hi-myx\ 

\ “T^- ^ ’ 

7 + / ’ 

\ l-m ’ 

l-m ) 


are harmonic conjugates of the points {x^, y^), (0^2, 1/2) > these four points 
form a harmonic range. 

Note iv. If {x, y) is a point dividing the distance between P {x^, i/j), 
Q ^2) i^ the ratio I \ni, we have shown that 

L = ^ y~.vi 

m x^-x y^-y' 

This is true for all values of the ratio I : m provided the point {x, y) is on 
the line PQ. Therefore, provided [x, y) is on the .straight line joining P, Q, 
its coordinates satisfy the equation 

^-j^j^y-yi 

ih~y' 

or xt(yi-y^)-y (x^-x^)+ a;,;/, - = 0 : 

this equation is then the condition that the point {x, y) should lie on the 

straight line f*Q, 'and is called the equation of the straight line PQ. 

Note V. An investigation of the problem in this paragraph in the case 
of polar coordinates will well illustrate how inconvenient a particular 
system of coordinates may be in any special case. 
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Illustrative Examples. 

Ex. 1. The base of a triangle is fixed and its vertex moves along 
a fixed straight line : find the locus of its centroid. 



Take the fixed base produced as axis of x and the given fixed line as axis 
of y. Let the coordinates of the fixed points C be (/, 0), (m, 0), and sup- 
pose the variable vertex is (0, X). 

The coordinates of E, the mid point of EC, are (?-f m), 0}. 

The coordinates of (7 which divides AE in the ratio 2 : 1 are (1 4 m), J X] . 

Hence for all positions of the a:-coordinate of G is constant and equal 
to J (l-hm), i. e. G lies on the line* x = + which is parallel to the 

y-axis, i.e. to the given fixed straight line. 


Ex. 2. Show that the points P(2, —4), Q(4, —2), 7? (7, 1) lie 
on a straight line, and find (i) the ratio FQ : QF. (ii) the harmonic 
conjugate of Q ivith respect to F and R. 


If ^ lies O’^ the line PE, its coordinates must be of the form 

j 7 M 2 / — 4 yn I 

] / + ’ / 4- ni ) 


7 Z *f 2 m 
1 + m 


4, then H/ 2ni, 


Also if — -2, tlien o1 — 2ni 

I 4 m ’ 

i. e. Q lies on PE, and VQ : QE = 2 : 

The harmonic conjugate of Q with r<‘speet to /Mind E divide^ PE in the 
ratio 2 : -2 ; its coordinates are therefoio 

2 + 12 ! 

I 2 - d ’ ‘2 - :] ) ’ 

i.e. { -8, -14}. 


* The abbreviation ‘the line . . is usc<l thr<mgl)oiit for ‘tho line whose 
equation is . . 
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Examples Ib. 

(The axes are rectangular unless otherwise stated.) 

1. Find the coordinates of the centroid of the triangle whose vertices 
are (1, 5), (-3, 7), (5, ~9). 

2. Show that the points (2, 4), (2+ -y/S, 5), (2, 6) are the vertices of an 
equilateral triangle. 

3. Show that the point {2aco3^id, 2a cos^ (J7r + ^ d)} is at a constant 
distance from the point (a, a) for all values of d. 

4. The distance of a point y) from (12, 8j is double its distance from 
(3, 2). What equation must the coordinates x, y satisfy ? 

5. Find an equation satisfied by the coordinates of all points distant 5 
units from (4, 3). 

6. Find the ratio in which the point (2, —3) divides the distance between 
the points .4 ( — 7, IJ), B ( — 14, 5), and find its harmonic conjugate with 
respect to A and B. 

7. Find the coordinates of the mid-point of the line joining (4, 3) and 
(-2, 1). Where is its harmonic conjugate with respect to these points 
situated ? 

8. Straight lines are drawn from a fixed point to meet a fixed straight 
line. Show that their points of trisection lie on one of two fixed straight 
lines. 

• 9. Shbw that the point (1, 5f) lies on the line joining (5, 3) and ( — 2, 7). 
In what ratio does it divide this distance ? 

What is the harmonic conjugate of this point with respect to the 
other two ? 

10. Find the sides of the triangle whose vertices are (1, 3), (3, 1), (6, 4), 
and its greatest angle. 

11. Find the coordinates of the centre of gravity of five equal particles 
situated at the points (2, 4), (-1,7), (8, 11), (-8, -5), (4, 8). 

12. Find the distance of the mid-point of the line joining (a, —ft), a) 
from the origin. 

13. Prove that the points (1, 1), (4, 4), (4, 8), (1, 5) are the corners of 
a parallelogram, and find the lengths of its diagonals. 

14. Prove algebraically that the joins of the mid-points of the sides of 
a quadrilateral form a parallelogram. (Take the diagonals for axes.) 

15. Find the condition that the points (a^, fej), (aj, should lie on a 
straight line through the origin. (Oblique coordinates.) 

16. Find the polar coordinates of the six vertices of a regular hexagon 
(side a) taking one vertex and side as pole and initial line. 

17. Points X, Y are taken in the side BC of o. triangle and in BC pro- 
duced respectively so that BX i XC *= BY: YC ^ AB : AC. Show that 
XA F is a right angle. 

1267 B 
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§ 7. To find the area of any rectilineal figure^ given the coordinates 
of its vertices. 

I. If A^B he the points (jCif yj, (^ 2 ^ ^ 2 )? to find the area OAB. 



Let LAOx = BOx = ; draw AL, BL' parallel to Oy ; AM^ BM! 

perpendicular to Ox* Then since LAOS = 0^ — 0^ 

area OAB = h OA . OB sin — ^i) 

= ^ { OB sin ^2 • OA cos 6^ — OA sin 0 ^ , OB cos ^ 2 } 

= I {BM\OM-^AM* OM'} 

= i ] ^2 sin cij (.r| 4- yi cos w) sin w co) } 

= 2 sinw; 

or in determinant notation 

area OAB = ^ sin w I • 

^’2 ^2 I 

Note. So many results in analytical geometry are simplified by the 
determinant notation that the student is recommended to acquaint him- 
self with it before proceeding with the subject : sufficient knowledge of 
determinants for this purpose can be acquired in two or three hours. 
Vide Hall and Knight’s Higher Algebra^ Chap. XXXIll. 

Cor. If the points 0, >4, B are collinear the triangle OAB has zero area : 
hence the condition that the points (0, Oj, {x^ y), (x^^ yi) should be collinear 
is aryi-aTjy *= 0. 

This condition must be satisfied by the coordinates (a?, y) of any point 
on the straight line joining (0, 0) and {x^. y ^) : and conversely any point 
whose coordinates satisfy this equation lies on this straight line. Hence 
xy^-x^y is called the equation of the straight line joining the origin 
and (xj, yi). 

In the above method of finding the area of the triangle OAB no question 
of sign arises, because the angle 0^ is taken greater than in the figure. 
But when the coordinates of two points Ai B are given in a general form 
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such as yi) we do not know which of the angles AOx^ BOx m 

the greater, and the result for the area will differ in sign according to 
which angle is chosen the greater in the figure. 

We adopt the following convention : — 

When the expression for the area of the triangle OAB is written down, 
the first term contains the a;-coordinate of A. Thus A and B being the 
points yi), (x^, yj, 

area OAB = ^ sin oa {x^‘!/2^^^i) ’> 

area OB A = ^ sin o) (x^i’-Xiy^) I consequently 

area OAB = -area BOA* 

II. To find the area of the triangle whose vertices are 
(2:3, 3/3)- 


Let ABC be the points ; join OA^ OB, OG, then remembering that 
as drawn in the figure the area OAG is positive and therefore 
area OCA negative, 

AABC AOAB-h /^OCA 

= i sin CO j {Xyi/,-x,yy) + (x + (x^^i - x^y.^^) 
of in determinant notation 

^’1 yi 1 

I sin CO ^2 ^2 1 . 

% 1 

Note. This expression gives the area positively if, as we go round the 
triangle in the order A, B, C, the rotation is positive in accordance with 
the convention used in trigonometry, and vice versa. 

Cor. i. When the axes are rectangular the area of the triangle whose 
vertices are {x^, y^), (jf,, y,), [x^, is 

•*^1 Vi 1 

ys 1 

B 2 
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Cor. ii. If (.r, //) are the coordinates of any point P on the straight line 
joining ihc points Q{Xi, j/j), R{x^, y^, then the area of the triangle PQR is 
zero. Hence 


X y I 
Xx Vx 1 

Xj Vi 1 


= 0 , 


or x (i/i -l/i)-y(xi- a-j) + a,yj - a-jy , = 0. 

This is therefore the condition that the point (x, y) should lie on the 
straight line joining {a^j, y^ (arj, y^ ; in other words, it is the equation of this 
straight line. (Cf. § 7, Cor.) 


III. The method applies similarly to the area of a figure of any 
number of sides. Thus a pentagon, for example : — 



Area ABODE = A OAB + A 0 BC+ A OCD + A 0 DE+ A OEA. 

= I sinw{(a'iy2-a;22/i) + (-*'2»/a— ^32'2) + (*32/4-'*^42 /j) + (*42/5-*6^4) 

IV. The case when the polar coordinates (/’i, ^i), (r.^ , 62), ^3) of 

the vertices are given is left as an exercise for the student : theT 
consequent formula is of no value : particular cases should be worked 
out from first principles. 

§ 8. We have seen that the coordinates of a point lying on the 
straight line joining two given points satisfy a certain equation, and 
conversely that all points whose coordinates satisfy the equation lie 
on the straight line. This straight line is called the locus of points 
which satisfy the equation. .Any equation containing the variables 
X and y represents a locus. To every value of x definite correspond- 
ing values of y can be found, one value if y occurs only in the first 
power, two values if y occur in the second power. Thus the coor- 
dinates of any number of points can be found which can be indicated 
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on a graph. If r is made to increase continuously, the corresponding 
values of ^ will as a rule change continuously ; a line can be drawn 
which passes through all these points, and the curve so drawn is 
called the locus of the point whose coordinates satisfy the given 
equation. In the present work all forms of equations of the first 
and second degree are examined, and the })roperties of the corre- 
sponding loci found. At present, when the student is asked in 
examples to find ‘the e(piation of the locus’ of a point under given 
conditions, the equation is all the answer required ; the student is 
not of course at this stage expected to recognize the locus which the 
e([uation represents : its form can be roughly found by drawing its 
graph. We may also note that when the coordinates of a point are 
given in some special form, this is equivalent to giving an equation 
satisfied l>y the coordinates (.r, ^). Thus the point {acosO, a sin 0), 
for different values of 0, is on the locus + ?/- = a^. 

Again, points whose coordinates are of the form (cA, c A) He on 
the locus rf/ = c‘-, whatever value A may have. The idea conveyed 
by the word ‘ form ’ is of the highest importance. 

Illustrative Examples. 

Ex. 1. The joins of flic mUhpoinfs of the opposite sides of a quadri- 
laterai and the join of the mid-])oints of its diagonals hisccf each other. 

Choice of axes. It is an advantage in 
this case to indicate the four vertices by 
quite general coordinates: tor, if A PCD is 
the quadrilateral and l\ Q, /?, S are the mid- 
points of the sides, and {.t\, yj, (a’^, ij^), 
y.t)? //<) the vertices A BCD, then, 

having found the coordinates of the mid- 
point of FB, those of QS follow by changing 
the suffixes 1, 2, 3, 4 in cyclic order. 

The coordinates of Pand R are 

1 i (^1 4 (f/i ^ 2 )} > { (‘^j + -^ 4 ) » j (fJ ^ If^) • 

Therefore those of the mid-point of PR are 

U (-^1 ^4)» 4 4 2/2 + //.J 4 /q) ! 

The same result is therefore true for the midqioint of QS. 

The cooidinates of L and M are similarly 

+ X3), 5 (y, + y.,)} , {4 (,r, 4 .r,), ^(y, 4 y,) | . 

Therefore those of the mid-point of LM are 

'( } + ar, 4 X, + x,), J (y, 4 y^ 4 yj 4 y.) ! ; 

hence the mid points of PR, QS, LM arc identical. 
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Ex. 2. Tn'o sides OP, OR of a gmdrilateral OPQR are fixed: if 
the area of the quadrilateral is constant, find the equation of the locus of 
the mid-point of OQ. 



Take OP, OR as axes of .r and y and let P be ‘the point (a, 0), R the point 
(0, h). If the coordinates of the mid-point of OQ be y), those of Q are 
(2.r, 2y). 

Area OPQ = \ sin .2 ay ~ ay sin a>. 

Area OQR = i sin o) . 2 = hx sin w. 

Hence ay-\ hx\^ constant, and the equation of the locus is oty= c, 
where c sinw is the area of the quadrilateral. 

Ex. 3. ABCT) is a parallelogram whose diagonals meet at 0 : if 
r is any point, jirove that PA^ f -f PC^ + PI)^ := AB^-^- BC^ -f 4 PO^. 



We give two solutions of this question to illustrate the effect of the use 
of different coordinate axes : — 

(i) Take the diagonals for axes of reference ; since the diagonals of 
a parallelogram bisect each other, the coordinates of the vertices are 
(rt, 0), (0, h\ i-a, 0), (0, -h) ; let P be the point {x, y), then 
PA^ = (a? - af 4 -f 2 y (a: - a) cos w, 

PJ^ = + (y — + 25t; (y — &) cos o), 

P(f — (x-¥ af -f if + 2y (a? + a) cos w, 

PP^ = a;* + (y + + 2 a? (y + h) cos w. 

PA'^ + PB^ + PC^ + PD^ = 4 -f y" + 2xy cos o)) + 2 («^ 4- 
= 4 (.r^ + if -\~2xy cos oa) + (a* + + 2 ah cos ca) + (a* + cos w) 
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(ii) Take lines through the intersection of the diagonals parallel and 
)erpendicular to a side respectively as axes. The symmetry of the figure 
fives for the vertices (A, k), A;), (-h, -k), (Z, -k) 

PC^ ^{x-\^hf+(y^k)\ 

(x-iy-\-(y-^k)\ 

P^* + P52 + PC^ + PZ)2 = 4(a;Hy') + 2/i2-h2Z24.4A:2 

== 4 + (Zi + 1)^ + {{h - If + 4P} 

= 4PO* + ^P2^PC2. 



Examples I c. 

• (The axes are rectangular unless otherwise stated.) 

1. Find the coordinates of the points of trisection of the straight line 
joining the point Z*(l, 2) to ^(3, -2). 

Also the coordinates of a point R dividing PQ externally so that SPR^ QR. 

2. The straight line joining the points ( — 2, —4), (3, 1) is divided into five 
equal parts. Find the coordinates of the points of division. 

3. The coordinates of throe points P, R are (1, 1), (3, 5), and (G, 11). 
Show that Q is a point lying between P and R on the stmight line PR, 
Find also the coordinates of a point S on the straight line between P and 
R such that PQ = 3 SR, 

4. Find the coordinates of the six vertices of a regular hexagon referred to 
rectangular axes through its centre, one of the axes lying along a diagonal. 

5. Squares are described on the sides AB^ AC, BC of a triangle right- 
angled at A, Find the coordinates of the corners of these squares and the 
points of intersection of their diagonals when AB^ AC are axes of reference. 
AB AC = b, 

6. Find the polar coordinates of the six corners of a regular hexagon, 
when the centre is the pole and a diagonal the initial line. 

7. Find the area of a triangle whose vertices are the points (5, 7), 

(- 2 , - 1 ),( 0 , 8 ). 

8. Find the area of the quadrilateral whose vertices are (4, 5), (2, ~6), 
(~14, 6), (-5, -7). 
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9. Find the cosine of the angle which the straight line joining the points 

(a, (a\ h') subtends at the origin. 

10. The coordinate axes being inclined at GO'’, prove that (a, 0), (0, 2rr), 
(2 a, a) are the corners of an equilateral triangle. 

11. The centre of a circle is (3, 5), one end of a diameter is (7, 8) ; what 
are the coordinates of the other end of this diameter? Find the radius. 

12. Prove analytically that the three straight lines joining the verticils of 
a triangle to the mid-points of the opposite sides have one point of trisection 
in common. 

13. Find the coordinates of a point which is equidistant from (a, h) and 
(2a, &), and whose distance from the origin is |a. 

14. Find the coordinates of a point which is equidistant from (0, 0), (0, a), 
and (3 a, 4 a). 

15. Draw the graphs of the equations (i) or = 5, (ii) t/ = -7, and find the 
distances of the point (8, 8) from them. 

IG. Prove that the point (acosd, asind) is at the same distance from the 
origin whatever value 6 may have. 

Show that the point (a4 rcosd, /;-f rsind) lies on a fixed circle whoso 
centre is (a, h) whatever value d may have. 

What equation is satisfied by coordinates of this form, a, 5, and r being 
fixed ? 

17. Show that the distance between the points | a + 5, 5 -f 9 ] , { a -j 2, ?> 4 5] 
is the same for all values of a and h. Find the distance. 

18. Draw the graphs of (i) x^—2xtj + ^ = 0 ; 

(ii) rcos(d 4 - Jtt) = 2. 

19. The coordinates of three points ^1, 7/, C are (8, 6), (7, 7), (0, C) ; show that 
they are equidistant from the point (4, 3). Find an equation satisfied by 
the coordinates of any point on the circle ABC. 

20. Find the distance of the point (a tan^d, 2atand) from (a, 0), and from 
the locus represented by a; 4- a — 0. 

What equation will the coordinates in this form satisfy, a being a constant? 

21. Find the ratio of the distances between the pairs of points 

(i) (asind, 5cosd),(0, 0) ; (ii) (acosd, ?^sind), {(a^ — ^7^/) cos d, 0]. 

22. Express algebraically that the point {xy) is equidistant from (a, h) 
and( — a, &). 

28. What angle does the line joining (a-y/S* <^) f^-rid (5, h ^/'^) subtend at 
the origin ? 

24. Write down an equation satisfied by the coordinates of a point which 
moves so that the difference of its distances from two intersecting straight 
lines is constant. 

(Take the lines as axes : if they are inclined at 30'’ trace the graph of 
the locus.) 

25. The polar coordinates of two points are (r^, CXj), the line 

through the pole bisecting the angle which they subtend at the pole meets 
their join in P. Find the polar coordinates of P. 

26. The distances of the collinear points P, P, Q from the origin form 
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a harmonic series. If the coordinates of ]\ Q are (</, 0), (by 0), find those of 
/?. Prove that 7\ Q divide OR internally and externally in the same ratio. 

27. P and Q are two points whose coordinates are 2avi)y 

~2o?y? and S is the point («, 0). Prove (i) that PSQ arc collinear, 
(ii) 1/SP-^ constant for all values of m. 

28. Choose ihe most convenient axes to represent the veitices of an 
equilateral trian^de ABC, and find the coordinates of the centre (P) of its 
circumcircle. If (> is any point in the plane, find the ratio of 

VviM Qr -nr^ to i^p\ 

29. Find the area of the trinn<(le whose vertices are (o, 70'"), (2a, 40°) and 
the origin. 

Also of the triangle whose vertices are (a, 10 ), (3(q 40°), (5a, 100°). 

30. Show that the points (a, a), (A-a, —hn) subtend a right angle at the 
origin. Prove also that the triangle whose vertices are (3, —2), (-5, +4), 
(9, G) is right-angled. 

31. Prove that the point (a + atan^d, 2 a tan d) is equally distant from the 
point (2a, 0), and the axis of y for all values of d. 

32. Show that the middle points of the non- parallel sides of a trapezium 
and the middle points of its diagonals lie on a straight line parallel to the 
parallel si(l(‘s. 

33. Find tin' equation of the locus of a point P which moves so that the 
area of tlu' rectangh' formed by the axes and the perpendiculars from P 
to them is of constant area. 

34. ^ Prove that the distance of the point (a cos d, 5 sin d) from the point 

(ac, 0) is a 4 ac cos d, if — = aV^. 

35. Find the condition that the coordinates of the middle point of the 
straight line joining (a, /d, (26, 2 a) should satisfy the equation 2:r4 2y = 3 c. 

3G. Find the equation of the locus of the middle point of straight lines 
drawn from a given point to any point in a given straight line. 

37. In any triangle ABC, if D is the mid-point of BC, prove analytically 
that AB'^ + A == 2 AD^ 4- 2 BD'K 

38. Find the coordinates of the centroid of the triangle ABC whose 

vertices are (^r^, (^ 2 , y^), (.r^, i/;d, and hence prove 

AB^-hBC^A CA'^ = 3 (AO^-h BGH CG^). 

39. The sum of the squares on the diagonals of any quadrilateral is double 
the sum of the squares on the lines joining the middle points of the 
opposite sides. 

40. The diagonals of a tmpezium are drawn and the mid-points of the 
parallel sides are joined : show analytically that there is a point common 
to these straight lines which divides each of them in the same ratio. 

(Take the third line and one parallel side for axes.) 

41. A variable line cuts any two lines intersecting at 0 in the points 
P, Q so that OP -4 OQ — 21. Find the equation of the locus of its middle 
point. 

42. If P, Q are two points (.r„ y,). Vi), and PL, QM be drawn parallel 
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to the axis of y, find the area of PQLM when (i) the axes are rectangular, 

(ii) oblique. 

43. P, Q, R are the points (a?i, y^), ya), and PL, QM, RN are 

drawn perpendicular to the axis of x. Find the areas PLMQ, RNMQ, 
PLNR, and deduce an expression for the area of the triangle PQR, 

44. Show that the three points ( — 1, —2), (4, 1), (9,4) lie on a straight 
line, and find the ratio of the distances of the second from the other two. 

45. Find the condition that the point {x, y) should lie on the straight line 
joining (3, 4) (-5, 2). 

46. ABCD is a rectangle, P any point in the plane. 

Prove PA^ + PC^ = PB^ -f PD^, 

47. The coordinates of two points P, ^are (2, 3), (10, 15). 

Show that the straight line PQ passes through the origin. 

Find the coordinates of a point R such that RQ — 3 QP and the ratio 
PRjRQ, 

48. The points C, D divide the line AB harmonically. 

Show that (i) the lengths AC, AB, AD are in //.P; 

(ii) if 0 is the raid-point of AB, — OC . OD ; 

(iii) 2/C/)= l/BD+l/AD. 

49. The coordinates of four points are (1, 3), (3, 5), (4, 6), (7, 9). 

(i) Prove they are collinear. 

(ii) Prove they form a harmonic range. 

(iii) In what ratio is the line joining the first and third divided by the 
second ? 

(iv) Find the equations of the straight lines joining the origiif to the 
points. 

(v) Find the coordinates of the points on each of these straight lines 
whose abscissae are 10, and prove that these points form another harmonic 
range. 

50. Find the condition that the three points whose polar coordinates are 

^i)» (^ 2 > ^ 2 )* (^ 3 * ^ 3 ) should be collinear. 

51. Find the ratio of the areas of two triangles whose angular points are 

(i) (aX^, 2aX), 2 ay), (r/t*^, 2au) ; 

(ii) {aXy, a{\^y)}, [ayv, aiy-hv)}, {ap'K, rt(i' + X)}. 

52. Express algebraically that the distance of the point {x, y) from (3, 4) 
is 5 units. 

What is the graph of the equation ? 

53. A, B are fixed points on the axes: find the equation of the locus of 
a point P such that 2 OP® = AP^ 4 PP®, given that OA = a, OB = h, 

54. Two sides of a quadrilateral OP, OR are fixed, and the diagonal OQ is 
of constant length c: find the equation of the locus of the middle point 
of the join of the mid-points of the diagonals, given that OP = a, OR = h. 

55. Two vertices of a triangle are (arj, y^), {x^,y^ and the centroid is (x, y) : 
find the coordinates of the other vertex. 

56. Find two points C, D which are harmonic conjugates of the points 
A(x^, yj, B{x^, yj) : if perpendiculars are drawn from the four points to the 
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axis of .r, prove the feet of the perpendiculars form a harmonic range. 
What general propeity can you deduce from this result ? 

57. ABCD is a parallelogram : show that D, a point of trisection of XC 
and the mid-point of AB^ are collinear. 

58. The vertices of a triangle are (acosd, ftsind), (acoBd + ftr, 
fcsin dH--^7r), (acosd + ^TT, 5sind*f^7r). (i) Prove its centroid is the origin, 
(ii) Find its area, (iii) If a = 5 show that the triangle is equilateral. 

59. A straight line of length 21 has its ends on the axes of reference: 
find the equation of the locus of its middle point. 

Draw the graph when ? = 3. 

60. A point Phas coordinates which satisfy the equation x + -v/S?/ — 2r~ 0, 
and its distance from the origin is r : find the angle POx. 

61. Find the distance between two points whose polar coordinates are 

(6, (-3, ^tt). 

62. P is a point inside a parallelogram ABCD such that the area PBCD is 
double the area PBAD: find the equation of the locus of P. 

63. A Y>oint moves so that the i*atio of its distances from the points 
(-rt, 0), (a, 0) is 2 : 3 : find the equation of its locus. 

Where docs the locus meet the axis of a: ? 

64. A, By C .,,K are n points whose coordinates are (xi, {x^y t/ 2 ), 
(^3* th) (^n) yn)* 

AB is bisected at Pj, PjCis divided at Pg so that 2 P 1 P 2 = PjC, P^D is 
divided at P 3 so that 3 P ,/*3 = P^D, and so on until P^.j^v is divided at P„_, 
so that (n- 1 ) P„_ 2 iVi = coordinates of P^^_y 
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THE EQUATION OF THE FIRST DEGREE 

§ 1. When two points on a straight line are known, the straight 
line is completely determined. We have shown in Chapter I, § 0, 
that the coordinates (x, of anp point on the straight line which joins 
the points (a:,, ^i), (x 2 , satisfy the equation 

or in determinant notation 

X n 1 

y^\ =0. 

^ 2 2 / 2 1 

This equation is of the first degree in the variable coordinates (jr, y ] ; 
we proceed to show conversely that every equation of ilie first 
degree in x and y represents a straight line, or, in other words, 
that every pair of values of x and y which satisfy a given eq*uation 
of the first degree represents a point on a definite straight line. 

The most general form of the equation of the first degree is 

Ax-\-By-\- C 0, 

where the coefficients or constants of the equatiou I, Ih // can have 
any values, positive or negative. 

§ 2. The eqxmtwn Ax-\-By’\-C = 0 represents a straujht line. 

Method I. Let (.r|, yj), (.^ 2 , ;?/ 2 ), y,.) be any thrive points whose 

coordinates satisfy the equation : then 

+ + = 0, 

^^2 + = 0 , 

A x^ + By^ -f- C = 0 . 

Eliminate the constants A, i?, and C, then 

*^'1 Vi 1 
^2 2/2 1 = 

2/:i 1 

Hence the triangle formed by joining any three points on the locus 
represented by Ax-^By^C= 0 
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Note. If k were negative and P in some other quadrant, say the fourth, 

C . 

then the length of OQ is + ^ , and since the ^-coordinate of P is negative. 



the numerical value of the length NP is —y. hence the length AP 
^ k-hij and QA = x. 


But, as above, 


i.e. 


y-^k 

X 



= --and 


A 

— x\ 

P ' 

AP 
QA "" 


A 

B 


is 


The student should go through the proof with the point P in the other 
quadrants, remembering that the geneiul coordinates (a?, y) contain the signs : 
thus (x, y) might represent, for example, ( — 3, 4) or (~5, —6). 

Cor. Let the straight line PQ make an angle 0 with the axis of x ; 
i. e. LPQA = Q ; then IQPA — on- 6. In the triangle PQA 
. . QA sin (a> - B) B 


hence 

Therefore 


sin ^ cos 0 ) ~P) — A sin w . cos 6, 

^ ^ sin 0 ) 

tan B ^ > 

+ A cos (o — B 


or ib) in rectangular coordinates 


tan B = 


AP 

QA 


A 

B' 


It should be carefully noted that the value of tan B does not contain the 
constant C : hence the direction of the straight line 


Ax + Py -f O = 0 

is independent of C, and depends only on the ratio of the coeflScients of x 
and y. Hence if A and P are kept constant while different values are given 
to C, the resulting equations will represent a series of parallel straight 


lines all making an angle tan~' (""^) ^xis of x\ the position of 


any particular line is fixed by the value of C, for this determines the 
position of Q. 
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Examples II a. 

(The axes are rectangular except in questions marked with an asterisk.) 

1. *Find the equation of the straight line joining the points (a + l, 6 + 

(a, b). 

2. * Find the equations of the straight lines joining the following pairs 

of points: (a) (1.1), (5,5); (b) (~2, 3), (-7, -9); 

(c) (0.1), (1,0); (d) (0,0), (6,3); 

(e) (0,0),(0,a); (/) (0, 0), (^ 0). 

3. ’•‘What are the equations of the coordinate axes? 

4. Draw the graphs of: 3a:4 4y = -12, 

3rc + 4y = —6, 

3x-h4i/ = 0 , 

3 a: -f 4y = 6, 

3a: + 4y = 12 ; 

and show that the distance between each pair of consecutive lines is 
the same. 

5. What angles do the following lines make with the axes or x rnd v 
respectively ? 

(a) y-i \/3x = 7 ; 

(b) , 

(f) a--y ■=-- -9 ; 

(t!) x + y— —8. Draw these lines. 

6. *If the axes of coordinates are inclined at 60^, what angles do the 
following lines make with the a:-axis ? 

(a) y-x = 0 ; 

(h) y 4 X = - 2 ; 

’ (c) 2x + y = 1 : 

(d) (v/3-l)y-2,r = 7. 

7. What is the equation of a straight line parallel to 2a:-f 3y = 6 which 
passes (i) through the point (0, 4) ; (ii) through the origin ? 

8. Find the angle between the pairs of lines 

(a) y — -y/dar — 0, 

^3y-x — 0 ; 

[b) y^\/^x = 5, 

>v/3y — a; — 1. 

§ 3. Some special forms of the equation of a straight line. 

Special attention should be paid to the results found for rectangular 
axes : as before stated, oblique axes are not often necessary in the 
more elementary parts of the subject. The results for oblique axes 
are, however, worked out for future reference. 
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initial line as in polar coordinates : thus the polar coordinates of the 
foot of the perpendicular on the straight line are (j)^ o). 

LetJiie.Btraight line meet the axes in A and B. - 

Hence OA = p sec a, 

OB jj cosec ct. 

Therefoie by (i) the equation is 

= 1 , 

jjseccx cosec 

or cos OK 4- ^ sin (X = 2 ^- (”) 

In this form of the equation p is supposed to bo positive and oc to 
vary from 0 to 27r. 

If the line does not lie in the positive quadrant, as in Fig. (ii), it will 
be found that the signs of the intercepts are given correctly by the 
signs of the sine and cosine of a : thus in the third quadrant sin (X 
and cos a are both negative, and tlie intercepts OA, OB are both 
negative. 


Cor. i. In the case of oblique axes, if the perpendicular makes angles 
Of, ^ with Ox and Oi/, it can be shown in exactly the same way that the 
equation of the line is x cos Of + y cos /S = p. 


Cor. ii. The general equation -f C = 0 can be put in this form. 

Let A =: r cos o, 

B = rsin 0, 

then = + 

consequently cos X = — aL — , 

B 

sin Of = — . 


Hence 


X -f 


B 




C 


y/AU B'^^ " ' 

is in the required form, if the sign of the radical is chosen so as to make 
the right-hand side positive. 


Note. It follows that the length of the perpendicular from the origin 
to the straight line Ax 4 Ry + C = 0 is 

_ C 


1207 
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Form III. The equation of the straight line in terms of the angle 
which it males tvith the x-axi$, and the length of the intercept on the 
axis of y. 

Let the angle be 0 and the intercept c. 

(a) Oblique Coordinates. 



Let P (Xj y) be any point on the straight line, Q the point where it 
cuts the y-axis ; therefore OQ = c. 

Now AP = y—Cf QA = x, 

hence in the triangle APQ, 

y—c sin 0 
X sin(oj--^^)’ 

or the coordinates of any point [x, y) on the straiglit line satisfies the 

equation sin 0 

y - x-T-~ - - . + c. 

sin (oj — t/) 

Cor. The equation + r represents a straight line cutting off 

a length c from the axis of y and making an angle 6 with the axis of x given 
by sin B — m sin (co — B), 

(b) Rectangular Coordinates. 

Since o) = ^it in this case, the 
equation becomes y ^ x tan 0-pc^ 
and y -= mx -h c represents a straight 
line inclined at an angle tan ^ m 
to the axis of x and cutting off a 
length c from the axis of y. The 
angle B is that formed by a straight 
line starting from the initial posi- 
tion Ox and revolving in the 
positive direction about 0 until it 
is parallel to the given line. Thus P'Q in the figure is the straight 
line y = x tan + 
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Cor. i. If the straight line make an angle B with the axis of tj and out 
off a length c from the axis of its equation is 
X — y tan B 4 c, 
and conversely the equation 

X = my + c 

makes an angle tan“^ m with the axis of y, and 
cuts off a length c from the axis of .r. This angle 
must be measured in a similar way : a straight 
line starting from the position Oy and revolving 
in the negative direction until parallel to the given 
line moves through the angle B. 

Cor. ii. The straight lines 

If — x tan B \ c ] 

?/ = X tan (B ±]n ) + <f \ 
are evidently perpendicular to each other. 

These can be written 





If = X tan B 4- c 
y = — cot B + (I 

or, with the notation of this paragraph, 

y = mx 4 0 I 

y f- d 1 

Thus, for example, the straight lines 

4- fcy -4 0 = 0 
hx - ((y 4 (? = 0 

are perpendicular. 

This can be expressed otherwise thus : the straight lines 

y=m.r4-o | 
y =: mx 4- d ) 

are perpendicular if mm' = — 1 , 


or the straight lines 


Ax-vBy^ C 
A 'x 4- B y 4- C' = 01 


are perpendicular if A A' 4- BB' = 0. 

It should be noted, as in § 2 of this chapter, that the diiection of the lines 
depends only on the ratios of the coetheients of .r and y. 


Examples II b. 

1. Find the equation of a straight line which passes through the origin 
and makes an angle (i) 40 "", (ii) 30'’, (iii) 120'’, with the axis of x. 

2. Draw tlie straight lines 

In what points do they intersect ? 

3. What angles do the straight lines .r + y = 2, a: — /y = 4 make with the 
axis of .r and with each other? 

4. Find the lengths of the perpendiculars from the origin on the straight 
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lines 8:r-f4// = r), 12 :r — 5^ = 10, .r-f 2 / + 4=0, 8r~« = 0, 2?/-r)fc = 0. 
Draw the line in each case. 

5. Find the equation of the straight line which makes intercepts on the 

axes twice as long as those made by — = 63. 

6. Find the equations of the sides of an equilateral triangle referred 

(i) to a pair of sides, (ii) to the bisectors of one angle as axes. 

7. Two straight lines make intercepts a, h and kh respectively on the 
coordinate axes. Show that they are parallel. 

8. Two straight lines make intercepts a, h and h, —a on the axes. Show 
that they are perpendicular. 

9. If the axes are inclined at 120'", what angle does x = 2y-f 8 make with 

the a?-axis ? _ 

10. A straight line makes intercepts >v/8 and 1 on the axes of x and y ; what 
angle does it make with the axes? also if the intercepts are 5 >v/3 and 5 ? 

11. The angle vt of a triangle is the perpendicular from A on the 
base BC is of length 3, and divides the angle A in the ratio 2 : 3. Find 
the equation of BC referred to AB, AC as axes. 

12. Prove that the straight lines y = 3a- -f 7, 5// = 8a;-f 35, and a? = 0 
are concurrent. 

13. Put the equations (i) 3a?-f ly = 12 ; 

(ii) 2y-a: + 4 = 0 
into each of the standard forms I, IT, and III. 

14. For what value of m are the straight lines y = 3a?-f 7, y= nia?-f5 

(i) parallel, (ii) perpendicular? 

15. Find the equations of the straight lines making an intercept^ on the 
axis of y and inclined at an angle 30^ to y = ^^3^- -f 4. 

16. Draw the straight lines 

(i) X cos ^ TT + y sin J TT — ; 

(ii) a- cos § TT -t y sin ^ tt = a ; 

(iii) X cos^ TT'f ysin Jrr — n, when a —2 and —2 respectively. 

17. Di-aw the lines (i) y = a; tan c\ 

(ii) y = a^tanl^TT + c ; 

(iii) X = y tan '/ tt + c ; 
when c = 3 and -3 respectively. 

What intercepts does each make on the axes? 

18. Show that the straight line 

X q // tan 0^ = 8 sec (X 

touches a fixed circle, whatever value a may have. 

19. If the straight lines 3 a; + 4 my + 7 — 0, 

3my — 9xAS = 0, 

are perpendicular, find the value of m. 

20. Find the equation of the straight line perpendicular to 

y ~ X y^3 + 5 

which (i) cuts off a length 4 units frcftn the a^-axis ; 

(ii) cuts off —4 units from the y-axis; 

(iii) is distant 5 units from the origin. 
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§ 4. The coefficients or constants, A, and G, in the general 
equation of a straight line Ax^By-^C = 0, involve only two 
independent quantities, viz. two of the ratios A : B : Cj for the 
equation represents the same straight line if each term is multiplied 
or divided by the same quantity. 

Thus 3 .r + 4 ?/ -f 5 = 0, 

15.^4-20^+25 = 0 
represent the same straight line. 

We have seen that when certain pairs of conditions are given the 
e(iuation of the straight line can be formed. Thus 

(«) If two points (.Tp (r^, p,) on the straight line are given, its 
equation is P 1 ! 

■' i 2/i 1 : = 

, Vi 1 I 

(/>) If one point and the direction of the line, i. e. the angle it 
makes with some given straiglit line such as the axis of x 
are given, the equation is of the form y = 

(r) If the direction of the line and its distance from tlie origin are 
given, the equation is tlien of the form x cos + /y sin a - j;. 

In each of these cases there are two independent constants in the 
equation of the straight line corresponding to the two given con- 
ditions. 

The form ylx+7/v + G= 0 is used for a general discussion of the 
straight lino. Any one of the equations 

?x+ nuy + 1 ~ 0, (i) 

r-^7ny-^n = 0, (ii) 

?vi’+ y/+w=b (iii) 

represents a straight line and contains two independent constants. 
No one of them, however, is suitable for a general discussion ; the 
first cannot represent a straight line through the origin, the second 
cannot represent a straight line parallel to the axis of x, the third 
cannot represent a straight line parallel to the axis of y. 

It is evident then that two conditions are necessary to fix a 
straight line, and further that in the cases above given these two 
conditions are sufficient: we shall see later that two conditions are 
not always sufficient. 

When one condition (e. g. a point on the line, or the direction of 
the line) is given, a relation between the constants can be found. 
Thus if we know that the point (a, h) lies on the straight line, we 
have -4a 4 Bb 4 C = 0. 
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It is then possible to find the value of one of the independent 
ratios or constants in terms of the other, and the equation of the 
line can be found in a form which involves only one unknown or 
undetermined constant. Thus, in the example given above, since 
U = —Aa--Bh, the equation 

+ 0 

can be written AxA'By--Aa — Bh = 0, 

jj 

or x~aXr (y — h) =: 0, 

B 

which involves only the one undetermined constant^. A second 


condition is necessary in order to find the value of this constant and 
so fix the equation of the straight line. 

We have seen that the general equation Ax-{-By + C=^ 0 can be 
made to represent any straight line by giving suitable values to the 
constants. When one condition is given, and therefore only one 
undetermined constant is left in the equation, the equation can no 
longer be made to represent any straight line, but only one of 
a definite group of straight lines. Thus, in the example given 
above, the equation A (x — = 0 must represent one of a 
group or system of straight lines all of which pass through the 


point (a, h), 

B 

By giving definite values to the remaining constant 


equation can be made to represent any one of this system of 
straight lines. Hence we see that if an equation of the first 
degree contains only one undetermined constant, this equation for 
different values of the constant rei)resents some definite group of 
straight lines; a further condition, if sufficient, will determine any 
particular line of the group. In the following work we shall [fa’’ 
convenience use the Greek letter // for the undetermined constant \ 
Two conditions are not always sufficient to determine a straight 
line. If a point on the line be given together with the condition 
that the line touches a given circle, there are two straight lines 
which fulfil both conditions. If a single insufficient condition like 
the latter is given, it will be found that the corresponding equation 
in the constants representing this condition algebraically contains 
one constant in the second or a higher power, so that more than one 
value of it in terms of the other constant can be found ; such cases 


will be fully discussed at a later stage. 
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Groups or Systems of Straight Lines. 

(i) Straight lines xvhich pass through a given point (/<, k). 

The equation g--k ii{.v—h) represeiit'tj a straight line, and is 
satisfied by the coordinates {h, k) of the given point, whatever the 
value of p may be: it therefore represents for ditferent values of p 
the system of straight lines which meet at the point {h, /,}. 

Such an equation is said to be of a particular form : thus, for 
instance, an equation of the form y = p{x — 3) represents a system 
of straight lines through the point (J3, 0). 

(ii) Straight lines inclined at a given angle to the xaLvi^. 

The direction of a straight line depends only on the ratio of the 
coefficients of x and y. The equation y — x tan Oc-f-ja represents for 
different values of p the system of parallel straight lines wJiicli make 
an angle cx with Ox. 

In particular, y:=zmx-^p represents a system of straight lines 
parallel to a given straight line y = mx, 

(iii) Straight lines perpendicular to a given straight line. 

Let the given straight line be y^)nx~\-c, then (p. J35) the equa- 
tion wy-\~:e-^p:=^ 0 represents a straight line perpendicular to it: 
it therefore for different values of p represents a system of parallel 
straight lines all perpendicular to the given straight line. 

If the given line is a r hg c ^ 0, the required form of the 
equation is hx-ayi-p ~ 0. 

(iv) System of straight lines juissing through the intersection of the 

two given straight lines + + G = 0 ; + -f C' = 0. 

The coordinates of the intersection of these straight lines satisfy 
simultaneously both the equations 

Ax -XrBy-\-C^0, A'x + B'y + C' = 0. 

Hence they satisfy also the equation 

Ax A By -{-Cap [A'x + Ify 4- C) = 0. 

This equation is of the first degree in x and y and represents 
a straight line ; it therefore represents a straight line through the 
intersection of the given lines ; e. g. = 0 represents a system 

of straight lines through the intersection of x = 0 and y ~ 0, i. e. 
through the origin. 

(v) S^cmj}fMrMight lines distant p from the origin. 

The equation x cos exAy sin a = represents a straight line whose 
distance from the origin is Pj whatever value a may have ; {X is in 
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this case the undetermined constant. The equation can be written 
X (cos^ \ a— sin- i a) + 2/ • 2 sin \ a cos ^ a = ;> (cos'^ i cx + sin'^ J ok) 
or ir (1 — tan^ a) + tan ^ ok = jp (1 + tan^ i oc). 

Put fx for tan h oc and we obtain 

— 2joty+jp — = 0, 

i. e. the undetermined constant appears in the second degree. 

The method illustrated in this section is generally convenient for 
numerical examples ; the use of the single constant /x does not, 
however, give quite satisfactory results. For example, we have 
shown in (iv) that 

jix By C fx{j4L' X p C ) ^ 0 (i) 

represents, for different values of /x, a pencil of lines passing through 
the point of intersection of the straight lines Ax+By+(J=0 and 
A^x + B'y-\- C' = 0. If we give /x increasingly large values, the 
straight line represented by (i) approaches the position of the straight 
line Ax+By+C'=0. It is sometimes said that for an infinite 
value of fjL it coincides with this straight line. It is safer and more 
correct, however, to write equation (i) in the form 

A {Ax-{-By+ C) + {A'x + B^y+ C} = 0. (ii) 

This equation contains only one independent constant, viz. the ratio 
A//X or the ratio /x/A ; but the equations of every straight line in the 
pencil can be found by giving finite values to A and /x. When A is 
zero, the equation reduces to A'x-\-B'y+ C' = 0, and when /x is zero 
it reduces to Ax-\-By'\- C = 0. This method of writing the equation 
is preferable for two reasons : we avoid the* necessity of giving an 
infinitely large value to the constant, and we get a more symmetrical 
equation. 


Examples II c. 

Write down the equation of the straight line in the form in which it 
represents 

(i) A system of straight lines intersecting at (2, Ij. 

(ii) A system of straight lines parallel to = 6. 

(iii) A system of straight lines perpendicular to (a) (b) 

x-3 = 0, 

(iv) A system of stiaight lines concurrent with 3a^ ^ y- b — 0 and ^ = 0. 

(v) Straight lines touching a circle of unit radius whose centre is at 
the origin. 

(vi) A group of parallel straight lines making an angle of with the 

straight line y = 12. 
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§ 6 . Determination of the equation of a straight line ivhen two conditions 
are (jivenj 

I. The straight line passing through the two points 
This equation has Been already found in the form 

X y 1\ 

1 1 = 0 , 

‘'i 2 V2 1 I 

but is given again as an example of the present method. 

Since the line passes through {x^^ y^) its equation is of the form 

The second condition, viz. that {x^^ B’es on the line, fixes the 
value of p. Thus we have x^—x^ = p(i/ 2 — ^i)* 

Substituting for p, the required equation is 

x-x^ _ y-m ^ 

X'l u i‘~y\ 

II. The straight line parallel to axi-hy c ^ 0 and 2 ^(fssing through 
the point (Xj, ^/i). 

Since it is parallel to axi-hy-^c = 0, the straight line is one of the 
group ax + + p = 0. 

The point y^) lies on it ; hence tlie value of p for the particular 
line of the group required is given by ax^ -f -f p = 0. 

With this viilue of p, + b(y — y^)^0 is the required equation^ 

l^his equation is instructive: it should be noted tliat (§ 4. i) its 
form implies that it passes through (.rj, and (§ 4. ii) its form also 
implies that it is parallel to c = 0. 

When the student is familiar with the forms of the equation 
corresponding to given geometrical conditions, such results can be at 
once written down. 

III. The straight line jxrqicndicular to ux’ + /n/ 4- c = 0 and 2 ^(^ssing 
through the intersection of the straight line^ i 

px 4- qy 4- r = 0, 4- qy 4- r' = 0. 

The second condition gives that the required eipiation is in the 
form ( />^ + g// 4- r) 4* P (j/.r 4- '/// 4- r") = 0, and since it is perpendicular 
to ax-]-hy c ■=■ 0, the ratio of the coefficients of x and y is 6 : - a ; 

hence ^1+ . 

h —a 

or M {«J) ' + W) = — + ^q), 

and the I’equifed equation is 

(a/ + W) + (J!/ + r)- {a}) + hq) (p'x + qy + r') = 0. 
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IV. To find the en uation of the straight line through the ;poi}it 
which makes an angle cx with the straight line a.r + 6^-f c = 0. 

The straight line ax-^hg + e = 0 makes an angle tan"^ 

the rr-axis, hence the required line makes an angle tair^ (— 
with the a:-axis ; it is therefore parallel to 
g = xtixn {tan“^^ — 


— -f tan oc 

i.e. 

1 -f 7 tan y 
~ b 

i. 0 . {b + a tan y)g-\-x{a + b tan cx) — 0. 

And since the line passes through {h, k) its equation is (vide II) 

{g — k) {b±a tan + (.r — /t) {a T b tan cx) = 0 . 

There are evidently two stnuLhl lines which satisfy the conditions 

V. The straight line through gi) distant p from the origin. 

Since the distance of the line from tlie origin is j>, the eciuation of 
the straight line is in the form (§ 4. v) 

= 0 . 

Since (x^, g{) lies on this, to determine tlie value of /x we have 

This is a quadratic equation in /x, hence there are two straight 
lines which satisfy both the given conditions : these conditions are 
therefore not sufficient to determine one definite straight line. 


Note. The above results are not to be regarded as formulae ; each 
numerical example should be worked out on similar lines. 


Examples II d. 

Write down the equations of the straight lines which satisfy the following 
conditions : — - 

1. The straight line passes through the point (-2, 3) and is fa) parallel, 

(b) perpendicular to Saj — y *= 6. 

2. The straight line passes through the origin and is perpendicular to 
4a; + 7y == 8. 

3. The straight line joining the points (a) (3, 2), (1, 1), (b) ( — 4, 5), ( — 2, -3), 

(c) («,&), (a — 6, (d) (acos^, asin^), (acos0, asin0), (e) 2am)^ 

{av?y 2 an), (f) (a, 6), (a + rcosd, & + rsin^). 

4. The straight line cuts off a length 5 from the axis of a? and makes 
an angle of with it. 
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5. The straight line cuts off a length 10 from the t/-axis and is perpen- 
dicular to 11 // — lOo? = 21 . 

6 . Find the equation of the straight line drawn through the point tj^) 

perpendicular to the straight line joining the points 1 / 2)1 2 / 3 )* 

7. Find the equation of a straight line passing through the intersection of 
ax -i c = 0, ax -f h'y 4 r 0 which is parallel to px + gf// + r = 0. 

8. What is the length of the perpendicular from the origin on the 
straight line 3:r + 4y = 2 ? 

Find the tangent of the angle this perpendicular makes with the axis of x. 

The centre of an equilateral triangle is at the origin, and one side of the 
triangle lies in the straight line 3a; + 4y = 2. Find the equations of the 
other two sides. 

9. What angle is formed by the straight lines whose equations are 

X cos OL-{-y sin OL ~ j), 

X cos ^ + y sin (i ^ q*? 

10. Find the equation of a straight line inclined to the straight line 
X cos y y sin (X ~ p at an angle Xy whose distance from the origin is 2j). 

11 . Find the equation of the straight line joining the point of intersection 
of the lines ax + hy^ r = 0 , a'x-\ h'y^ c — 0 to the origin. 

12. A square has its centre at the origin : one side of the square is the 
straight line .r — = 0 ; find the equations of the other three sides. 

13. Find the ecpiation of the straight line which passes through the points 
of intersection of each of the pairs of straight lines 

((X 4- hy 4- c = 0 I ax + 4 d — 0 ) 

ax — by i c — 0 \ ' — ax 4 hy -I d 0 ) 

14. The perpendicular from the origin to a straight line meets it at 
the point (h,k) : show that the equation of the straight line is 

hx 4 k y = -I- k". 

15. Show that the straight lines joining the points (1,1), ( 2 , 2) respectively 
to the i)oint of intersection of the straight lines 

19a:4 3y-29 - 0, 13 .t+ llf/~27 - 0 

are at right angles. 

16. Find the equations of the medians of the triangle whose vertices are 

(2, -3), (-5,2). 

17. The sides of a quadrilateral taken in order are 

0:4 2y = 5, 3rr + y = 10, .r + + 8 = 0, 4:r-y -f 7 = 0 ; 

find the equations of its diagonals. 

18. Find the equation of a straight line through the intersection of 
3a;+5f/-7 = 0 and 4a:-f6y-5 = 0 parallel (i) to the axis of Xy (ii) to the 
axis of y. 

19. Show that the two straight lines a;-fy4-c = 0, \/dx-¥y ■¥ d ^ 0 are 
inclined at an angle of 15°. 

20. Find the condition that the straight lines joining the origin to the 
points of intersection of the pairs of straight lines 

a:4-ay + c «= 0| Ixi my-t-l = 0) 

ax4y'f c = 0 ) * {/ 4 r)a:4-(>H + m')y + / = 0) 

should be (i) perpendicular, (ii) coincident. 
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§ 6. To find the coordinates of a point tvhose distance from a fixed 
point (a, /3) is r and which lies on a straight line through (cx, /:^) inclined 
at an angle 6 to the x-axis. 



Let .4 be the point (ot, and P (^, y) the ret^uired point. 

Draw ANy PX parallel to the axes. 

Then AX = x-^oc r cos 0 

PX = y — l^ = rsin d, 

i. e. the coordinates of P are (r cos O + OCy r sin 0 -f /:^). 

Note. The length r is measured from A in the positive direction ; if 
r is negative P lies on the other side of A, 

This result can be written 

x-OC __ 1/ —fi _ 
co^ sin 0 ’ 

and if P be regarded as any point iXyij) on the straight line AF, this may be 
regarded as the equation of the straight line. The equation in this form is 
often very useful, and the meaning of the constants should be carefully 
noted, (a, 3) *is a fixed point on the straight line, 0 is the angle the 
straight line makes with the .r-axis, (.r, y) is any point on the straight line, 
and the distance of (Xj y) from (cx, fi) is r. Two examples will illustrate the 
type of problems in which this form of the equation is useful ; we shall 
refer to it again when equations of a higher degree are discussed. 


Ex. i. A straight line is drawn through the point P{2y 3) parallel to 
the straight line y = \^'&x to yneei the straight line 2.^•-f-4^ = 27 in the 
point Q. Find the length PQ. 


The straight line y == makes an angle J n with the .r-axis ; hence the 
equation of the straight line through (2, 3) parallel to it is 

x—2 _ y—3 ^ 
cos ^71 sinjTT ’ 


or 


X — 2 — 3 

1 w 

2 2 


where r is the distance between the point (a?, y) and the fixed point 
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(2, 3). Now if* r is equal to PQy then (.r, y) must be the point Q which 
lies on the line 2.r-f4y = 27; the coordinates of Q are therefore 

|g^* + 2, where r — PQ, 

Hence 2 2^ +4 3y == 27, 

i.e. (2\/3 + l)r- 11, 

hence r = - - ~ l — 2 ^3 - 1 = 2-46, 

which is the required length of PQ. 


Ex. ii. To find the ^jerpendkuJar distance of the point (a, h) from 
the straight line Ax Bg + C = 0. 


The equation of a straight line through {a, h) perpendicular to the given 
line is B{x ~ a) - Aiy - h) = 0, 


X ~(( y — h \/{x~ a -f (y - if 
A ~ B ~ 


where r is. the distance between (a, h) and (x, y). 

If r is equal to the length of the required perpendicular, the point (x^ y) is 
on yt.r -f By -f C 0. 


Henci 


l( - 4<r) + 7; 

v + ,1^ 4 / 


1 . e. 


/ Br 

' +v~a^Tb‘ 

.4 a + Bh + C 


A-b 


j + C = 0. 




Examples II e. 

1. Find the perpendicular distance of (2, 5) from VlxAoy = 40 and from 
Sx + 4y =16. 

2. A, B, C, D is a parallelogram ; A is the point ( -5, 2) ; BC, CD are the 
straight lines x—y — 7 and 3a: + 4y = 28. Find the lengths of the sides of 
the parallelogram. 

3. Through a point P(/i, k) a straight line is drawn, making an angle 6 
with the axis of .r, to meet the straight line a.V + by = 1 at 

Find the coordinates of a point on PQ distant PQ/n from P. 

Hence find the locus of such points when 6 varies. 

4. A straight line is drawn through the point A (a, h) making an angle 6 
with the axis of x to meet the locus represented by .t* -f y® = c^. Show 
that it meets it in two points P, (?, and that the rectangle AP.AQ is 
independent of 0, 

If AF, AQ are equal, prove that (a sin d - cos 
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§ 7. To find the perpendicular distance of anrj point from a straight 
line tvhose equation is given. 


(a) Oblique Coordinates. 

Let the equation of the straight line be given in the form 

X cosa + g cos l3 = p (i) 

and let the point be P Pi). 

Through P draw a straight line parallel to r cos a + ^ cos ^ =p* 

And from 0 draw OLM per- 
pendicular to these lines. Draw 
PN perpendicular to the given 
line: then PN is the required 
length, call it q. 

Now by § 3 of this chapter 
OL = p, hence 031 =p + q and 
the equation of PM is 

X cos (X + ?/ cos /^ = p + (Z • 

Xi cos a -f cos /i = ^ + (Z ; 
therefore ^Z = cos /i —p. 

Hence, if the equation of a straight line is given in the form 
X cos x+y cos /i — = 0, 

the length of the perpendicular from any point on it is found by 
substituting its coordinates in the left-hand side of the equation. It 
follows from this result that if we can put the equation of any straight 
line in this particular form, the length of the perpendicular on it from 
any point can be at once written down. 

Compare the equations 

Ax + By-\-C^0 (i) 

and .r cos -f y cos — p = 0. ^ i i ) 

If they represent the same straight line, 

cos a _ cos/3 —p 

~A' B ' 



But pi) lies on this, hence 


Hence 


cos^ X __ cos^ /3 _ cos X cos /3 
~ JJ^ 


cos- X -f cos^ /3 — 2 cos x cos /3 cos -f y:3) 
A‘^-hB'^-^2ABcos(x-fy) 
sin- (x + /3) 

A^ + B~ — 2AB cos (3( + /3) 
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But OC + ti = CO, therefore 

cos (\ cos I'i —p sin o) 

A G “ 7 A^ j-W-^ 2 AB cosTo* 

Hence equation (i) written in the form (ii) is 

A sin CO , x + B sin co . ?/ -f ( 7 sin to ^ ^ 

V A- + B^^-YAB cos w 

Therefore the perpendicular from (.r,, 7/^) on the line yl -f 1 ??/ -f C is 
Ax,-]-B7j, + C 

A , sin cu. 

/A'^ + i>"-~2A/)^cosa> 


(b) Rectangular Coordinates. 

The student should work out in the same way the more simple 
case : the results are 

(i) The length of the perpendicular from (./|, ?/i) on the straight line 
r coscx-h ?y sin a—j) = 0 is .>'^cos3(-f sin 


(ii) The length of the perpendicular from (.Cj, on the straight line 
Ax-\-By-\- C= 0 IS \ . 

Va^+b^ 



In the two figures given P is placed on opposite sides of the line : tin 
equation of the straight line through P parallel to the given line is 
Fig- (i) X cosac +^sin Ol — (y; + = 0, 

Fig. (ii) ,7’ cos cv-f ?y sin :v: — (/) — </) — 0 ; 

and as above, since (.r^, y^ is on the line, 

Fig. (i) cos^ + ?/, sin > — (/> + 7) ~ 0, 

Fig. (ii) .7q cos Ol -f sin \ — (7) — = 0. 

Hence the length q of the perpendicular is 

Fig. (i) ^7 = cosjc+z/isincx— y;, 

Fig. (ii) 7 =r — cos y — yi sin ex, 

and these results are of different sign. 
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The sign of the perpendicular changes as the point P crosses the 
line, being of zero length when P is on the line. When dealing 
with more than one perpendicular we must call those drawn from 
points on one side of the line positive and those from points on 
the other negative. It follows similarly that all points whose 
coordinates make Ax + By-hG positive lie on one side of the line 
Ax-^By-^C^Oy and those whose coordinates make Ax+By+C 
negative lie on the other side. 

This can also be shown independently 

The result only gives us a means of discovering whether two 
points are on the same or opposite sides of a straight line : this 
question of sign arises in such problems as/ find a point equidistant 
from three intersecting straight lines’; there are four such points, 
the in-centre and the three ex-centres of the triangle formed by the 
lines. Thus, if the sides are 

+ = 0, 62^/ + Co = 0, a^x + b^y-{^c.^ = 0 y 

the four points are given by the equation 

Ct _ a.2>x^h.^y + c^ _ ^ a^x-h h^^y -f C 3 ^ 

V 4 - V a./ 4 - b,/ ~ a/ 4 * 

To determine in any special case which solution corresponds for 
example to the in-centre, the student should draw the graph of 
the lines. 

Example. To find the in-centre of the triangle formed by the straight 
Imcs (i) 30:4-4?/ — 12=0, (ii) 5o; — 12^ — 20=0, (iii) 24?/ — 7.r— 72=0. 



We see from the figure that the in*centre and the origin are on opposite 
sides of the line (i), and hence the perpendiculars from these points must 
be taken of opposite sign. 

Since the substitution of o? = 0, y = 0 in 3o?4 4?/~12 gives us a negative 
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value, the substitution of the coordinates (x, y') of the in-centre will give 
a positive result: hence the perpendicular fiom the in-centre on 

3a:-f 12 = 0 is numerically equal to 

1 (3a:' + 4y -12). 

The origin and the in-centre are on the same side of the line (ii) : = 0, 

y = 0 makes 5.r- 12y — 20 negative, x — x\ y — y will therefore also make 
it negative. 

The numerical value of the perpendicular from x\ y on this line is therefore 
- ~\2tj -20^) = ^ (12y'-5a:' + 20). 

Similarly, the perpendicular from [x\ y) on 24y-7j? — 72 — 0 is 
(24y -7a:'-72) - t7a:' - 24y -f 72). 

Hence the in-centre will be given by 

\ (3a;-f4y — 12) = ^ (12y — 5a: -}- 20) = (7a: - 24// -f 72); 

i.e. 8a: — y = 32, and 2a:-flly = 33, 

and the in-centre is (4^%, 2f). 


Examples II f, 

1. In the above example work out similarly the coordinates of each of 
the ex-centres, giving a reason for the signs chosen in each case. 

2. Find the centre of the circle inscribed in the triangle whose sides are 

a' — y + ls=0, a:-l-y-7 = 0, .r — 3y-{-5 = 0. 

3. The equations of the sides of a triangle are .r = 0, y = 0, 3a:-f-4y = 12. 
Find the coordinates of the centre of the circle escribed to the side y = 0. 

§ 8. Udadons hctivccn two straight lines whose eqtcations are given. 

(i) To find the coordinates oj the point of iniersettion of two straight 
lines. 

This is equivalent to finding a pair of values of the coordinates 
X and y which satisfy simultaneously the equations of both the 
straight lines ; in other words, to solving the equations simultaneously, 
e. g. to find the point of intersection of 

5.r-f 4y— 7 = 0, 

3 .r — / y -f* 0 0 ^ 

by cross multiplication 

the point of intersection is Jl). 




D 
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(ii) To find the angle letiveen two straight lines whose egnations are 
given in rectangular coordinates. 



Let the equations be + C = 0, 

A'x + B'g + C' = 0; 
these straight lines make angles 

A \ , . , / A.G 


tan-i tan * ^ 


with the axis of x ; the angle between them is therefore 

A'\ . .,/ A 




(an 


A _ 
1 4- 


A' 

B' ^ .AB'-A'B 
AA''VBB'' 

BB' 


If the equations are given in the form 

?/ = mr -f- r, y = mx + c', 

the angle between them is tan ^ ,* 

1 -f mm 

It is clear that in the general case we cannot decide whether the 


-1 


-7 or tan ‘ 


acute angle between the lines is tan - > ui tau 7- 

^ 1 -h mm i 4- 

one value is positive and corresponds to the acute angle, one is 

negative and corresponds to the obtuse angle. 

Corresponding results can be obtained for oblique axes in the same 

way (§ 2) ; these results are 

{AB^^ A^B) sin 0) , (m-~ m'jsincj 

^ and tan”"^ 


tan^* 


AA'^BB'-(AB'-j^A'B)cosa> 


1 + (m 4- m')cosco 4- mm' ’ 
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(iii) The condition that the straight lines should be perpendicular 

follows. Since the tangent of a right angle is infinite, in rectangular 
coordinates A A' -f = 0 or 1 -f- mm' = 0 , 

and in oblique coordinates 

AA' + BB'— {AB' A'B) cos w = 0 or 1 4 - (ni + ni ) cos co -f mm' = 0. 

(iv) To find the equations of the bisectors of the angles between the 
straight lines whose equations in rectangular coordinates are 

Ax-\-Bg-hC= 0 , + + 0 . 



If (‘^u Ih) any point on either of the bisectors, the perpendiculars 
from it to the straight lines are of equal length. It is evident 
(see figure) that for points on one bisector these perpendiculars 
are of the same sign, and for points on the other bisector they are 
of opposite sign. 

Hence + + A'xi + Ii'>/^ + C 

VAU B- ~ VA’'^+B'- ' 

and any point on a bisector lies on one of the lines 

Ar+ Bn + C _ A'x + B'tj + C ' Ax + % + C _ _ A'x + B'y + C' 

Vim? vimir- ’ vimi? ^ ~ ' 

which are consequently the equations of the bisectors. 

(v) It has been shown in § 4 (iv) that the equation of any straight 
line through the point of intersection of the straight lines 

^.r + %4-C=0, A'.r-f J?'y + C'=0, 

is of the form 

Ax^Bg-^C-^\{A'x^B'g-\- C') = 0 , 

whatever coordinate axes are employed. 
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It is often convenient in order to save the constant repetition of 
such an equation as Aoc-\-By-\-C = 0 to refer to it in the following 
way: let u stand for the expression Ax+By-{-C, i.e. u = Ax ■>r By + G, 
then ti = 0 represents the straight line, and for the sake of brevity 
we can refer to ‘the straight linew’. This notation (usually called 
abridged) is of much greater importance than appears at first sight. 
There is a large class of problems in geometry of a purely descriptive 
character (i.e. not dealing with magnitudes such as length, or size of 
angle) which can be solved in a quite general manner : in such work 
it is quite sufficient to recognize that u = 0 represents a straight line 
where u is an abbreviation for any expression which, equated to zero, 
represents a straight line without any regard to the actual system of 
coordinates employed. 

This idea is introduced early in the work and will be developed 
when occasion offers, and it is hoped by this means to help the 
student at the later stages to pass to generalized coordinates more 
readily. 

If ti — 0, V = 0 represent two straight lines, any line through 
their point of intersection is it + At; = 0. 

If m' = Ax' + By' + C, then «'= 0 is the condition that the point 
(x'f y'] should lie on the straight line u = 0 ; and similarly we 
interpret v' = 0. 

If the straight line m + Ai'=: 0 passes through some given point 
{x', y'), then m' + Av' = 0, hence iw' — uv = 0 represents the straiglff 
line joining the point {x', y') to the intersection of w = 0, v = 0. 

Again, u — u' = 0 represents a straight line through (/, y') parallel 
to u — 0. 

In the particular case when the equations of straight lines are in 
the form a- cos a + y sin a —p = 0, 

if M = .rcos a + y sin a— p, 

V ~ xcos^+ysinfi—q, 

then u' and v' are the actual values of the perpendiculars from (x', y') 
to the straight lines m = 0, v = 0. 

Hence the equations of the bisectors of the angle between the 
straight lines m = 0, i; = 0 are u—v= 0 and m + v = 0. 

A point can be determined as the intersection of two given 
straight lines : if then u = 0, v = 0 represent straight lines, their 
point of intersection can be referred to as the point (m, v). 
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Example. If two triangles AI^C\ A'B'G' are so placed that the 
points of intersection of AB, A' B' ; BCj B'G' ; GA^ G'A' lie on a straight 
linCj then the joins of corresponding vertices AA\ BB\ GG' will meet in 
a point, (Goaxal trianghs are also copolar,) 



Let CBy C B' meet at V: CA. 0 A' at (J : .1/^, A B' at B, where BQH is 
a straight line. 

Let tlie sides of the trianglt* ABC be the straight lines ^ 0, r = 0, 

tv — 0, and the straight lino PQR be c- = 0. 

Now is a straiglit line through tlie point of intersection ufu — 0, 
c = 0. Its ecpuition is therefore of the form (iu-\ c ~ 0, wliere a is a con- 
stant wliich can be determined for any chosen system of coordinates; for, 
when the axes are fixed, since BC\ B’C' are given straight lines tludr 
equations are completely known. Without reference to any particular co- 
ordinate axes, therefore, we cm consider the constant a as known. Similarly, 
C A passes through the intersection of the given straight lines CM, Z\> 
and its equation is hvi^z — 0, where b is a known constant. .I'R' in the 
same way is represented by cw ] z ^ i). Hence the sides of the triangle 
A'B'C are the straight lines whose e(iuations are 

an + :r — 0, hv + z — i), cw -f 2 ? = 0. 

Now the e{j[uation /n' -f 2 ; -(e/r f 2 ') =- 0 represents a straight line through 
the point of intersection of the straight lines hv-i z=^0, ctr + z^Oj i. c. 
through the point A'. 

But {bv z) — {cw z) = 0 is equivalent to bv — cw == 0, and this represents 
a straight line through the point of intersection of the straight lines 1 ; = 0, 
w =0, i.e: through the point A. Hence A and A both lie on hv - cw 0 : 
this then is the equation of the straight line AA. 

In exactly the same way cw-au ~ 0 represents the straight line BB\ 
and au — bv — 0 the straight line CC\ 
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Hence the equations of the three straight lines joining corresponding 
vertices, viz. AA\ BB\ CC\ 

are hv — cw ~ 0 (i) 

civ — ail — 0 (ii) 

au — = 0 (iii) 

But {bv-cw) + (civ-au) = 0, which represents a straight line through the 
point of intersection of (i) and (ii), is the same equation as uu-hr^^O, 

i. e* the straight line CC' (iii) passes through the intersection of A A' and 
BB' : in other words, AA\ BB\ CC are concurrent. 


Examples II g. 

1 . Find the length of the perpendicular drawn from the point ( 2 , 4) to 
the straight line joining the points (3, 1), (7, 4). 

2. Find the equation of the straight line which joins the intersection of 

the lines 3rr — 4y + l =0 and + = 0 to the point (1, 3). Draw the 

lines and find the tangent of the angle between them. 

3. Find the coordinates of the feet of the perpendiculars drawn from 
the point (1, 1) to the straight lines x-2y + 2 = 0, 2r-y + l = 0. Find 
also the length of the perpendicular drawn from the point ( 1 , 1 ) to the 
straight line joining these feet. 

4. Find the length of the perpendicular from the origin on 

{x cosd)/a -f iy sin 0)/b = 1 . 

5. Find the equations of the straight lines through the intersection of 
the straight lines 2 ^-y + 5 = 0 , ir48//-6 = 0 respectively perpendicular 
and parallel to the straight line 5ar + 8 // — 10 = 0 . 

6 . Prove that (2, ~ 1 ), ( 0 , 2 ), (3, 0 ), ( — 1, 1) are the angular points of a 
parallelogram, and find the angle between the diagonals. 

7. Find the condition that the straight line ?ny4 /?=0 should touch 
the circle whose centre is {a, h) and radius r. 

8 . Find the equations of the sides of a rectangle which has (1, 2), (4, 3) 
as coordinates of the extremities of one diagonal, and whose other 
diagonal is parallel to a- 4 3// = 0. 

9. Find the coordinates of the oiihocentre of the triangle whose sides 
are y = 2 x, 2 y = a::, a- 4 y = 9. 

10. Show that the triangle formed by the straight lines whose equations 

are 4a;~3y-*8 = 0, 3a;~4y4 6 = 0, rr + y-“9 = 0 is isosceles: find the 
length of the equal sides. _ 

1 1 . One side of an equilateral triangle is the straight line v^3y + 4 = 0, 
and the opposite vertex is the point ( 2 , 1 ). 

Find the equations of the other sides. 

12. Find the conditions that the straight lines 4 4- q = 0, 

OgX 4 - 62 y + Cg = 0 , a^ + b^y 0 should form an isosceles right-angled 

triangle, the last line being the hypotenuse. 

Give, with numerical coefficients, the equations of three such lines. 
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13. The algebraical sum of the perpendiculars from the points //j), 

(^ 2 ) !/ 2 h {‘^3 5 l/i) on a straight line is zero : show that the line must pass 

through the mean centre of the four points. 

Extend your proof to the case of any n fixed points. 

14. A straight line is drawn through (5, 9) inclined at 45^^ to the axis of x. 
The straight line is cut in I\ Q by a: + 3y == 20, Ix + y 120, which pair 
intersect at 2\ Show that 7’ is isosceles ; give the lengths of the equal 
sides and the tangent of the angle at the veitex. 

15. If the straight line PQ drawn through the point (8, 4) at right angles 
to the line joining (6, 2) (4, 1) inteisects the axes in P and Q, find the area 
of the triangle POQ, and the distance of (4, 2) from PQ. 

16. Find the coordinates of the centre of the circle inscribed in the 

triangle formed by the lines a: = 1, 3a:-l'4// — 5 — 0, 12// + 16 = 0 ; also 

those of the centre of the circle escribed to the side x = 1. 

17. Find the coordinates of the foot of the perpendicular from (a, 0) on 

the line = and show that when X varies all these feet lie on 

a fixed straight line. 

18. Show that the two straight lines 

(xcosOy/a i-(//sind)/5 = 1, (:r sin ^)/5-(t/ cos ^j/a = (a^sin^)/5 

are perpendicular, and that the distance of their point of intersection from 
the origin is indei)cndent of B if == b'\ 

19. Straight lines arc drawn from the point (3, 2) to meet the straight 
line 6a: 4 Itj == 30, and these straight lines are bisected: find the equation 
of the locus of the points of bisection. 

20. The product of the perpendiculars from {ae, 0*, {-ae, 0) on 

(a;cosd)/'a*t iy sin B)/b ~ 1 
is prose 5“ ~ a^(l-e^). 

21. The equations of the sides of a triangle arc 

./M = 0, .r +/;/// — /a- — 0, .r -h u// - n- — 0. 

Find the coordinates of its orthocentre. 

22. The connector of any puint P{j'\ y) with the origin 0 meets the 
straight line (ix-i-by ^ 1 = 0 in (> : show that PQ : OQ ax by x 1. 

23. If the sides of a ])aralleiogram are the straight lines u ~ 0, r ==- 0, 
u a, V = 5, find the equations of (i| the diagonals, (ii) lines through the 
intersection of the diagonals parallel to the sides. 

24. Find the equation of the straight line which joins the point of inter- 
section of M — 0, r — 0, to that of u + w ~ 0, r + mio ^ 0. 

25. The four sides of a quadrilateral have equations u-h r = 0, r-f w = 0, 
u-v ^0, r- /c = 0. Find the equations of its diagonals. 

26. Find the locus of the middle point of that portion of a straight line 
passing through the fixed point (h, k') which is intercepted between the 
axes of coordinates. 
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§ 0. Relations between three straight lines whose equations 
are given. 

(i) To find the condition that the three straight tines 
should he concurrent. 


If they are concurrent they have a common point ; let its coordinates 
be (:ri , yX Then 

Ax, +By, +C =0, 

A'x, +B'g, =0, 

Eliminating {x,, g,) we find the required condition to be 


ABC 
\A' B' C 
B" 


= 0. 


Since any two straight lines meet in a ])oini, one condition is neces- 
sary and sufficient that a third line should pass through the same point. 


(ii) To find the area of the triangle enclosed by the three straight lines 
AyX’^Biy C, = 0, A2X-\-B2y-^C2 = 0, A.^x-\-B.^y G, = 0. 
Method i. The equations can be solved in pairs and the co- 
ordinates of the vertices of the triangle found, and hence, Cliapter I, 
§ 7, the area. This method is often useful in the case of numerical 
examples. 


Method ii. The following method obtains the result in determinate 
form. 

Let the equations of the sides of the triangle be 

u,x^b,y^c, — 0, (i) 

aj^xXh,y-\-c.2, — 0, (ii) 

+ = 0. (iii) 

Suppose (ii) and (iii) intersect at (rj,^,). (iii) and (i) at y<fi, 
(i) and (ii) at [x^, yfi. Then 


or, let us say 


^ ^ 

b^c^—b.^c^ ^ib.^—a,,b2 

^1 _ ^ _ 1 
A\ Bi C\ 

_ 1 
^2 -»2 C , 

^3 1 

A". . R. C, 

u u o 


We have similarly 
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where -^3, &c., are formed from^j hy permuting the suffixes in 
cyclic order. 


1 


Ai Bx 


Then the area of tlie triangle = ^ A^ B,^ i . 

‘2Ci6,C, /y, C3I 

j ^'1 , 

The product of this determinant and of the determinant j Co *, 

i 

which we denote by A, is 

\ A I Bx Cx C\ , (( ^ ^4 J -f- 4* (^2 1 4“ 4" ^3 , 

rti 4* ^>1 Bi) 4" Cx (J ^ ^ (^2^2 4" 4" ^' 2 4" ^^ 3-^2 4" ^^ 3 j 

(i\A^'^hxB^+ 3 4* ^>2^3 4“ <^ 2^3 5 ^fi ^3 4- C 3 G 3 ; 

; A 0 0 j 

or j 0 A 0 ; so that its value is A'^, and we have for the area the 

i 0 0 A 

(^1 />! Cj 

, where A = and Cj , C.^. C\ are the 

«j ^'.1 <',1 ’ 

minors of <^3 in the determinant A. 

Here the coordinates have been taken to be leciangular. For 
oblique coordinates we multiply by sin (o. 


A- 


expression rwTTrTT • 
^ ( 1 02 O3 


( iii) If A 1 ^ 4- 7^1 // 4* = 0, J 2*^ 4 -‘'l3‘^’ 4- B^ff -f Cj = 0 

arc three straight hues irhich arc not concurrent, the Cfjuation of auf/ 
straight line can be expressed in the form 

I (yl 1 X 4- /q 7j 4* C’l) 4* yn (A. 2 ^ ./■ 4- Bo // 4- Co) F n (A3 x 4- B^ ij 4- U3) = 0. 

Let .l.r4-R/y4-C= 0 be the equation of the straight line which is 
to ))e put into the required form. 

Compare the coefficients with those of the above e({uation, then 
/ A I 4“ n\ A 2 4~ n A -. — A^ 

4- niJly 4- n />3 — B, 

I Cx 4- ni ( 24 - n C^ = C. 

This gives three equations to determine tlie three constants/, m, n: 
they are in general sufficient to find these constants. If the given 
straight lines are concurrent we liave the relation 

A, A, A,\ 

7/, B, 7?., I = 0, 

a, c, c, ! 

in which case we do not find finite the values of /, w, and and 
there is no solution. 
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Cor. If values of I, m, and n can be found so that the relation 
I B^y Cj) 4-m(^2^ + ^2^ + ^2) + + ^3!/ + ^3) == 0 

is identically true, we must have 


and consequently 


lA^ 4 - nxA^ + nA^ = 0, 
+ wRj "t nB^ = 0, 
I C\'\- + WC3 = 0 ; 


A\ A 2 A^ 
B, B2 B, 

c, a, c. 


= 0, 


i.e. the straight lines are concurrent. 

Thus, for instance, we can see from their form that the straight lines 
(§8) if-v ~ 0, v — w = 0, w-H — 0 are concurrent. 


Proposition iii of this section can also be proved in the following 
manner. 


A 



Let the three e(|uations in abridged notation be = 0, e; = 0, 
tv = 0, and let J5(7, CAy AB represent these lines. 

If FQ is any other line, let AB meet it in P and join PC. 

Since PC is a straight line through the intersection of = 0, 1 ; = 0, 
its equation is of the form (p. 52) hi A mv = 0. 

Hence PQ is a straight line through the intersection of the straight 
lines luA^nv = 0 and = 0 ; its equation is therefore of the form 

(lu -f- mv) Anw Oy 
or hi AmvAnw = 0 ; 

hence if w = 0, z; = 0, tv 0 are any three straight lines, the equation 
of any other straight line can be expressed in the form 

luAmvAnw = 0. 
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Cor. If M = 0, t' = 0, w = 0, lu-^nw'^nw = 0 are four straight lines, 
multiply the first three equations by 1, m, and n respectively, and let 
U ~ hif V = mvi W = nWf 

then U «= 0, F = 0, IF = 0 represent the three straight lines, and in this 
case the fourth line is represented by the equation 

IF - 0. 

This result is useful when descriptive properties of a quadrilateral are 
considered : the follov^irig example illustrates the method, which will be 
referred to again later. 



A 


If the four sides of a complete quadrilateral are represented by the 
equations « — 0, r — 0, tr — 0, r + — 0, to find the equations of its 

three diagonals. 

Let ABA'B' be the quadrilateral. 

Now the diagonal AA' passes through the intersection of the pairs of 
straight lines 

r — 0 I , w — 0 

= or 

but the equation r-f ir — 0 [straight line thiough -I'J 

can also be written {n i vA ir) — ii — 0 [straight line through rij 

and therefore represents the straight line A A'. 

Similarly the equation — 0 [straight line through C'] 

can be written (u -i r-f tr) — r — 0 [straight line through 6’) 

and represents CC'. 

Also the equation iH r — 0 [straight line through B'\ 

can be written {u ■\ tM fo) — = 0 [straight line through B] 

and represents BB\ 

Hence 0, — 0, n + r — 0 are the three diagonals of the 

quadrilateral. 

Examples II h. 

1. What is the value of a if the three straight lines a’ + y--4 — 0, 

3a;-i2=:0, — y + 3a — 0 are concurrent? 

2. Find the area of the triangle formed by the three straight lines 

+ a;--5 — 0, y + 2a:~7 — 0, x-y + 1 — 0. 


GO 
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3. For what values of a are the three straight lines 2a; + y + l =0, 
3ir + 2ay + 4=0, + y — Sc = 0 concurrent? 

4; The equations of the sides of a triangle are 3a; + 4y = 12, 5a; - 12y = 20, 
24y — 7 a; = 72 : find its area. 

5. Prove that the straight lines 

{Jb ■¥ c) X — hey — a(fe^ + 6c + c^j, 

[c a),x — cay — h{c^ + ca a^) , 

{a-^^x-ahy = c(a* + a&-f 6^) 

are concurrent. What is the point of intersection ? 

6. Find the condition that the three straight lines 

\x-¥y = 2aX + aX^ 
yx-\-y = 2ay. + 
vx->ry = 2av + a^^ 

should be concurrent. 

7. Find the area of the triangle formed by the axes and the line 
X^a; + f/ = cX, when the axes are inclined at an angle w. 

8. Prove that the perpendiculars of a triangle are concurrent. 

9. Show, using abridged notation, that the three bisectors of the angles 
of a triangle are concurrent. 

10. Prove analytically that the bisectors of the vertical angle and the 
bisectors of the exterior base angles of a triangle are concurrent. 

11. The equations of three straight lines are 

w = 3rC‘f4y-7 = 0, t? = 4a; + 5y--6 = 0, fi? = a;-y-f-l=0, 
and that of a fourth line is 59 a; + 7 y — 21 = 0. 

Express the last equation in the form Zc -f wir + nw = 0. 

Find the equations of the three diagonals of the quadrilateral formed by 
these four lines. 

12. The six vertices of a complete quadrilateral are AA\ BB\ CC\ and 
the diagonals form the triangle PQR* If the equations of the sides arc 
H — 0, t; == 0, iv ^ 0, u + V'^w = Oy find the equations of PA’y QB\ UC\ and 
uf PAy QBy RC, (See figure, p. 59.) 

Show that PA'y QB\ RG' are concurrent. 

18. If the sides of a quadrilateral are the four straight lines u + v-\ w =^0y 
-•n + r + M; = 0, n-vAw = 0y w + t? — = find the equations of its 
diagonals. 

§ 10. Relations between four straight lines whose equations 
are given. 

Anharmonic Ratios. 

Definition. If Ay B, C, D are four points on a straight line, 
then the value of the expression AC • DB/CB .ADy in which the 
signs as well as the magnitudes of the segments are taken into 
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consideration, is an Anharmonic Ratio of the four points A, JB, C, J). 
It is frequently denoted by (AR, CD)/ 

There are as many anharmonic ratios of four points as there are 
permutations of the letters A, R, U, R, that is 24 ; but if one ratio 
is known all the others can be completely and uniquely determined 
(vide Russeirs Treatise on Pure Geometry, Chap. IX). For the sake 
of preciseness we shall refer to the above expression as the anharmonic 
ratio of the points A, B, C, R. 

Tt should be noted that, if C divides the segment AR in the ratio 
1 : in, and R divides the segment AR in the ratio V : m\ these ratios 
having ‘ sign ’ as well as ^ magnitude ’ as in Chapter I, § 6, then the 

I V 

anharmonic ratio of A, R, C, R is — r — 

m m 

In Chapter I a harmonic range was defined as four points, two 
of which divide the distance between the other two internally 
and externally in the same ratio : i. e. 

A(7_AR AC.RR__- 
CB ~ BB AD. CB ~ ’ 


which, with due regard to sign, gives 


AC^B 
CB. AD '' 


{AB, CD) = -l 


thus, when the range is harmonic, the value of the anharmonic 
ratio is —1. 


I. If any four concurrent straight lines OP, OQ, OR, OS {called 
a pencil of rays, vertex 0) are cut by any straight line {called a tmns- 
versal) in four points A, B, C, D, the anharmonic ratio \AB, CD] 
is the same for all positions of the transversal. 



* This notation is not universal. Many writers use {ASCV) to denote tlie 
anharmonic ratio that we should denote by (jtC, £Z)', 
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The ratio 

AC .BJ) _^OAC . ^OBD 
AI).BC~ AOAB . AOBC 
_OA.OC. sin lAOC .OB.OD. sin /.BOD 
OA.OD. sin /AOD .OB.OC. sin /BOC 

sin /AOG . sin /BOD 

~ sin 2l0i»! sin ZROO’ 

and this quantity is independent of the position of the transversal 
ABCD. 

This proves the proposition so far as the magnitude of the ratio 
is concerned ; it can easily be verified, by drawing transversals in 
different positions, that 0, 2, or 4 of the segments AC, CB, AD, DB 
change their sign ; the sign of the ratio is therefore unaltered. The 
constant anhaimionic ratio determined on any transversal by the 
pencil is called the anharmonic ratio of the pencil. 

Cor. i. Since the anharmonic ratio of a pencil of four rays depends 
only on the sines of the angles between the rays, the anharmonic ratio of 
any parallel pencil is the same. 

Hence the anharmonic ratio of any pencil of four rays is equal to that 
of a pencil formed by four parallel straight lines through the oidgin : 
consequently we need only consider pencils with vertices at the origin. 

Cor. ii. The pencil formed by joining any point to four points forming 
a harmonic range is a harmonic pencil. 


II. (a) To find the anharmonic ratio of the pencil formed by the 
four lines y = px, y = qx, y — rx, y = sx. ‘ 


Let the pencil be cut by a transversal a; = ft in the points 



A, B, C, D. 

The coordinates of these points are 
(ft, ph), (ft, qh), (ft, rh), (ft, sft) : hence 

AC . BD _ (rh—ph) (sh—qh) 

AD. BC ~~ (sh—ph) (rh—qh) 

_ (r-p) (s-g) 
(s_-p)(r-3) 
_ (jp-r)(g-s) 
{p-8)iq-ry 


(b) lfu = 0, V = 0 are any two straight lines, to find the anharmonic 
ratio of the pencil formed by the lines u—h^v = 0, u—Jc^v — 0, 
u—k^v=.0, M— = 
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C3 


Let the lines cut any transversal in the points A, -B, C, 7); let 
A be the point the point (^r^, and let ^2 

be the values of u and v when the coordinates of these points are 
substituted in them. 


40_ 

CB~^' 'DB~ 


then the coordinates of 


T+rr 

Now, since the points A, R, C, D lie on the four given lines 
respectively, we have 

= 0 (i), = 0 (ii), 

+ * 3 ^ 2 ) = 0 (iii), 

= 0 (iv). 

Substituting from (i) and (ii) in (iii) and (iv) we have 


(*1 ~ h^) v^-\-X [h^ - ;fc3) ^^2 = 0, 

(frj — t\ + fjL (Jc^ — ^^4) i;2 = 0 . 


Hence 


X (Aj ki^) {k ^ Z/4 ) 


A_AC . AD 
'ix'^ CB^DB 


= the anharmonic ratio of the four lines. 


This result is a complete analytical proof of proposition I of this 
section ; for the value of X/fx found is independent of the position 
of the transversal This proof, though more difficult, is preferable 
because it deals simultaneously with the magnitude and the sign 
of the ratio. 


Cor. i. An important result follows from this : the anharmonic ratio of 
the pencil formed by the four lines « = 0, v = 0, u + Xr ~ 0, n + X'r = 0 is 

For a harmonic pencil = -1, hence the four straight lines u = 0, 
A A 


tJ 5= 0, w4 Xr = 0, M~Xr = 0 form a harmonic pencil. But given any four 
concurrent stoight lines, if u = 0, v == 0 are two of them, the equations 
of others can be put in the form Ui 4* mr = 0, I'u 4* tn'v = 0. 

Hence the equations of the rays of any harmonic pencil are of the form 
1/ = 0, f? « 0, lu + mv = 0, hi — mv = 0. 


Cor. ii. The condition that the four straight lines y = pa?, y = qx^ 
y ^ 2 / = sx should form a harmonic pencil is 

(p-r)(g-s) + {j>-s){ 3 -r) =0, 

(p + g)(r-fc8) = 2(pq-i-rs), 


or 
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Ex, i. Find the locus of a point P which is such that the lines joining 
it to the points (a, 0), ( — a, 0) are harmonic conjugates of the lines 
joining it to the points (0, &), (0, — &). 

Let P be the point (^, ?;), then the equations of the four straight lines are 
_ y ^ + X _y — h X 

g-a 1]' ^ + a \ r)-h' I i7-f6‘ 

These are parallel to 

r} Tf Tj — h rj -\~b 


I = I" X, 

I -a 

Hence, Cor. ii above, 


X, 


X, y = 




* 6 ^ n -f 5 




i J “U*- 


i. e. the locus of (f , y)) is 6V + ay == a^6l 


Ex. ii. Each diago.ud of a complete quadrilateral is divided har- 
monically hy the other two. 


Let the sides AB\ B'A\ A'B, BA *be m == 0, i> = 0, w = 0, u-^r + iv = 0. 



Then it was shown in § 9 that the equa- 
tions of AA\ BB\ CC are 

+ w + v = 0, a + w> = 0. 

Now CR is a straight line through the 
intersection of AB' and BA\ i. e. of w = 0 
and tv — 0. 

It also passes through the intersection of 
A A' and BB\ i. e. of t? + = 0, w + v = 0 ; 

its equation is therefore w - m; = 0, for this 
can also be written {u -h v) — (v + w) = 0. 

Hence the pencil CA^ C'A\CR, CC is 
u = Oy tv ^ Oy u — tv^Oy U'i-w =^0y which 
from its form is seen to be harmonic. 


Examples 11 i. 

1. Find the equation of a straight line which is the harmonic conjugate 
of y-^mx = 0 with respect to the axes. 

2. Find the anharmonic ratio of the pencil a?+fy=0, a? + m!/e=0, 
a? -f ny = 0, X ^py = 0. 

3. Find the condition that the four straight lines joining the point 
(Xy y) to the four corners of a square whose centre is the origin, and whose 
sides are parallel to the axes, should form a harmonic pencil. 

4. Find the fourth harmonic of the pencil y —px = 0, t/ — ja; = 0, y — rx = 0. 

5. The equations of two intersecting straight lines are X «= 0, F = 0 ; 
find the value of the anharmonic ratio of the pencil formed by l^X+m^Y^^ 0, 

0, 0, 0. 
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§ 11. Polar Coordinates. 

We have shown in Chapter I that if the initial line and a per- 
pendicular through the pole are taken as axes of Cartesian coordinates, 
then (x, y) and (r, 0) being the same point 

a; = r cos 0 and ^ = r sin 0. 

Since the equation of a straight line is linear in x and the 
general equation of a straight line in polar coordinates is 

Arcosd + J5rsin0 + C= 0. (i) 


(i) To find the equation of a straight line in polar coordinates, given 
tJie length p of the perpendicular to it from the pole and the angle (X which 
this perpcfidicular makes with the initial line. 


Let P(r, 0) be any point on the line, ON the perpendicular to 
the line. 

Then 

POZ^0, NOZ^oc, PON^{0^x); 
hence in the triangle OPN 

r cos(d — a) =jp, (ii) 

and this equation, being true for 
the coordinates of any point on the 
line, is the equation of the line. 

Expanding cos (0 — a) the equation becomes 

r cos 0 . cos a + r sin 0 . sin a— p = 0 , 
which is of the form (i) found above. (Cf. § 3, II.) 



Cor. i. The equation of any straight line parallel to (ii) is of the form 

rcos (^ — Of) = g. 

Cor. ii. The equation of any straight line perpendicular to (ii) is of the 

form ain — (X) g, 

since (X is in this case increased or decreased by ^ tt. 


Cor. iii. The equation of any straight line through the pole is of the 
form ^ = a, for any point (r, (X) lies on it whatever value r may have. 

Let FQ be any straight line 

Arco8^ + Rrsin^+ C « 0, (i) 

and OR a straight line through the origin parallel to it. 

Since the equation (i) is equivalent to 

Ax + By + C « 0, 

the straight line PQ makes an angle tan~^ ( with the initial line OZ. 
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The straight line Off, parallel to it, makes the same angle with OZ ; 
consequently its equation is 

= (ii) 

which may also be written 

cos^4 ff sin ^ = 0. (iii) 

In the same way we can show that the equation of the straight line 
through the pole, making an angle 0( with 

^rcos^ + Rrsin ^4 0=0, 

is ^cos(^+0f)4ff sin(^+ 3^) = 0 (iv) 

according as the angle is made towards the initial line or away from it. 


Example. To find the angle between the two straight lines 

- = cos0 + cos0-~a 
r 

and - = COS0 + COS0 — d. 

r 


(i) 

(ii) 


These straight lines are parallel to the lines 

cos 6 4 cos d — 0( = 0, 
C0S^4 C08^-^ = 0, 


which pass through the pole. 
These can be written 



2 cos ja. c68(^-^5() = 0, 

and 

2co 3 coa{^- = 0, 

i. e. 

5 + 

and 

6 = ^tr + |/3. 


The angle between these straight lines is i(3(-j3), and this is also the 
angle between the given lines which are parallel to them. 

§ 12. Envelopes. 

The equation lx -f 4- w = 0 can represent any chosen straight 
line provided that the values which can be assigned to ?, m, and n 
are unrestricted. If, however, there is some given relation between 
Z, m, and n (e.g. Z = m— 2n) the equation Za;-fm^-hn can represent 
only one or other of a group of straight lines. 

In the simple case Z = m — 2«, we can replace Z by its value in 
terms of m and n and the equation then becomes 

m(x-\-y) = w(2:r— 1), 

and this represents for different values of m and n any one of a pencil 
of lines passing through the intersection of = 0 and 2ir— 1 = 0, 
i.e. the point (|, — J). 

The equation Z.r + w^ + n = 0 contains only two independent con- 
stants {vide § 4) ; for the sake of simplicity we will discuss the 
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equation in the form = 1, which can represent any stmight 

line which does not pass through the origin. 

A relation then between I and m means that Ix-Vmy^X represents 
a definite system of lines : if we take a series of values for Z, gradually 
increasing by small quantities, and find the corresponding value or 
values of m, the line represented by 

lx-\-nty = 1 

for these values of I and m will take up a series of different positions, 
each differing slightly from the one before. 

Compare the case of a point whose coordinates (x, y) are connected 
by some given equation (e. g. 8 4 ^ = 1 ) ; if series of values are 

given to x, increasing by very small quantities, and. the correspond- 
ing values of y are found, the corresponding point will take up a series 
of positions each differing slightly from the one before. 

If a point continuously changes its position, a curve is formed on 
which all the points lie ; the more points we plot the more clearly 
this curve is indicated. So if the line continuously changes its 
position, a curve is formed which all the lines envelope or touch ; 
the more lines we draw the more clearly this curve is indicated. 
The curve thus formed by a moving line is called an envelope, 
the curve formed by a moving point is called a locus. It should 
be clearly understood that the envelope of a line moving under 
a constraint or condition is as simple an idea as the locus of a point 
moving under a constraint or condition. 



(ii) 

The figures illustrate (i) the locus of a point whose distance from 
the origin is constant, (ii) the envelope of a line whose distance 
from the origin is constant. 

V 9 
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In (i) two points of the series lie on any given straight line, and in 
(ii) two lines of the series pass through any given point. 

In (i) the line joining two consecutive and very near points is said 
to touch the locus, and in (ii) the intersection of two consecutive and 
very near lines is said to lie on the envelope. 

To consider this algebraically : if the coefficients I and m are 
connected by any relation, we can in general find I in terms of m and 
substitute in + = l ; we thus obtain an equation containing 

only one arbitrary constant. 

We shall consider only the two cases, where the undetermined 
quantity occurs in the equation (a) in the first degree only, (b) in 
the second degree at most. 

For case (a) we have alieady shown that all the straight lines meet 
at a point, i. e. the envelope is a point. 

The most general equation in case (b) is 

K^ax + -h c) 4- K{a'x + b'y + c') + (a^'x -f V'y -f c'') — 0, 

where all the coefficients except k are supposed known. 

Now through any point (a*!, two lines of the system pass, the 
values of A being given by the equation 

A2 [ax^ + + c) -h A (a ' + Vy^^ -f c') + (a"a?i + &'Vi + c?") = 

These two lines will be coincident if 

(ci tTj + 6 4" c = 4 (uXj 4*' by^ 4* c) (u 'xi 4* b ^yi 4- c j 

but in this case the point (x ^ , y^) is on the envelope ; thus the equation 
{a'x 4* b'y 4- = 4 (ox 4- 4- c) (a^'x 4- V'y 4- c") 

is satisfied by the coordinates of all points on the envelope, i. e. is the 
equation of the envelope. 

Note. In abridged notation the envelope of the line X*M4-Ar + M^ = 0 
is = 4uw, 


Ex. i. To find the envelope of a line whose distance from the origin is 
constant. 

The equation of the line can be written 

arcosOr-f yeina-p = 0» 

where p is constant. 

This can be written X*(a? -f p) — 2Xy + (p -x) «= 0, 
where X = tan ^oc. 

Hence the envelope is y* «= (a? +l>) (p - jp), 
or a:* 4 y* « p*. 
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X y 

Ex. ii. To find the envelope of the stmighi Urn -+1=1 when 

the coefficients are connected hy the condition a + b= c, where c is 
a constant 

SiiMie a 4 6 — the equation of the straight line can be written 

8 = 1 , 

a € — a 

or a*-a(aj-y4c) +ra? ^ 0, 

where a is an undetermined constant. 

The values of a for lines of the system which pass through a particular 
point {x\ y) are given by a® ~ a {x' - y' 4 c) 4 ex' ~ 0. 

This is quadratic in a ; hence two lines of the system pass through any 
point {x\ y'). If these are coincident, {x\ y) lies on the envelope. 

The condition for this is {x' - y' 4 c)* = icx\ 



Hence the equation of the locus of (a?', y'), i.e. the envelope of the 
given system of lines, is 

(it— y + c)* ■« 4cx. 

This is shown in the figure. 
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Illustrative Examples. 

(i) A straight line ;parallel to the base JBC of a triangle meets the sides 
AC, AB in P and Q respectively. Show that the area of the triangle 
formed by the straight lines BP^ CQ, PQ hears to the area of the triangle 
ABC the ratio : (\+ 1)'^ (2A + 1), where X is the ratio of AP to PC, 


Take AB^ AC for axes of x and y and let R, C be the points (6, 0), (0, c), 
^ Then the coordinates of P and Q are 

(MvO)- 

Hence BP is the line 



b TT' ” 


and CQ is the line 


-f - = 1. 

\h 


(i) 

(ii) 


The coordinates of their point of intersection are given by these 

X 

h '' 


X ?/ X f/ 

equations : by subtraction — - = 0, i.e. - = / (say). 


Substitute in (i) to find hence 


X + 1 - ^ 

/ “f* I 1 or I — 


2x-f r 


i.e. /fi8thepoint(,^^,^J. 
The area of the triangle PKQ is then 


isin.^ 


0 

Xc 

m 

Ai 

A + 1 

0 

\b 

Xc 


2A"f-l 2X"t*l 

^ X^hc^inA 

’ ^ if (2\T1) 

, X^besin^ 


X + 1 
X + 1 
2X + 1 


” (X-f If (2X4-1) 

A PKQ : A ABC « X* ; (X + 1)“ (2X + 1). 
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l&coa-y asiny 
h cos y. a sin OC 


(r. § 9 ) 


(ii) The area included by the lines 

hx cos OL + ay sin oc = ab, 
bx cos ^-^ay sin 0 = ab^ 
bx cos y-\-ay sin y = ub 

is ab tan ^ (/^ — y) tan i (y— a) tan i (a — 

ftcosOC a sin a ah ^ 

The area = J 6 cos 3 a sin 3 ah \ 
hco^y asiny ah 

Zfcosa asinO i 6 cos 3 rr sin 3 I i&coay asiny , 

■V* , ^ • /^ X » • > X 1 , . (r, ^ 9) 

h cos 3 « Bin 3 I h cos y a sin y l h cos y a sin 0 ( ^ ‘ 

cosO( ain y 1 

cos 3 sin 3 1 ‘f a’’^^sin(3“C>f) sin (y — 3) (^ — y) 

cos y sin y 1 i 

cos y siny 1 I * 

— ^ah 2sini(3-(X)8in^(3 + 0 () 2sin J (a--3) coa 1 (3 + cX) 0 
2 sin J(y i (y “t-^) i (^“y) '^y) 

-i- 8 sin ^ (3 - ok) cos J (3 - a) sin ^ (y - 3 ) 

cos J(y-3) • sill 2 (a-y) cos ^( 0 (-y) 
. . . V sin ^(3 + Ot)cosi (3 + a) 

^ ^ 8ini(y + 0K)coBi(^ + y) I 

-r sin J (y — 3 )cos |(y — 3 ) J (^*“y) *: (0 — y) 

— afttan J(3-y) tan J (y ~a) tan J(0K-3)f 
for sin | (3 + CX) cos| (a 4- y) - sin i (y + 0k) cos ^ (3 + Ok) 5 = sin i (3-y). 


= ah sin ^ (3 — OK) sin J (y — Oi ) 


(iii) If straight lines dratvn through the points A, R, C parallel 
respectively to the lines MN^ NL, LM are concurrent^ then straight lines 
through LMN parallel respectively to BC, CA, AB are concurrent. 

This is a good example of the advantage of using quite general coordinate 
axes in dealing with a general proposition. 

Let - 4 , R, C be the points (a;^, ^j), 1/2) » (^3> and L, My N the points 

(f 1 » ^a)> ^3)* 

The line MN is 

Hence the line through A (a?i, y^) parallel to^this is 

^ (73 (fs ~ ^3) = {72 ~ 7O -yi (fa - fa)' (i) 

From symmetry the equations of the lines through B and C parallel to 
NLy LMy are 

^{78“'7x)--y(f8’"fi) *= i^^a{73"7i)”y3(^~fi)» 

^ C’?! - 73 ) -* y ^ f 1 “ fa) = ^3 (7i -* 73 ) “ y^ (f 1 “-fa)* ^ 

The condition that (i), (ii), and (iii) should be concurrent, is 

73 “7s fa^fs ^i(72“78)“yi(f9*~f8) 

78 “7l fs“fl ^3 (78“7 i) “2^3 (f8“fl) ~ 

‘ 7i-7a fi-fa i*^8(7i“78)~y8(fi“f2) 
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Add the second and third row to the topi then 

0 0 2 (i?a — T/J f j) 

'78'“ ^8 — fi ^2 (^3 *7i) ““ 0. 

*“72 ■” ^2 ^8 (^1 ^ 2 ) “ Vs (f 1 ““ ^3) 

Hence either 2 (jj^ - >73) ~ f g) = 0, 

or (i7s - »7i) (?i - ^2) “ (»;i ~ Vi) (Is ~ 1 1) * 0 ; 

whichi cannot be true unless L, Af, N” are collinear : therefore the required 
condition is 

2^i('?9“”^3)""^yi(l2~l8) (iv) 

From symmetry the condition that the lines through L, 3f, N parallel 
to BCf CA, AB should be concurrent is 

2|i(y2-ys)'~^»7i(^2-^3) = 0. (v) 

But the conditions (iv) and (v) are identical ; this can be at once seen by 
expanding the terms. 

Hence the required proposition is established, 

(iv) A point P divides a fixed straight line AB in the ratio 
p + mip — m^ and Q divides another fixed line CD in the ratio p + n 
where m and n are constants and p is variable. Find the locus of the 
middle point ofPQ. 



Take AB, CD for coordinate axes and let A, R, C, D be the points 
(a, 0), (&, 0), (0, c), (0, d). The coordinates of P and Q are 

{a{p-m) + b{p+m) c(i>-n) + d(|) + n)l 

1 2p ’ r’ 2p r 

Hence if P, the mid-point of P$, is (a?, y), 

a + 6 m(a-6) + d n{c--d) 

® 4 Tp~ ’ 1 4F~' 

By eliminating p we get 

4a?— a — Ay-c — d 
in (a - h) n (c — dj* 

the equation of a straight line. 
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(v) A straight line moves so that the sum of the intercepts made hy it 
on the axes is constant and equal to c. 

Show that the locus of the point of intersection of two such lines at 
right angles to each other is the straight line {x+y) (1 +co8 <o) = c cos u>, 
the axes of coordinates containing the angle w. 


Let the equations of the two straight lines be 
a c-a o c — o 

or (c-a) + — a (c-a) « 0, (i) 

+ = 0. (ii) 

Cross multiplying to find the coordinates of their point of intersection 

oet — - = y ^ 1 

® ab{h-a) (c-a) (c — h) (b--a) c(6-a)’ 

X y 1 ..... 

or «=r - . (in) 

ab (c — a)(c--6) c 

But since (i) and (ii) are perpendicular 

(c~a) {c-b) + ah «= {h(c-a) -f a (c-b)} cosw, 


i.e. {(c- a) (c~b)*f ob} {1 +co8fi>} = c^coso). 

Hence (iii) (a? + y) (1 + cos ©) = c cos », 

which is the required locus. 


[Ch. II, § 8 (ii).] 


(vi) A straight line OP is drawn through the origin making an angle 6 
with the axis of x; a straight line AJP is dratm through the point 
A (h, k) making an angle 2d {in the same sense as 6) with OA produced. 
Prove that the locus of P, the intersection of these straight lines, is 

Ji^ + k^ ^h k 

X 

the axes being rectangular. 



h 

Let the angle LOA = so that tan0 = ^ , and let P be the point (x, y ) ; 
so that tan d *= - . Then the angle OPL = d + 

X 
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and 

OA 

sin Z OPA sin Z OPL sin (0 + (f>) 

OP~ 

sinZOZLP”^ 8inZO-4P°^ sin 2d * 

i. e. 


OA sin d cos </> + cos d sin (f) 

OP^ 2sindcosd ’ 

i. e. 


2 OA cos </) sin (f> 

OP ~ cosd ^ sind 



^ OA^ OA cos (f> OA sin 0 
‘‘ bp*~ OFcone OP Bin 6' 


h h 
* + y 


(vii) Find the equations of two straight lines which maJce equal angles 
with the lines g x tan /3 + c ; g ^ x tan y + c and /(nm triangles with 
them whose areas are c^, the axes of coordinates l eing rectangular. 



The given lines AA\ BB' pass through the point (0, c), and make angles 
y respectively with the ar-axis Let AB, A'B' be the required lines 
inclined at an angle d to the a^axi8 and equally inclined to AA\ BB\ 

If p be the perpendicular from the vertex C on these lines, the area 
of the triangle CAB or CA'B' is 

pHan^(0— y). 

Now e = ^ + lCAB 

= P^IABC 
= ^ + y + ?r — d. 
d = ^TT + K^l + y). 

Hence AB is the straight line 

rrcos J(i3 + y) + y8in^O + y)-g * 0, 
if the perpendicular from (0, 0) on it is equal to 
i.e. ±p = C8in|0 + y)-g. 

But c* = p* tan iO -y) or p = c -/cot J(/3~y). 
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Hence 5 == cBm^O + 'y);tc-v/cot^O-y), . 

and the required equations are 

iccos J(i3 + y)+y sin |(i3 + y)-c8ini{i3 + y) = ±c^/cot\{^-y). 

There are two other straight lines perpendicular to these, which satisfy 
the conditions of the problem. 

(viii) If Pi and are the feet of the perpendiculars drawn from the 
point 0 [x'j y') to the straight Urns liX + mip -f = 0, + tng?/ + W2 = 0, 

find the value of OP’^-yOP^ — PiP^ ; hence show that 0 lies in the 
obtuse or acute angles between the straight lines according as the ex- 
pressions {lixf + tniy' + ni) X (Z2^^ + ^2?/ + ^2) Zi 72 + ^iW2 

same or opposite signs. 

Since the question is one of sign, it is better to proceed in the most 
straightforward manner possible, and thus avoid any unnecessary complica- 
tion of signs. Let the straight lines 
intersect at A . 

The equation of AP^ is 

« 0 , 

so that the equation of OPj is 
{x-x)li:^ « {y-y)lm^. 

The coordinates of are therefore of 
the form x' I y' + WiA;, and since 
Pj lies on AP^ we find that k is 

- a;' + mi y + n^)/{li^ + mi®) . 



We shall use the following abbreviations ; 

/vi = /ia;' + miy +??,, 

Li = a?' + m^y + . 

Then the coordinates of P^ are 

V _ and 1/' - 

Similarly, the coordinates of Pq are 


Now OPi® = 

Hence 0Pi»+ OPa®-PiP,> 




4- 

W 

Qp a c: 

7 * 
i 


{ hL, 

1 

\h*+m,* 



V + mj* 


— ^ L^L^ (Z| 

^ (/i* + mi») (Za® + ma® j ' 

Now the angle PiOPj Is obtuse or acute, and consequently P^AP^ is 
acute or obtuse according as OPi* + OP,*-PiPj* is negative or positive, 
i. e. according as LjL, and Z|Z|4 mim, have different or the same signs. 
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(ix) A straight line moves so that the product of the perpendiculars on it 
from two fixed points is constant : find the equation of its envelope. 

Let the two fixed points be (a, 0), (-«, 0), and the equation of the 
straight line + my + 1 =0. (i) 

The condition gives us that 


(?g-f 1) (-/g-fl) 


: constant = c* (say), 


1 . e. 




or a*)+c*m* « 1. (ii) 

Now the values of I and m for those straight lines of the system which 
pass through some particular point (x ^ , y,) are given by 

/jjj-l-myi+l = 0 (iii) 

and + = 1. (iv) 

The values of I (and note that from (iii) to any one value of I there 
corresponds one and only one value of m) ai-e thus given by 

+ «*) + + U* = yi*. 

i. e. P{(c® + a®)yi*-f c’rTi*} + 2(;^?jpi + c*-yi® = 0. 

If the two values of I given by this equation are coincident, two 
coincident straight lines of the system intersect at (a?i, y^), and (xj, y,) 
is on the envelope. 

The condition for this is 


i. e. 0 ~ c® (c* + a^) - (c* + a’) yi* - 

or c^Xi + (c® + a*) y^ = c* (<? + a®). 

Hence the equation of the envelope is 

cV + (c® + a®)y® = c*(c* + a®). 


(x) ABC is a triangle^ and any straight line cuts the sides BC, CA^ 
AB in the points P, Q, B* 0 is any other pointy and OP cuts AB, AC 
in ID and E, OQ cuts BC, BA in F and 6, OR cuts CA, CB in J, H. 
The straight lines JOy HD intersect in O'. Prove that C, 0, O' are collinear. 


A 



No special details of any of the lines in this question are given : there 
is nothing metrical ; this property of the triangle is purely desenptive ; 
we shall therefore use the abridged notation. 
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Let PQR be the etraight line x «= 0, and let the sides BC, CA, AB of the 
triangle be w = 0, t? = 0, tv = 0. 

Now DE, GF^ JH are straight lines through the intersection of the pairs 
of lines (tt, x)y {v, x), (w, x) : let their equations be 

lu^x^ 0, 
mi? + a: = 0, 
ntef + a? = 0. 

Now the equation mv 4- nw -f a? ss 0 

can be written in either of the forms 

mv + (nw + x) = 0, 
nw-h(fnv'^x) = 0 ; 

it therefore represents a stmight line through the points of intersection of 
t? = 0 and tiM? + a: = 0, and also of le? = 0 and mt? 4 a? = 0, i. e. through the 
points J and G. 

Hence the equation of JG is mv + nw-hx = 0. 

In the same way the equation of HD is Zu4 nw?4a? = 0. 

Now the equation (/k 4 nw 4 a?) — (mv -hnw-i-x) =0 represents a straight 
line through the intersection of JG and ifZ), i.e. through 0\ But it reduces 
to lu-mv^ 0, i.e. it represents a straight line through the intersection 
of tt = 0 and v = 0, i. e. through 6\ Hence the equation of CO' is 

lu — ntf) *= Ol 

But 0 is the point of intei*section of DE and GF, 
i. e. of 4 a: = 0, wt? 4 « = 0, 

and therefore (/u 4 a?) — (mv 4 a?) = 0 

is a straight line through 0. 

But this equation reduces to lu-mv^ 0, i.e. 0 lies on the straight line 
CO , In other words COO' is the straight line lu’-mv = 0. 


Examples II j. 

1. Show that the feet of the perpendiculars from the origin to the straight 
lines y~4 = 0, a?45y~26 = 0, 15a:~27y-'424 = 0 are collinear. 

2. Through the origin a straight line is drawn making an angle of 30** 
with the axis of x, A second straight line is drawn making intercepts 
3 and 5 on the -positive directions of the axes of x and y respectively. 
Determine the distance of their point of intersection from the origin. 

3. Find the locus of a point which moves in such a way that its distances 
from the straight lines 2a:--y45 = 0, 4a:~2y~8««0 are equal. 

4. Find the acute angle between the straight lines 12a?~5y-5 = 0, 
6-3x— 4y«s0 and the equation of the straight line which bisects the 
obtuse angle between them. In which angle does the origin lie ? 

5. Through the origin three straight lines are drawn, making angles 80*", 
120°, 150° with the axis of a?, of length 4 units. Find the coordinates of 
their extremities and those of the centroid of the triangle of which these 
extremities are the vertices. 
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6. Find the length of the perpendicular drawn from the point (2, 2) to 
the straight line joining (3, 1), (7, 4). 

7. Show that the straight lines joining (3, 0), (3, 4) to the point of 
intersection of the straight lines 19a? + 3y-29 = 0, 13a:+lly-27 = 0 are 
at right angles. 

8. Find the equation of the two straight lines which pass through the 
intersection of the lines a: — 2 / + 2 = 0, 2a; — y + 3 = 0, and are such that the 
perpendicular from the point (-1, -1) on each is of length 6/5. 

9. Prove that the line joining (1, 1) and (23, 4) passes through the 
intersection ofa?4-y — 7 = 0 and 2a? — 3y-6 = 0. 

10. Find in what ratio the straight line 3a? + 2y =7 divides the distance 
between the points (6, 5), ( -3, 2). 

11. The coordinates of ABCD are (3, 4), (6, 3), (5, 7), and (4, 6). 

Find the equation of the straight line which joins the mid-points of 
AC and BD. Show that it cuts AD, CB in P, Q respectively such that 
AP/PD = CQ/QB = 5. 

12. Find the area of the quadrilateral whose vertices are (2, 1), (4, - 3), 
(2, -5), (-1, 4), the axes being inclined at 60°. 

13. Find the polar coordinates of the foot of the perpendicular from 
(3, 0) on 2a;- >v/3y + 1 = 0, the line Oo? being the initial line. 

14. A straight line moves in such a way that the sum of the intercepts 
it makes on the axes is 4. Find the locus of either of the points of 
trisection of the portion intercepted between the axes. 

15. Find in their simplest form the equations of the straight lines joining 
the following paii-s of points : — 

(i) (am®, 2am), (an^, 2 an); 

(ii) {am, a/m), {an, a/n); 

(iii) (acosd, ftsin^), (aco8(/), tsinc/)). 

16. Find the equations of the straight lines from the vertices of a triangle 
perpendicular to the opposite sides, '‘given the vertices (3, 4), (1, 5), (6, 7). 
At what point do they intersect ? 

17. Find the equations of the medians of a triangle whose vertices are 
(3, -2), (-6, 5), (4, -7), and find the point where they intersect. 

18. A straight line is drawn from the point P(a, h) in a direction inclined 
at an angle Oc to the axis of x to meet the straight line x/a i-ij/h 1 at Q» 
Find the length of PQ. 

19. Show that the straight line 58in^(CX+^)a; = aco8^(a + i8)y bisects 
the distance between the points (acosO^, hsinCX), (acos^, 5 sin 3). 

20; The equations of three lines are 5a?-y = 7, y = 7a?-5, y + 4a;»® 2; 
find the length intercepted on the third by the other two. 

21. Find the locus of a point yj which is such that the straight line 
xx^^-yyi = a® passes through the fixed point {hy h) for all values of {x^, y,). 

22. A straight line of given length slides between two lines at right 
angles ; find the locus of a point dividing it in a given ratio. 

23. Find the coordinates of the centre of the circle circumscribing the 
triangle whose vertices are (2, 3), (3, 4), (6, 8). 
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24. If Ax-^ By = 1, ax^hy — \ are paiullel, find the distance between 

them, given + «= c* and A = ka, 

25. Determine the locus of the intersections of the straight lines given by 
tx/a -y/5 -f < == 0, x/a + ty/h -1 = 0, t being a variable. 

26. Two straight lines cut the axis of x at distances a and —a, and the 
axis of y at distances h and h' from the origin. Find the point of intersection. 

27. If a number of such pairs of lines be drawn with a the same for all 
and hV = a^ find the locus of their intersection. 

28. Find the area of OLM, where LM are the feet of the perpendiculars 
let fall from the origin 0 on a; cos a, 4 y sin a, = p^, 

X cos Ofj + y sin (Xj *= Jp 2 • 

29. Find the locus of the orthocentre of the triangle whose sides are 

Xy = a? + aX^, yy ^ x \ a/x^, vy = + for different values of X, /x, v, 

30. Find the coordinates of the circumcentre of the triangle formed by 
the lines a; + 2y + 3 = 0, 2a: + 8y + 1 = 0, 3a: -f 5y + 2 = 0. 

31. Find the coordinates of a point which is such that the line joining 
it to the point (7, 4) is bisected at right angles by the line 3a:-y = 7. 

32. Find the orthocentre of the triangle whose sides are 

xjm -4- y/p — 1 = 0, xfn + y/p — I =0, y = 0. 

33. Two straight lines have equal angular velocities w in opposite 
directions about two points 0, A, Find the polar equation of the locus 
of their intersection when 0 is pole, OA initial line, and OA = a, and each 
line is initially inclined at to OA. 

34. Find the angles which the straight lines 

(i) rsin (d — ^) = gcosa ; 

(ii) //;•= cosd — cos(d — a) ; 

(iii) //r = cosd + e cos(d + 0i() 
make with the initial line. 

35. Find the polar equation of the locus of the feet of the perpendiculai-s 
from the pole on a straight line which passes through the fixed point (p, a). 

36. Find the polar coordinates of a point P which is distant d from a 
point Q (f)f (X) when FQ makes an angle 3 with the initial line. 

37. Find the polar equations of the straight lines bisecting the angles 
between the following pairs of lines : — 

(i) d = a, d « 3 ; 

(ii) rcosd = p, rsind = g; 

(iii) sind-sin (d-f (X) = 0, cosd + cos (d-3) = 0 ; 

(iv) rco8(d-a)=p, rcosd = pcosa. 

38. The line joining the feet of the perpendiculars from a point P on the 
two fixed straight lines y = 0, y = a; is parallel to the line joining the feet 
of the perpendiculars from P on 3a: + 4y-12 = 0 and 4a:-3y + 8«0. 
Find the equation of the locus of P. 

39. Find the area of the triangle formed by the straight lines 

r cos (d-Dt) «=:p, rcosd =psec rsin(d-a)=p. 
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40. The vertices of a triangle lie on the lines y tan y — x tan d,, 
y»a;tan^s, the circumcentre being at the origin: prove that the locus 
of the orthocentre is the right line arSsin^-yScostf ~ 0. 

41. If A, Pbe two.points on Ox, and JB, Q two points on Oy, A and B being 
fixed, and P and Q varying in such manner that I/O A - l/OP== 1/OP - l/OQ, 
show that FQ passes through a fixed point. 

42. The lines l{l-a)x-^hly =^l-a, 

m (>n — a) + hmy = m — a 

make a constant angle (X with one another when I and m vary. 

Show that the locus of their intersection is 

{hx + ay)® tan® (X = {ax - 6y + 1 / - 4 aa?. 

43. Find the perpendicular distance of the point (/, ff) from 

(i) rcos(d-cx) = p, (ii) f/r = co8d + 6 C 08 (d~a). 

44. If a straight line moves so that the sum of the perpendiculars let 
fall on it from two fixed points (3, 4), (7, 2) is equal to three times the 
perpendicular from a third fixed point (1, 3), show that this line passes 
through one of four fixed points. 

45. A straight line AB makes intercepts OA^ OB on the axes of x and y 
of lengths 4, 3 respectively ; if P is the mid-point of AB, find the equation 
of OF referred to BA as axis of x, and the perpendicular from (7, 8) upon 
BA as axis of y. 

46. The vertices A, P of a given isosceles triangle ABC, nght-angled at C, 
move one on each of two fixed perpendicular straight lines OA, OB, 
OC meets AB at X, and the feet of the perpendiculars from A, B on OC are 
MN. Prove that (i) CO . CX is constant ; (ii) OM « NC, 

4tl, F is any point, on the straight line whose equation is y mx, and 
through P any two straight lines are drawn meeting the axis of x in points 
A^ and A^, and the axis of y in P^, P,. Prove that the point of intersection 
of A^B^, lies on the straight line whose equation is y + = 0. 

48. 'fhe ends PC of the base of a triangle are (a, 0), (-a, 0). 

Find the locus of the vertex when (i) AP® - AC® = c® ; (ii) AB^ -f AC* « 2 c®. 

49. If the coordinates of two points A and P be (2, 3) and (-1, 4), find 
the coordinates of the points P and Q in AP and in AP produced respectively 
for which AP/PP = AQ/QB = X. 

Hence find the ratio in which AP is divided by or + y ■= 6. 

50. If a * 0, ^ a* 0, y = 0 represent in Cartesian coordinates three 
stmight lines such that an identical relation i^OC + m^ + ny 0 holds for 
all values of {x^ y), then these lines meet in a point. 

Hence show that the bisectors of the angles of a triangle meet by threes 
in four points. 

51. Find the equations to 

(i) The two straight lines through the point (-4) 3) which make an 
angle 45® with 8a:-y + 6 « 0. 

(ii) The straight lines through the origin, each of which forms with the 
two lines a?+y » 0, 2«-8y » 4 a triangle whose area is 5. 
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52. Prove that (1, 2) is the centre of one of the four circles touching the 
three straight lines 8a? + 4y— 16 « 0, 5a?-12y + 6»0, 4a?+8y-15«0, 
and find which of the four circles it is. 

68. Given two straight lines 8a:-4y-f 5 0, 8a?-7y~8«0, determine 

the equation to the straight line through their point of intersection 
making the same angle with the first straight line as the second does on 
the opposite side of it. 

54. A variable straight line through the fixed point (/, g) meets the axes 
of coordinates in P, Q, Prove that the points of trisection of FQ lie on one 
or other of the loci whose equations are Sary - 2ya: -fy *= 0, 8 - ya: - 2/y « 0. 

55. AB^ CD are two finite straight lines : P, Q are their middle points. 
Prove that FQ divides AC and BD in the same ratio. 

56. Find the conditions that the straight line joining the origin to the 
intersection of the straight lines aa?+5y + c«=0, a'a? + 5'y + c' *= 0 should 
bisect the angle between them. 

57. ABCD is a rhombus, and the polar coordinates of ABC are (4, in), 
( Find the coordinates of the remaining comer, and the 
equations of the sides and diagonals. 

58. Find the locus of the intersection of two straight lines which pass 
through (a, 0), ( — o, 0) respectively and include an angle of 45*". 

59. Prove that if the three straight lines 

cw: sec 6 — hy cosec 6 «= c*, 
ao? sec <t>^hy cosec </> = c*, 
axsecyffby cosec ^ « c* 

are concurrent, then sin (d + V') + sin (0 -f d) -f sin (^ + <#>) «= 0. 

60. The equations of two parallel straight lines are 4a?+8y«12, 
4a; + 8y = 8 ; obtain the equations to the straight lines which pass through 
the point (-2, -7) and have a length 8 intercepted on them between the 
parallel straight lines. 

61. Find the coordinates of that point on the straight line 2ar-y-5 = 0 
the sums of whose distances from the points (19, 18) and (9, 8) is least. 

62. The vertices of a triangle lie on three fixed concurrent straight lines, 
and two sides pass each through a fixed point : prove that the third side 
passes through a fixed point. 

68. Show that the lines 

4a: + 8y--25 *s: 01 , 2a?— 7y-f 47 « 01 

3^^2y + ll«0) 10a:-y-8«0) 

are concurrent, and find the anharmonic ratio of the pencil they form. 

64. A triangle is formed by the axis of x and by the straight lines whose 

equations are and ta?-^y + l«*0; find the equation of 

the locus of the centre of the rectangle inscribed in the triangle and 
having one side on the axis of x. 

65. (a?j, y^l, (x^, y^), (a?#, y,) are three points A, B, C, and are such that 
the straight line BC is oporj + yyj « a*, and CA is + yy, « a*. Prove 
that the equation of AB is xx^ yys «*. 

P 


ia«7 
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66. What curve do all lines of the form 4-a; 0 touch ? 

67. What curve do all lines of the form \^x-a\ + y = 0 touch ? 

68. What curve do all lines of the form (x cos X)/a + (y sin \)/b = 1 touch ? 

69. Find the envelope of a straight line PQ which meets the axis of y 
in Q, and is always perpendicular to SQ, where S is the point (a, 0). 

70. ABC is a triangle, D, E, F the feet of the perpendiculars from A, B, C 
respectively on any straight line. Prove algebraically that the perpendicular 
from E, F on RC, CA, AB respectively meet in a point. 

71. The sides of a triangle ABC are w = 0, i; = 0, = find the 

equation of the straight line joining A to the intersection of lu-^tnv ^ 0, 
lu-\-nw== 0, and the equation of the harmonic conjugate of this line with 
respect to t; c= 0 and = 0. 

72. Find the equation of the straight line which passes through the 
intersection of the two pairs of lines 

n = 0) w + + 

t' = 0 J ^ w ~ f) -f 2 1/? « 0 j 

where «, r, are abridged forms of the equations of straight lines. 

73. When the axes are oblique (co) find the equations of lines through 
(p, q) perpendicular and parallel to the axes. 

74. Show that, if the point (h, h) is the foot of the perpendicular drnwn 
from the point {x\ y) to the straight line + mt/ + n = 0, then 

h — x __ -f my + n) 

I ~ m P + w* 

75. If a triangle ABC remains similar to a given triangle, and if the 
point A be fixed, and B move along a straight line, find the equation of 
the locus of C (polars). 

76. Find the lengths of the sides of the triangle formed by the lines 
X cos a -f y sin a = p, x cos + y sin = g, x cos y + y sin y = r. 

Prove that the area is 

{pain 0~y)4g8in (y~(X)-f rsin 

2 sin O ~ y) . sin (y - a)V sin (a ~/3) 

77. A and B are fixed points, LM a fixed straight line. Points P, Q are 
taken in LM such that PQ is of constant length, AP^ BQ meet in R. 
Find the locus of R as PQ moves along LM, 

78. P, Q are two points one on each of two fixed straight lines at right 
angles, such that PQ subtends a right angle at a fixed point. 

Find (a) the locus of the middle point of PQ ; (b) the envelope of PQ, 

79. If the coordinates of the vertices of the triangle ABC are (iri,yi), 

(^ 2 ? ys) respectively, and those of the triangle A'B'C i/j), 

(^ 2 * Vi)i (fs) show that the perpendiculars from A, B, C to B'C^ C*A\ 



1 1 1 


1 1 1 

AB* are concurrent if 

rUj ^8 


!/i y% Vs 


it is 


78 


What can we infer from the symmetry of this result in the two sets 
of coordinates? 
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80. Pour straight lines a, r*, d being given, show that in general one 
and only one straight line can be drawn meeting them respectively in 
points Ay By Cy D (in this order), so that AB = BC = CD, 

Discuss exceptional cases. 

81. Fy Qy R are three points in the sides BCy CAy AB of the triangle 
ABC such that 

BP:PC=l:m; CQiQA = m:n; AR : RB = n : p. 

APy BQy CR are joined : show that the area of the triangle formed by 
these lines 

= 

(n%y\ + mp + np) + mn + mp) {nl -f 7}d + mn) 

82. The triangle ABC is formed by the lines 

-f = 0, 03^ + ^2// + = 0, 03^? -f ftgy -f Cg = 0, 

and the lines joining the vertices to the origin meet the opposite sides 
in D, Ey F, Show that the sides of the triangle DEF intersect the 
corresponding sides of ABC on the straight line 

X {ajc^ + ajc.^ + ag/cg) + y {hjc^ + hjc^ + hjc^) -f 3 == 0. 

83. PQy a bar of fixed length, slides between two bars intersecting in 0, 
and from any one point in PQ lines are drawn in all directions and move 
in rigid connexion with PQ\ show that there is a point in each of these 
lines which will trace out a straight line as PQ moves. 

84. One side of a quadrilateral is fixed and its length is 2ky the adjacent 

sides are each of length a, and the opposite side is of length 2c. Prove 
that the equation of the locus of the middle point of the last side may 
be written in the form >** (>** + (j-® + 6*) = — 4A;W, where 

h* == c* + A:* — = + and the fixed side is taken as axis of Xy and 

a perpendicular line through its mid>point as axis of y, 

85. The triangle AOB has the angle at 0 equal to « and for its 

orthocentre ; show that the equation of AB referred to OAy OB as axes 
of X and y is x/(xo-f ®) +y/(yo + ^o further end of 

the diameter through 0 of the circumcircle of the triangle OAB is 
where (xg + yocos (o)/(yi-f Xj cosw) = + + = cosw. 
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EQUATIONS OF HIGHER DEGREES. CHANGE OF AXES 


§ 1. The equations of several straight lines can be combined into 
a single equation : thus 

{^x-ir2y—l) (6a!-8y + 2) = 0, 
or 16a!®+a:y— 6^’+®+ 7y— 2 =0, 

is evidently satisfied by the coordinates of any point on either of the 
straight lines 3a: + 2y- 1 = 0, 

and 6 a: — 8y + 2 = 0, 

and conversely the coordinates of no point can satisfy the equation 
unless it is on one of these lines. 

Any equation in the variables x and y, 

f{x, y) = 0, 

will then represent straight lines, if, and only if, /(x, y) breaks up 
into factoi*s of the first degree. 

A single equation may represent partly straight lines and pai*tly 
some curve. If the graph of f{Xj y) 0 is drawn, there will be 
a straight line in the figure corresponding to every linear factor of 
/(®f y)- 


§ 2. A Jmnogeneous equation of the ntb degree r^esents n straight 
lines through the origin. 


Let a^x" + + 0,3:"“ V + • • • + = 0 

be any homogeneous equation of the degree. 

Divide the equation by y", thus 




.H-2 


+ ...+a, = 0; 


this is an equation of the degree in and consequently has n 

^ y 

roots, real or imaginary. 
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If the roots of the equation are oti, a. 3 ...(X„ then the equation can 
be %Tritten 

hence the original equation represents the n straight lines 
a;— aiy = 0, ic-Ofay = 0, ... = 0, 

i. e. n straight lines^ real or imaginary, all passing through the origin. 

Cor. 1. If « = 0, r = 0 represent two straight lines, a homogeneous 
equation of the degree in u and v must represent n straight lines through 
the point of intersection of these two straight lines. 

In particular the equation 

+ aj (a? - a) {x - a)**"*^ (i/ - )* 4 . . . + a„ (y - h)** ~ 0 
represents n straight lines through the point (a, h). 

Cor. ii. An important method arises from the result of this paragraph. 
Consider the equation 

aa^-{-2hxy-{-b^'¥2gx-\-2fi/’hc = 0 ; (i) 

whatever locus it represents, the straight line 

/a?-fmy + n==0 (ii) 

cuts it in two points, which may be found by solving the equations (i) and 
(ii). Without thus solving we can at once write down the equation of the 
straight lines joining the origin to these points of intei-section ; forthe equation 

+ - 0 (iii) 

H 11 

is homogeneous in x and y, and is of the second degree: it therefore 
represents two straight lines through the origin. 

But the coordinates of any point common to the loci (i) and (ii) satisfy 
the equation (iii): hence this equation represents the stiuight lines joining 
the origin to the points of intemection of (i) and (ii). 

The same method can be used with equations of a higher degree. 

§ 8. Consider the equation 

{Oi X + bitf + Cl) (a^ + + c^) {a^x + ftgy + Cg) . . . (o„« + + c„) = 0 ; (i) 
when the factors are multiplied together the terms of the highest 
(i. e. degree are obtained from the product 

{OiX + b^y) (Oa® + 6,^) ( 03 ® + hv) ...(«,«+ 6 , y) = 0. (ii) 

Now QiX+biy = 0 is a straight line through the origin pai'allel to 
OiX + hj^ + Ci = 0. Hence the equation (ii) represents n straight 
lines through the origin parallel to the n straight lines represented 
by equation (i). This result is of great impoiiance : we see that if 
any equation represents straight lines, the terms of the highest degree 
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equated to zero represent a system of straight lines parallel to them 
through the origin. Any question dealing only with the directions 
of straight lines given by a single equation can thus be at once sim- 
plified by considering parallel straight lines through the origin. 

Example. To find the equation of tivo straight lines through the imnt 
(2, —S) parallel to the straight lines 

t/ — 2 = 0. (i) 

The equation -Vxy-iStf « 0 represents two straight lines through the 
origin parallel to those represented by equation (i) ; hence 
\h{x-2f^{x-2) (y4-3)-6(y + 3)* = 0 
represents straight lines through the point (2, -3) parallel to (i). 

§ 4. Most of the properties of equations representing straight lines 
can be investigated by comparing the equations with the product of 
linear factors, and the majority of problems on them are little more 
than algebraical exercises in the comparison of coefficients. 

When the axes are rectangular the directions of the lines can be 
found by substituting y ^ x tan 6 in the equation to parallel straight 
lines through the origin ; this gives an equation for tan d, and the 
values of 6 thus found give the angles which the straight lines 
make with the axis of x. We give some illustrations of these 
points. 

Ex. i. What is the equation of n straight lines through the point (//, h) 
perpendicular respectively to the n straight lines given by the equation 

+ ... +i>ny' == 0. (i) 

Let -f 4- + • • • 

= (a^x + hpj) (a^ + h^y) {a^ + h^y ), . + h^y), (ii) 

The straight line perpendicular to a^x + = 0 is apj - h^x = 0 ; hence the 

equation of n straight lines parallel to those required is 

{a^y-hix) (a^-h^) = 0 , 

which is obtained from the right-hand side of (ii) by substituting y for x, 
and —a? for y. 

Since the right-hand side is identically equal to the left, the equation of 
n straight lines through the origin perpendicular to the given straight lines 
is obtained by making the same substitution in (i) ; this gives 

and straight lines through the point (^, A;) parallel to these are 

ihiu - -Pi [y - («-/»)+ Pi iy - /•')“"* {x-hf + ... +p„ ( - 1)” (» - hf = 0. 
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Ex. ii. Find the conditions that two of the straight lines 
ao(^ -f y -f cxy^"- -f = 0 
should be perpendicular to one another. 


The equation of the three straight lines perpendicular respectively to the 
given straight lines is found by substituting y for x and -a? for y, 
i. e. d(x^ — cx'^y 4- hxtf ~ ay® = 0. 

Hence the two expressions 

ax^ + hx^y + cxy'^ + dy®, dx^ — cx^y + hxy^ ~ ay® 
have a common quadratic factor, since each of the two perpendicular 
straight lines becomes the other in the equation of the perpendiculars. 

Add a times the first to d times the second, and take a times the second 
from d times the first : then the common quadratic factor is also a factor 
of both x{[a^ + d’^)x^-{-[ab — cd)xy-^{ca-k'hd)y‘^} 

and y { {hd -f ac) x? - {ah ~ cd)xy + (a* + d^) y®] ; 

consequently the quadratic factors in these are identical, if a® + d® 0, 

-f* __ ah — cd ac-{^hd 

hd-hac —{ab — cd) a'^+d^ 

i. e. a^ 4- + bd 4* ac — 0. 

The solution can also be obtained as follows 
put y *= ;rtand in the equation, then 

d tan* ^ 4- c tan* 6 + b tan ^ 4* a = 0. 


This must give two values of 6 which differ by a right angle, 
i. e. two values of tan 0 whose product is ~ 1. 

Hence if the roots of the cubic 

dt^ 4- 4- 4- a = 0 

are fj, fj. ^3 we have * - 1. 


But = 



and since is a root of the equation, we have 

a 


, or 

d.j, +c 


a* 


4 a 


■■ 0 , 


or a* 4-a*c4-a6d 4'ad* == 0 ; or a*4-ac4-6d4-d* « 0, 

unless a = 0 ; this special case is left for the reader’s consideration. 


Ex. iii. Find the angles which the straight lines 

iTf — 20y® {3^ + 3/*) + 16 y® = 0 

nuxke with the axis of x. 

Put y = ojtantf in the equation, then 

5tan d(l 4-tan*d)*--20tan*^(l 4- tan*^) 4- 16 tan® ^ *== 0. 
Multiply throughout by cos*^, then 

5 8in^~20Bin®d+16sin*^ = 0, 
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hence sin 6 {16 sin^ - 20 sin* + 6} «* 0, 

i. e. 8in^{4(l-co8 2^)*-10(l-co8 26>) + 5} » 0; 

/. 8ind{4-8co8 2tf+2(l + coB4tf)-10 + 10cos2^4*6} « 0; 

8ind + 2coB2tf sin d+2cos4dsin0 0; 
sin^ + BinS^-sintf+sinS^-sinStf » 0, 
i.e. sinS^BsO, 

hence 5^ elSOn*’ (n being an integer), 
and the values of B are 0, 86^ 72^ 144^ 288\ 

N.B. — It should be carefully noted that any other value of n gives a value 
of B corresponding to one of these directions. 

Examples III a. 

1. Represent the following loci in a figure : — 

(i) ary 0 ; (ii) a?*-4y* « 0; (iii) ar*-7a:y + lOy* «= 0 ; (iv) ar*~a?y « 0 ; 

(v) a?*-2a7y + y* = 0; (vi) a?*-2-v/3a?y + y* *= 6. 

2. Show that 2a:* + 3a;y-2y*-a; + 3y-l « 0 represents a pair of straight 
lines at right angles, and draw them. 

3. Find one equation representing the diagonals and sides of a square 
referred to convenient axes. 

4. The centre of a square lies at the point (a, a), one of its diagonals 
is parallel to the axis of a;, and each side is of length 2 a. 

Find an equation representing its sides and diagonals. 

5. What does the equation a?*y*-a*a?*-aV + «^ ~ 0 represent ? 

6. Draw the locus *=* 0. 

7. Draw the locus (a;-a)*~(y-t)* «= 0. 

What is the equation of parallel straight lines through the origin ? 

8. Find the equation of a pair of straight lines through the origin 
perpendicular to the lines a;* + 2i'ia?y— y* = 0. 

What do you conclude from your result ? 

9. Find the equations of pairs of straight lines through the origin 
making an angle B with (a) x-f-y «= 0, (b) a:-y = 0. 

10. Find the angles which the straight lines given by the following 
equations make with the iP-axis. Hence write down the separate equation 
of each line:— 

(i) a?*-«*y-3iry* + 8y* = 0; 

(ii) a?*8in8!y-8a:*yco830(-8a:y*sin80(-f y*cos30if = 0. 

11. If u— 0, pbsO represent straight lines, what does the equation 
t<*- mV *= 0 represent ? 

12. Find the equation of two straight lines (a) through the origin, 
(b) through the point (3, 0), parallel to a:*-8ajy + 6y* = 0. 

13. Find the equation of a pair of straight lines perpendicular to the 
lines aj?* + 2^y + &y* = 0, and passing through the point (b, a), 

14. What lines are represented by a?‘^-2a?y secd+y^ » 0 ? What is 
the angle between them? 
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15. If Sipcosa + ysina-j), i^ = a?coB/3+y8ini3-y, express in a single 
equation the bisectors of the angles between m 0, p » 0. 

16. Find the coordinates of the points where the straight lines 

8a?*+a:y ~4y*— 6a:~22^y-24 « 0 

cut the axes of coordinates and the line a;+y « 0. Can you draw the lines 
from these data ? If so, find their separate equations. 

17. Find the condition that the two lines aa?'^ + 2^y4-5y’ « 0 should be 
perpendicular. 

18. Find the conditions that the equation ax^ + ibxhj + icxy^ + dy^ ^ 0 
should represent, 

(a) three coincident stmight lines ; 

(b) two coincident lines and another ; 

(c) three lines equally inclined to each other. 

19. Find the equation of three straight lines through the origin which 
make angles with the axis of a: : 

(i) d, d + 60\ d + 120^ 

(ii) d-45, d, d+45. 

20. When does + hx^y 4- cxy^ + dy* *= 0 represent a pair of perpendicular 

lines and a straight line bisecting the angles between them ? 

21. Find the equation of the straight lines joining the origin to the 
points of intersection of the lines 

,2a? + 8y=l and 3a?* + 2a?y-y^-7a;--8y + 3 « 0. 

22. Find the condition that the straight lines joining the ongin to the 
points common to the loci a?*+y* = a* and /a? + my «= 1 should be coincident. 

23. Form the equation of four straight lines which make angles d, + 
d + d + f TT with the axis of x. 

24. If tt = 0, p = 0, tp « 0 represent straight lines, and u\ v\ w are the 
values of u, e, w when x^h and y «= ky show that 

uviv^{uv — uv) 4- vwu'^{vw' ~ wv') 4- ivuv^{tvu' — uw*) = 0 
represents the joins of {h, k) to the vertices of the triangle formed by 
u, 0 , and u\ 

25. Show that the equation of any pair of perpendicular stmight lines 
through the origin can be put in the form a;-— y* 4-2 ha?y = 0. 

Hence show that 

X* + Bx^y + CxY + Bxy^ -h Ft/* « 0 

represents two pairs of perpendicular straight lines if 4- D = 0 and E = 1. 

§ 6. The greater part of elementary algebraical geometry is occu- 
pied with the properties of the locus represented by the most general 
equation of the second degree, viz. 

ax^+2hxy + by^+,2yx+2yi/ + c = 0. 

When the left-hand side of this equation has two linear factors the 
locus represents two straight lines which are parallel to the straight 
lines through the origin 

ax^ -f 2/wy -f = 0. 
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We propose here to discuss the properties of this latter equation. 

(i) To find the nature of the lines ax^ + 2hxy+ hy^ =■ 0. 

If the equation 

V 

is solved, and mj, Wj are the two values of - so fohnd, then 

00 

y—niiX = 0, y—m^x=.0 

are the two straight lines. 

These are therefore real, coincident, or imaginaiy according as 
Mti, wtj are real, coincident, or imaginary. 

Hence, according as 

h^—db is positive, zero, or negative, 

the lines represented by the equation are real, coincident, or 
imaginary. 

The idea of an imaginary line has been adopted in order to preseiwe 
continuity : thus, for instance, we say that two tangents can be drawn 
to a circle from a point which are real, coincident, or imaginary ac- 
cording as the point lies outside, on, or inside the circumference. 
Imaginary points and lines cannot be repi’esented in the same way as 
real : their existence is indicated by the algebraical consideration of 
geometry and has been accepted in Pure Geometry with fruitful results. 
They offer an explanation of many facts, and their recognition saves 
the necessity of a long series of exceptions. (See Chap. IV). 

(ii) To find the angle between the straight lines ax‘‘ -f 2hxy + by^ = 0. 

When the axes are rectangular, since the equation of a straight line 
through the origin making an angle 0 with the sc-axis y = x tan 0, 

the two values of given by the equation are the values of tan 0j, 

tan ^ 2 , where $i, 6^ are the angles which the straight lines make with 
the a^axis. 

Put therefore ^ = tan d in the equation and we get 
b tan*d + 2A tand+o = 0. 

Hence tan dj + tan d 2 = ~ ^ ’ 

tan dj tan — 


and 
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The angle between the lines is (^i — ^2), hence 

Un ) = 

' * 1 + tan tan 6^ 


/a^ _ 4a 

_ V h 


1 + 


2V'fe^-ab 

a + & 


The reader should consider the case when h is zero. 


Cor. i. If the lines are at right angles, tan(^i--^2) i® 

infinite, hence the condition that the lines should be perpendicular 
is a + 1 = 0 . 

Cor, ii. If the lines are coincident, ^1 = ^2, and tan(^i — d2) is zero, 
i. e. = ah. 

Note. When the coordinates are oblique, it may be shown that the 

angle between the lines is 

, , — . sin 0) 

tan~^ — --Z 

rt + — 2 « cos o) 


(iii) To find the equation of the straight lines which bisect the angles 
between ajjfi + 2hxy + by^ = 0. 



If ^1, 62 angles which these straight lines make with the 

;r-axis, the bisectors make angles + this 

axis. 

Hence the equation of the bisectors is 



-) (y + a:cot 


^1 + 

2 ) 


0 , 


1. e. 


1. e. 


2;2 4 .a^{coti( 0 i + tf2)- tan M^i + ^2)} — 0 , 

«2+2xf/ <^osH(^i + <>2)-sinn«?i + g2 ) ^2^0 
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Hence y*) tan (tfi + ^2) = 

i. e. («*--y*) (tan + tan ^2) = 2ay (1 — tan tan ^2) ; 

or (*®-y^) = 2«y (1 - f ) . 

i. e. h («®--y*) = {a—h)xy. 

Hence the required equation is 

hx^—ia— b)a ^ — = 0 . 

Note i. The condition that these lines should be real is that (a-h)* + 4/t* 
should be positive, which is always the case. 

Note IL The equation satisfies the condition that the bisectors should 
be perpendicular to each other. 


(iv) To find the condition that the straight lines a3^ + 2hxy-i-by^ = 0 
should be harmonically conjugate mth respect to the straight lines 
a'x^ + 2h'xy + b'y^ = 0. 

If neither b nor b' is zero, let 

ax^ ■\-21a;y+ btf =b{y -px) (y - qx) 
and o'«* + 2h'xy + Vy^ = b' (y — ra;) (y — sx). 

Now the straight lines y-^px = 0, y—qx = 0 are harmonic 
conjugates with respect to the straight lines y—rx = 0, y—sx = 0 
if (j,_r)(g_s) = -{p-s)(g-r), (§10.11) 

i.e. if 2{pi + rs) = (l> + 2)(r + s). 

Expressing this rolation in terms of the coefficients in the given 
equations, we find 



o6'+a'b = 2M'. 

The reader should prove that this condition holds when either 
b or b' is zero. 

The converse can be easily proved by reversing the steps in the 
work above. 

The equation ax^ + 2hxy+by^ = 0 contains only two independent 
constants, viz. the mutual ratios aihib. If a ^ 0, we can therefoi'e 
put 

aa;* + 2bay+by* = a{x+.py) (x+qy), 
since the right-hand side contains the two independent constants p, q. 
This is a useful comparison to make in many special cases. 
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Ex. i. To find the product of the perpendiculars from the point ($, tj) 
on the straight lines ax^ + 2 hxy + = 0. 

Let aa!* + 2fca!y + 6y* = a{®+py) (*43y). 

2h 

Comparing coefficients p + 9 » — , 



The product of the perpendiculars 

■fl+p* Vl+g* 

^ ^* + (p+g)|>>4pg»>* 

■fl +p*+g*+p’g* 

= a(*+a(p + 9)it + aps>/* 

V {o’ + a’ (p + 3)* — 2 o*p3 + o’p’j*} 

ai* + 2h(r, + h>i* 

V|o’ + 4h’-2oi + 6’} 

_ «f* + 2fcfi, + b,* 

V {(o -!>)* + 4 h’} • 


Ex. ii. To find tite anhannonic ratio of the pencil formed by the two 
pairs of straight lines whose equations are 

ax"^ + 2hxy + = 0 and a'x^ + 2h'xy + Vy^ — 0 . 

Let ax'* + 2 Aey + by* = 0 ( 3 ? +py) (a: + qy), 

a'x* + 2h'xy + h'y* = o'(» + ry) (x + sy), 

.. 2h b 

then p-fofsss — pq wm 

^ * a * a 


The anbarmonic ratio = [— — ^ 

{p- 8 ){q-r) 

pg + r 8 -(p 8 + qr) 

pq + rs-ipr-^qs) 

Now (P + fl) (« + »*) "^ps + qr-^pr-^qsj 

(p-q){ 8 -r)^ ps + qr-ipr-^qs). 
Hence ps-^qrwm + (« + r) + (|>-g) (^-r)} 

M aa' ^ aa! ) 

=* ^{»h’+ V'V- oh . /h'*- oV} , 

and similarly pr+qt — ^ {Ah'- v^h*-o6 V'A'*-o'6'} ; 
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the anharmonic ratio is therefore equal to 


ab' + a'b~2hh'-2^/W^ 

ab' + a'b -2hh' + 2y/h^-ab . ./h'^^b' 


Ex. iii. To find the area of the triangle whose sides are given 
equations ax'- + ^hxy + = 0 , Xx-^-my — 

Let the points of intersection of Ix+my = 1 with the lines 
aa^ + 2 hxy + V = 0 be (^j * J^i). (^j. Vt) > 
then the area of the triangle, since one vertex is at the origin, is 

which 

The values of and are given by the equation 
Vl ^2 


Hence 


i.e. 


ly the 


X y 

+ 2h{- 1 + 

6 = ( 

y) 


V /// 




2h a?! 


y% 


’ « ’ 2/1 

2/2 


- ?!* 

ss; - 

•ab 

y\ 


a 



Again, the values of and y, are given by 

p (1 -my)» + ^ (1 - my) + y = 0, 
i.e. y®(am’-2 W;w + W*) + 2y (W-am) + a = 0 ; 

The area of the triangle is therefore 


aw*— + W** 


Examples Illb. 

1, Prove that the equation 4 a?* — 12apy + 9y* « 0 represents two coinci- 
dent straight lines, and 4a:*-12a::y-f9y*« 1 two parallel straight lines. 

Find the equation of coincident lines perpendicular to them and passing 
through the point (1, — 1). 

2. Find the angle between the lines 60 a?* - 103a!y-72y* -» 0. 

8. Show that the equation a:*- 2 a;y cot 2 a-y*«0 represents two straight 
lines, and find their equations. 

Draw the locus when <x «= 30®. 
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4. Show that the two pairs of lines 

10 r’* + 8 a:#/ + = 0 and 5 .r’* - 12 + 6 = 0 

contain the same angle. 

5. Find the area of the figure enclosed by the lines a? = 3, y = 2, 
5a;*-18;ry + 9y*==0. 

6. Prove that the two pairs of lines 

+ acxy + = 0, (3 + 4- -f (3 + a“') = 0 

have the same bisectors of the angles between them. 

7. Find the length of the intercept cut off on 

x-j-y — 1 = 0 by ar* + 4 + y’ = 0. 

8. Find the separate equations of the bisectors of the angles between 

(a 4* 8) a?^ + 6a?y + at/^ = 0. 

9. Prove that x-t/ = 0 bisects the angle between 4x^ — xf/-h4y^ = 0. 

10. Show that the straight lines (a + X) a;^4 2/ia:.v 4(/>4-X)y* = 0 have the 
same bisectors whatever value X may have. 

11. Find the anharmonic ratio of the pencil formed by the two pairs of 
lines 3 a;*-5a;y 4-y^ = 0 and a:* + 7 a;y 4 - 9 y* = 0. 

12. Find the condition that one of the lines ax^ -i- 2 hxy == 0 should 
(a) coincide with, (b) be perpendicular to one of the lines 

a'x'^ 4 2 h'xy 4 - Vy^ = 0. 

13. Find the equation of a pair of straight lines which are harmonic 
conjugates with respect to each of the pairs 

4a^^f5a?//4y^= 0 and 3a;’4 7 .ry 4 4y^ = 0. 

14. Find the equation of a pair of straight lines which are at right angles 
and have the same bisectors of the angle between them as the straight 
lines y — 2a; = 0, y-^r ^ I, 

15. Show that 11 y^4 16a?y-a;^ = 0 represents a pair of lines through the 
origin inclined at 30^ to the line 07 4 2y=l. 

16. Find the condition that a: cos a -f y sin a should be parallel to 
one of the straight lines ax'^ + 2 hxy + 5y^ = 0. 

17. Find the angle between the straight lines 

4 y* = 4 (o7 cos ^ 4- y sin 6f, 

18. Show that the straight lines a cos® (X a?* + ata^y 4 5 sin® OK y® — 0 form 
for different values of OL pairs of straight lines which are harmonic conju- 
gates of aa5® 4 2 ajy 4 6y® = 0. 

19. Prove that the straight lines joining the origin to the points common 
to (x — hy 4 (y — A;)® = c® and kx-{^hy ^2hh will be at right angles if 
/i® 4 A;® =» c®. 

20. Prove that (a42^45)a:®42 (a~5)a:y4(a-2At45)y® « 0 denotes a 
pair of straight lines each inclined at 45® to one or other of the lines given 
by aa7®4 2Aia?y4 5y® == 0. 
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21. Find the length of the intercept cut off on 

a:coBO(+yBina-i|> hy oa;’ + 2hay+cy’ = 0. 

Interpret the resultB vhen ae or when OC Batisfies the equation 
o tan* (X -2 h tan a + c 0. 

22. Find the condition that the straight lines ax^+2hxy-\-bti^ mi 0 and 

0 should form a right-angled isosceles triangle. 

28. Find the equation of the straight lines which are harmonic conjugates 
of both the pairs aar* -f 2 hxy 6y* ■= 0, a'x ^ + 2 h'xy -f h'y* •» 0. 

24. One of the lines ax*+bxy+ci^ 0 coincides with one of the lines 

<= 0. Show that the tangent of the angle between the 
other two is {oc' — o'c}*/ (oo' (be' - b'c) cc' (ab' - a'b)}. 

25. Two fixed straight lines whose equation is x’-t2a"ycota-i/’*= 0 
are intersected in P, $ by a variable line lx + mj ■= 1. 

Find the area of the triangle formed, and, if the area is constant, find the 
equation of the locus of the mid-point of PQ. 

26. Find the condition that the two pairs of straight lines 

ox* 4-2 Axy-I-I!iy* s= 0, o'x*■^-2fc'xy■^5y = 0 
may form a harmonic pencil (i) when lines of the same pair are conjugate, 
(ii) when lines of different pairs are conjugate. 

27. Show that the conditions that the straight lines (»x*-2 Axy -tty* = 0 
should form an equilateml triangle with xcos (X-i-ysin (X np are 

o/(l - 2 cos 2 (X) = A/(2 sin 2 (X) = 5/(1 -f 2 cos 2 (X). 

28. A straight line of constant length 2 1 has its extremities one on each 
of the straight lines ox’ 2 hxy ty* = 0. 

Show that the locus of its middle point is 

(ax -f %)’ + (hx ■¥ byY + (ab - A’) = 0. 

29. If xcos(X-f y sin (X E=p makes angles d],d, with the lines 

ox* -I- 2 hxy ty* = 0, 

then the values of tan + tan d, and tan dj tan dj are 


ht*-(a-b)t-h 
0+2 ht + bt* 


and 


o<’— 2 ht + b 
o + 2 h# + bP 


. (< = tan (X). 


80. The diagonals of a quadrilateral are x ■> c and y >= c, and a pair of 
opposite sides are ox* + V = 0* Show that the other two sides intersect at 
the point {2bc/(b-a), 2ac/{a-b)} and are parallel to 

(ox + 5y)* + o5(x+y)* = 0. 

81. Find the length of the intercept on the line y^mx + c made by the 
lines ox* + 2 Jkxy+by* = 0 when the axes are oblique. 

82. Show that, when the axes are oblique and inclined at an angle «>, the 
lines ox* + 2 hxy + by* 0 also include an angle «>, if 

4o6c08*4)-4h(o + 5)co8» + (o + b)* » 0. 
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§ 6. Change of Axes. 

It is often convenient to change the position of the axes of coordi- 
nates : it is then necessary to find what the equation of any locus 
referred to the original axes becomes when referred to the new axes. 

If the axes are changed from OXy Oy in the figure to O' X, 0' P, the 
transformation can be made in two stages. 



(i) We can transfer to a pair of axes parallel to Ox and Oy drawn 
through the point O'. 

(ii) We can then change the directions of these axes to O'X, O'P. 
The two stages can be examined separately : the first step is simple 
in all cases ; the second, however, in the case of oblique coordinates, 
is very involved and is rarely required in practice. We need, how- 
ever, for future work to show that no change of axes alters the degree 
of the equation of any locus : to do this it is necessary to show that, 
if the coordinates of a point referred to the original axes are {Xy y) 
and referred to the new axes (A", Y), then the new equation is obtained 
from the old by some linear substitution such as 

X = IX'hmY'hn, y = i'X-f m' Y+n'. 

We shall prove this, but otherwise confine our attention to special 
cases which experience shows are required in the processes of analysis. 
This part of the work is often omitted by the student. This is a 
mistake, as many elementary properties become clear if the results 
of transformation are understood : we intend therefore to give 
a considerable number of easy exercises to emphasize this part 
of the work. 


1207 


G 
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I. To change the origin without changing the direction of the axes. 

Let the new origin be the point 0'(h, fc). Suppose the coordinates 
of any point Pare {x, y) referred to th6 axes Ox, Oy and (X, F) referred 
to parallel axes O'X, O'Y. 



Draw PLM parallel to Oy to meet O'X, Ox in L and M : and let 
the new axes meet the original axes in A, B, 

Then x = OM = OA + O' L = h-i-X, 

j/ = MP= AO'+LP = fc + r. 

Hence, if in the equation of any locus referred to the axes Ox^ Oy 
we substitute (/t + X) for x and (fc-f T) for y, the equation obtained 
is that of the same locus referred to O'X, O'X. 

Note. The point P has been taken in the positive quadrant for both sets 
of axes : the student should draw other figures and see that this method 
gives results true for all points. 

Examples IIlc. 

1. What does the equation 3.r-f4^*= 7 become when referred to axes 
through the point (1, 1) parallel to the original axes ? Verify the result by 
drawing the graph of the locus. 

2. Find what the equation 4x^4 8a?y + = 0 becomes when referred 

to parallel axes through the point (-2, 8). 

Verify, by finding their separate equations, that the new equation still 
represents two straight lines. 

3. Take any pair of coordinate axes and a pair of paiullel axes through 
the point (-4, 5). 

Verify, by drawing, that the coordinates (x, y) of the following points 
become (X, Y) when referred to the new axes, where a;=sX-4 and 
f/« r+5. 

(i> (7,2). (ii) (6,5). (iu) (-2, -8). 

(iv) (^6, -8). (v> (-4, -7). (vi) (-6, 8). 

4. Prove that, when the origin is changed but the directions of the axes 
are unchanged, the coeificienta of the highest powers of x and y in an 
equation are not altered, e.g. a and 6 in owr + Jy + c « 0, or a, Jt, 5 in 

ax^ 4 2 hxy 4- 4 2gx + 2fy + c » 0. 
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II, To change from one set of rectangular axes to another set of 
rectangular axes without changing the ofigin. 



Let the new axes make an angle 0 with the original axes^ and let P 
be the point whose coordinates referred to Ox, Oy are y), and 
referred to OX, OY are (X, Y). 

Draw PL perpendicular to OX and P3I perpendicular to OXf 
LN, LR perpendicular and parallel to O.r. 

Then 

X = OM = ON—RL = OL cos d — iPsin 0 = X cos (J— Y sin 0, 
y = MP = XL 4- RP = OL sin 0 + LP cos 0 = X sin 0+ Y cos 0. 

The equation of any locus referred to the new axes is thus obtained 
by substituting (X cos d — X sin 0), (X sin d -h X cos 0) for x and y in the 
equation of the locus referred to the original axes. 


Examples Illd. 

1. What does the equation + = a’ become when the axes are turned 

through an angle 6 ? 

2. What does the equation — become when referred to axes 

inclined at an angle ^tt to the original axes? 

3. For the equation y* — 2aa: + 2 6y + = 0 change the origin to the 

point (a, h) and turn the axes through an angle J-tt. 

4. What does the expression aa?* + 2 ^a?y + 6y* become when the axes are 
turned through an angle 0 and the origin is unchanged ? 

5. What does the equation x cos (X + y sin (X — p = 0 become when the axes 
are turned through an angle cx ? 

Draw a figure. 

6. Find the angle between the straight lines a?*~2a;y sec2d-f'y® = 0. 
if the axes were changed to the bisectors of the angles between these lines, 
what would the equation become ? 

G 2 
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7. Transform the equation a:*-f + 6 ar — 3 = 0 hy turning the axes 

through 60'* and changing the origin to (I, -2). 

What do you conclude from your result ? 

8. If the new axes are inclined at an angle. B, taken in the positive sense, 
to the old, find the equations of the new axes referred to the old. Hence 
find the values of X and Y in terms of x, ij^ and S ; discuss the signs of the 
expressions so found. 

III. lb change from a pair of oblique axes to a convenient pair of 
rectangular aoces^ retaining the same origin. 



Retain the original axis of x and take a line perpendicular to it for 
axis of y. 

Let P be (n‘, y) referred to the original axes and {X, Y) to the new. 
Draw PL perpendicular to Ox, and F3I parallel to Oy. 

Then x = OM = OL’^ML = 0L~^PL cotco = X — ]f cotco, 
y = P3I = Y cosec o). 

Hence for x and y we substitute (X — T cot co) and Y cosec co. 

N.B. — To transfer back to the original axes we must put for X and 
Y the expressions a; -fy cos oo, y sin (o. ^ 


(a) 


(b) ax^-^2hxyi-li/^0 


ExLamples III e. 

1. If the axes be inclined at an angle w, find by changing to rectangular 
axes jfhe conditions that the lines 

Ax-hBtf^C ^ 0 , 

C' = 0 ; 
should be perpendicular. 

2. Referred to oblique axes inclined at an angle o) the point 2’ is (arj, 
and the line AB lx 4 my 4 n «= 0. 

Change to rectangular axes and hence find the length of the perpen- 
dicular from P on AB. 

3. What does the expression ir*4y*42a:ycos« become when the axes are 
changed to rectangular axes ? 

Interpret the result geometrically. 
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4. When the axes are inclined at o> the equation of a i air of straight lines 
is ax^ + 2 hxy + h/ = 0. Change the axes to rectangular axes, form the 
equation of the bisectors of the angles between them, and find what the equa- 
tion of the bisectors becomes when the axes are changed back to the 
original axes. 

IV. To change a pair of rectangular axes to another pair of rect- 
angular axes whose equations refened to the original axes are given. 



Let the equation of the new axes referred to the old be reduced to 
the form, a: cos a -hy sin a— = 0, — :r sinoc + y cosa— ^ = 0. 

Let P be any point whose coordinates referred to the original axes 
are (x, y) and to the new axes (X, Y). Draw P3I perpendicular to 
O'X, then X = O' M ^ perpendicular from P on O'Y 

= — a;sin a + y cos0( — 7 , (i) 

Y = MP = perpendicular from P on O'X 
= .r cosa + y sina— p. (ii) 

Note. In the figure P is placed in the positive quadrant XO'Y; X and Y 
are therefore positive. In the forms chosen the substitution of the coor- 
dinates of 0 in the equations of the lines gives -p, and -<7, hence, since P 
is on the opposite side of the lines to the origin the substitution of the 
coordinates of P will give positive results as required. Note that p and q 
were considered positive in the figure. In any special case under considera- 
tion draw a rough figure and determine the signs. 

Equations (i) and (ii) give us two linear simultaneous equations 
from which to find x and y in terms of X and Y ; the results are 

X = (F-fp)cos(X — (X-l-g') sin a, 
y = (X-f 3 )cos(XH-(r+p) sin a. 

Cor. In the case of oblique coordinates the expression for the perpen- 
dicular from any point on a straight line contains the coordinates only in the 
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first degree : hence, if the method just explained is used when transforming 
from any pair of axes to any other pair;, we shall get two simultaneous 
equations of the first degree between the old and new coordinates, and 
consequently the change is eflTected by a substitution of the form 

X = IX+mF+n, 
y = rjr4n'F+n'. 

Hence, however the axes may be changed the degree of any equation 
is unaltered. 

Example. 

Whut floes the equation of the straight lines 4a;y -f 4?/^ = 0 
come when the axes are the bisectors of the angles between them ? 

The equation of the bisectors is 

2 x^-ixg-2i/ = 0 , 

i.e. 2a? + y = 0, x-2y = 0. 

Now we know that the equations of two straight lines equally inclined to 
the rc-axis are of the forms y-wia: = 0, y + wia:«=«0; hence the single 
equation representing the two lines referred to the bisectors of the angles 
between them as axes contains only the and if terms : suppose it is 

(i) 

The coordinates in this case are the perpendiculars from any point on the 
lines 2a? + y «= 0 and a:-2y = 0, i.e. in terms of the old coordinates are 

2.r4y x—2i/ 

y/h ' 

Change equation (i) back to the old axes ; it become^ 

I {a{2x^yf\’hl\h{x-2y)^\ = 0. 
or a(2a; + y)’ + 6 (a;-*2//)^ = 0 ; 

this is therefore equivalent to 

7 a?* 4 4 iry 4 4 y* 0. 

Hence 4a4fe =7, 

4 0 — 46 = 4, 
a446 = 4, 

which are consistent and give a == ? , 6 = 

Hence the required equation is 

8a:*43y2r=0. 

The lines are evidently imaginary. 

§ 7. Invariants, When any equation of the second degree 
ax^ + 2hxy+by'^^r^gx + 2fy+c:=^ 0 
is transformed by any change of axes to another equation of the 
second degree, such as 

a'Z2 + 2//Xr+6'r2 + 2y'X + 2/'r+c' = 0, 
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certain relations between the constants are unaltered by the change ; 
these relations we call Invariants. 

(i) To show that when we transform from one set of rectangular co- 
ordinates to another the quantities a + b and ab—h^ are unaltered. 

Firstly. We have seen (Ex. HI c. 4) that changing the origin without 
changing the direction of the axes does not affect the coefficients 
a, h, and b. We have only then to deal with a change in direction 
of the axes. 

Secondly. No change of axes affects the degree of the terms 

2gx + 2fy + c; 

hence these terms do not affect the coefficients a', h', and b'. 

We have then only to find what the terms ax^ + 2hxy + by’‘ become 
when the direction of the axes is changed. Suppose the axes turned 
through an angle 0. 

Then ax^ + 2hxy + by^ becomes 

« (X cos d - r sin d)* + 27i (X cos 0 - r sin d) (X sin d + r cos 6 ) 

•ft (X sin d + r cos d)** 

= X® [a cos^d + 2h cos d sin d + 6 sin*d] 

+ 2Xr[(6 -a) sin d cosd + A(co8®d— sin*d)] 

+ y® [a sin* d— 2 A sind cos d-i- & co8*d]. 
Hence, if ax^ + 2hxy+by^ becomes u'x^ + 2h'xy + b'y^, we have 
o' = a cos*d + 2 A cos d sin d + 6 sin* d, 
b' = osin*d— 2A cosdsind-t- b cos*d, 
i.e. a'+b'=a + b] 

and further, h' = h (cos*d— sin*d) + {b — a) sin d cos d 
= h cos 2d + ^ (6- o)sin 2d ; 

2A' = 2/i co9 2d— (o— 6) sin 2d. 

Also we can write 

2a' = 27i8in 2d-fa + 6 + («— 6) cos 2d, 

2b' = —2hBin2d + a + b—{a—b)cos20, 

4a'b'= (o + 7>)* — [2ftsin 2d + (a— b) cos 2d]* 

= (o + b)* — 4 b* sin* 2 d — 4 A (o — b) sin 2 d cos 2 d — (a — b)* cos* 2 d 
= 4ab — 47t* + (o— b)*8in*2d— 4b(a — b)sin2dcos 2d + 47t*cos*2d 
= 4ab-4h'> + ih'^ 
or a'b'—h'^ = ab—h'\ 

Note. One point needs careful notice ; the proposition states and the 
proof implies that o + 6, o6-7i* are invariants if a'JP + 2h'XY+b'Y^ 
is obtained from ax* + 2hxy + by* by the processes of transformation. It 
does not follow when we are told that 

ax* + 2hxy + bf + &c.’=Q and a'x* + 2h'xy + b'f + &c. 
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represent the same locus referred to different rectangular axes that these 
relations are true: for either equation may have been simplified by 
multiplication or division by some constants. 

Thus, for example, = 0 and a/ZXY = 0 represent the 

same pair of straight lines (the angle XQx being 30'^), but the values of 
in these two equations are -1 and ~4 respectively: the fact is that 
when the process of transformation is completed the second equation 
appears in the form a/%»XY = 0. 

All we can say, then, when we know that 

ax^ ^-2hxy -^hy^ ^ 0 and = 0 

represent the same locus referred to different axes, is that 


where X is a constant. 


d ■{- h — \ (d* 4 * & ), 
ah — li^ = X*(a'2)' — /»'*) 


In any case, however, 


-o is an invariant. 


Example. 

Wlxat does the equation of the pair of lines 1 x^’\-ixy + 4:y‘^ ^ 0 
become when referred to the bisectors of the angles between them ? 

We know that the new equation is of the form 

aX» + 6r* = 0, 

and we suppose that this equation is the result obtained by changing the 
axes to the pair of bisectors. 

Then a + Z/ = 7 + 4=all, 

afe=7. 4-22 = 24; 
a = 8, & = 3 or a = 3 and 5 = 8, 
and the equation is SX* + 3 F* = 0 or 3X2 + 8 F* = 0. 

The two results correspond to two cases when a particular bisector is 
taken as axis of X or as axis of F. 

The new axes being now called the axes of x and y the results can be 
written 8a;2 + 3i/2 = 0 or 8x2 + 8 y 2 =: 0 . 

(ii) A proof of this invariant property due to Prof. Boole is 
applicable also to any change of axes. Suppose that we transform 
an equation from axes inclined at w to axes inclined at m ' ; and 
that on making the substitutions for transformation the expression 
ax^ + 2 hxy + by"^ becomes a' X ^ + 2 /«' X F+ &' F^ : the expression 
x^^2xy + represents the (distance) of the point (x^ y) from 
the origin, and when transformed must therefore become 
X2 + 2XrcOSa>'+r^. 

We suppose that the origin is unchanged, for we have shown 
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that a change of origin only does not alter the coefficients a, //, &, 
and therefore such a change need not be considered. 

It follows then that the equation 

ax^ 4" 2 hxy + 4- /t (a;- 4* 2 xy cos w 4- y^) = 0 (i)‘ 

will become 

a 4- 2 // Xr4- 4- Z; (X^ + 2 Xr cos o/ 4- Y^) = 0. (ii) 

Hence if the value of h is such that the first equation represents 
a pair of coincident straight lines, i. e. if the left-hand side of the 
equation (i) is a perfect square, the second equation must also represent 
coincident lines and the left-hand side of (ii) is also a perfect square. 
The conditions in these cases are 

{a 4- fc) (6 4- fc) = {h 4- h cos co)^, (i) 

(a' 4- 4- h) = (fe' + cos co')^. (ii) 

Hence any value of h which satisfies (i) also satisfies (ii) ; these 
equations are therefore identical. They may be written 
A:2 8in^co4-(a4‘6--27tcosa))fc4-a6 — = 0, 
sin2 6a'4“(a'4-6' — 2 7i'cosa)')7; + a'6'~7/^ = 0. 

tt a4-Z> — 27i cos o) a' 4- — 2 7 / cos oj' 

Hence = 7 -^, 

sm^ (0 sm^ oj 

a?)— 7^2 ^ a' 6'— 7/^ 
sin'^^co sin^to' 

The student should work out the case of rectangular axes in the 
same way. 

We again note the words in italics : it is supposed that the second 
equation is in the form given by the process of transformation without 
subsequent simplification. 

If we merely know that a.x-4' 2 lixy-k-hy"^ = 0 
and a' 4* 2 li'xy 4- Vy'^ = 0 

represent the same locus referred to axes inclined at to and co' 
respectively, all we can say is that 

(a4- 2 li cos 00 )- ^ (a' 4- 27/cos co'J- 

{ab - ]i^) sin^ co (a' b' — 7/^) a>' 

Examples III f. 

In the following exercises 1-6 it is understood that the general equation 
of the second degree aa?* + 2hxy -f by^ + 2gx + 2/y -f c = 0. is transformed by 
a change of origin or a change in the direction of the axes from one set of 
rectangular axes to another. 

1. Show that it is possible by a change of origin only to remove the term 
which contains a?. Find the equation which the coordinates of the new 
origin referred to the original axes satisfy. 

Can this always be done, and in how many ways ? 



100 EQUATIONS OP HIGHER DEGREES 

2. Discuss the removal under the same conditions of (a) the y term, 
(bHhe constant term. 

what is the geometrical significance of the transformation ? 

3. When is it possible by a change of origin to remove both the x and y 
terms ? Examine the case when oh «= In how many ways can it be 
done ? Where is the new origin ? 

4. Can the y term and the constant be removed simultaneously ? When 
is this impossible ? 

5. Show that by changing the direction of the axes the term (a) a?* or 
(b) y* or (c) xy can in general be removed. Find the equation giving the 
value of the angle through which the axes are turned. 

In what cases is the transformation impossible? 

6. If the equation can be transformed to y* + 2/a?-f 2wjy « 0, what condi- 
tions exist among the original constants of the equation ? 

§ 8. The most general equation of the second degree in x and y is 

this contains five independent constants, viz. the ratios of a, hy h, 
9i fi 

The greater part of analytical geometry is concerned with the loci 
which this equation represents in the various special forms to which 
it can be reduced, and under the various conditions which may exist 
among the independent constants. The student will thus do well to 
acquire early a knowledge of the notation by which the discussion of 
the equation is simplified. We shall discuss in the next paragraph 
the properties of the equation n hcn H represents a pair of straight tines 
and include this notation. 

§ 9. If the general equation 

y) = ax'^^2hxy-\-hf’\^2gx-\^2fy’^c = 0 
represents a pair of straight lines, then the expression / (.r, y) can be 
resolved into two linear factors. The condition for this is worked 
out in most text-books on Algebra: we append here the most obvious 
method because it applies to any system of coordinates, and to 
equations of a higher degi'ee. 

Let ax^ + 21ixy + -f 2y:i? + 2fy -f c 

= (px -h + r) ip' X + g'y + r'). 

Then, comparing coefficients, 

a=pp', h = qq', c = rr', 2f=qr'-\rq'r, 

2g =pi-'+2i'r, 2/j = jja'+Zg'. 

From the equations 2f=qr' + q'r, 2g = p/ + p'r 
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we obtain 2 (^ - jrg) = r (pq' ~p'q) 

and 2 (fp'-g^) = / ip'q-pq^), 

therefore 4 i/p-gq) {/p'-gq') = -rr^ipqf-p'qf, 

i.e. 4 {pp'/^-{pq' +p'q)/g+qgl'g^\ = -rr'{(pq' +p'q)^-^pp'qq'l. 

Hence af^—2fgh + 'bg^ = -~c{h^—db), 

i. e. abc + 2/gh— af^— b^— ch^ = 0. 

This condition is necessary. It includes all cases, whatever values 
P, q, r, p', iy / may have. 

Conversely, to show that it is sufficient, i. e. if 

ahc + 2fgh—aP—bg^—ch^ — 0 , 

then ax‘^-\-2hxy-\-by^+2gx + 2fy-\-c can be factorized. 

We can always find p, q, p', g', so that 

ax^+2hxy-\ hy^ = {px+qy) (p'x-^ q'y), 
where pp' = a, pq'+p'q=2h, qq' = b; and evidently p and q 
cannot both be zero, nor can p' and q\ 

We are given that 

af‘—2fgh+bg^ = —c(h^—ab)-, 
thus 4 l^-gq) ifp'-ggt) = -cipq'-p'qf. 

Now put c = rr, 2 (fp-gq) = r {pq'-p'q), 
then 2 {fp' - gq') = r' {p'q-pq^. 

Solving these equations for /and g, we find 

2/=qr' + q'r and 2g—pr'+p'r 

provided that p'q—pq' is not zero. 

If/ and g have these values it is evident that 

ax^ + 2 hxy +hy^ + 2gx + 2fy + c= {px + qy+ r) {p'x + q'y + 1-^. 

The condition is thus proved to be sufficient except when 
pr/' — p'q = 0. In this case, however, we have 

i^-m) i/p'-pq') = 0, 

i.e. fp-gq = 0 or fp'—gq'—O. 

Either of these conditions combined with p^ —p'q = 0 gives us 
that gx+fy is a multiple of px+qy \ further, since pq'-p'q = 0, it 
is evident that aoc^+2'hxy + by'^ is a multiple of {px + qy^. Hence 
ax^ + 2'hxy +by'^ + 2gx+ 2fy + c is of the form 

I {px+ qyf + 2m {px+qy) + c, 

and can therefore be written in the form l{px+qy+oc){px + qy+ 13). 
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The condition is therefore sufficient in this case also. The factors 
equated to zero represent parallel straight lines. 

The reader may examine the special cases Avhen p and p' or 
2 and g' are both zero. 

§ 10. In discussion of the general equation the following notation 
is convenient : — 

u = ar2 + 2/w'y4-l*«/2 + 2<;a: + 2^ + c, 
u' ^ ax'^ + 2 hoif yf + hy’’^ + 2 yxf + 'ify' + c, 

X = ax+hy+g, X' = ax' + hy'+g, 

Y= hx + by+f, r = Jtx'-\-l)7/+f, 

Z ^ gx+fy + c, Z' ^ gx' +/y' + c, 

A = ahe + 2/gh - ap — hg"^ — ch% 

A = 6c -/2, F = gli-af, 

B = ca—g\ G = hf—hg, 

G = ah-h^, H = fg-ch. 

The latter can be remembered in the notation of the differential 
calculus, thus 


A 

dA 

7? = — 
dh ' 

c = 

dA 

Jl = 

da ' 


dc 

2I<’=: 

dA 

d/” 


277 = 

dA 

dh. 


It is evident that 

H = xX+yY+ Z, 

and It' ^s'X' + i/Y' + Z'. 

§ 11, Now if the equation m = 0 represents a pair of no 7 i-parallcl 
straight lines, these must intersect at some point {x', y'). If, then, 
the origin of coordinates is changed to the point {x', y'), the resulting 
equation must represent a pair of straight lines through the origin, 
and is therefore of the form 

Ax"^ + 2 Hxy + By^ = 0, 

i. e. the constant term and the terms containing x, y disappear. 

The transformed equation is 
a (a: + a/)2 + 2/t {x + 3f){y + 7j')-\rh{y-^7j'f 

-^2g {x + af) + 2f(y+y')-\-c = 0. 
Hence, equating the coefficients of x and y, and the independent 
term to zero, we get 

oaf + h/ -{-g = 0, i. e. X'=0, 
hx' + h7f +/ = 0, i. e. Y' — 0, 
ax'- + 2 Itx'y' + by''^ + 2 gif + 2^' + C = 0, i. e. «' = 0. 
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But, identically, «' = x'X' + y' P ' 4- X' ; 

hence, since X' and, Y' are zero, we also have Z'= 0, 
i. e. ax' + hy' + g = 0, 

hxf 4 - 1 )/+/ = 0 , 

<7-c'4-//4-c = 0. 


Eliminating x' and y', 

ah g 

A = A 6 / = 0, 
g fc 

which is the condition that u —0 should represent a pair of straight 
lines. 

Now X' = 0 and P' = 0 ; but these are the conditions that the 
point of intersection (x', y') | referred to the original axes] should be 
on each of the lines 

ax + hy+g = 0, 
hx + hy +/= 0. 

This point is therefore given by 


i. e. 


X _ J/ _ 1 

hf—bg gh—af ab—k-’ 


the point of intersection of the straight lines is 



referred 


to the original axes. 

We can obtain other forms by u.sing either X = 0 and Z = 0, 
or y = 0 and Z = 0 : the results are identical because A = 0 


I. Since the point of intersection of the given straight lines lies on 
each of the lines X = 0, y = 0, Z = 0, there must be some linear 
relation between X, y, Z, such as IX + mY+nZ =■ 0. 

Now we have by Algebra (or from the theory of Determinants) 
the identities aG 4- hF+ gC = 0, 

hG-\-bF+fC=^0, 
gG+fF+cC= A = 0. 

Multiply these equations by x, y and 1 i*ebi)ectively, and add ; 
then GX4-P'y4-CZ = 0. 

II. Since the point of intersection of the straight lines lies on each 
of the lines X = 0, y = 0, i. e. each of the given lines is a straight 
line through the intei’section of X = 0, y = 0, their equations must 
be of the forms iX4-»»y = 0, rX4-w'y = 0, and consequently the 
equation u = 0 must be of the form pX*4-!zXy4-ry2= 0. 
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We proceed to obtain the equation in this form ; now 
6X.— Ar= h(ax-\-hy-\-g)-h{Jix+hy^-f) 

= {ab-h^)x-(fh-hg) 

= Cx-a, 

’-hX+aY= —h{ax+hg+g)+a{hx+by+f) 

= {ab-‘h^)y-(hg-a/) 

= Cg-F. 

Hence hX^-2hXY+aY^ - X{bX-hY) + Y{aY-hX) 

= X{Cx-a)+Y(Og-F) 

= G{Xx+Yy)-aX-FY 
= G(u-Z)-QX--FY 
= Cu-(GX+FY+GZ) 

= Gu, 

for GX + FY+ GZ = 0 identically. 

Thus the equation w =: 0 can also be written 

6X2-2AXr+ar* = 0. 

N'ote. This enables us to factorize the equation of a pair of straight lines 
with numerical coefficients. 


III. If the equation u = 0 i-epresents straight lines, they must be 
parallel to the pair of skaight lines through the origin which are 
given by ax^ + 2hxy + by^ = 0. 

The bisectors of the angles between the lines w = 0 are therefore 


( Cr F\ 

~ j parallel to 


h [x^ — (a— b) xy = 0, 

i. e. they are the lines 


''[(*-5) - (»" e) ] (s-e) = 


or }i[{Cx-Gf-(,Cy-F)^]-{a-b)(Gx-G){Cy-F) = 0. 
Using the results in (II), we can write this equation 
/i [(6X-Ar)2-(ar-/*X)2J-(a-b)(hX-hr)(ar-/tX) = 0, 
which reduces, on our dividing by ab—h^, to 

/t(x^-r==)-{a-i»)xr=o. 


IV. To find the condition that the straight lines u = 0 s^tould be 
parallel. 

The angles between the straight lines u = 0 am equal to the 
angles between the straight lines through the origin 

ax^ + 2ltxy + bjfi = 0. 
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When the straight lines tt = 0 are parallel these straight lines 
through the origin ai’e coincident, hence ab = h^. 

In this case we have A = 0 and (7=0; it follows at once that 
0 = 0 and F= 0. 

Thus bX = hT and hX = aY; consequently if « = 0 represents 
parallel straight lines, 

(a) the equation bX^-~2hXY+aY^ = 0 becomes an identity, 
and (b) the straight lines X = 0, ¥ = 0 are identical. 

V. To fitid the product of the lengths of the perpendiculurs from any 
point (x'l y') to the straight lines m = 0. 

Let 

ax^ + 2hxy + hy^ + 2gx + 2fy+c = (px + qy+ r) (p'x + q'y + »•')- 

Then the product of the perpendicular from {x', f) on 
l)X-\-qy->tr = 0, p'xJrfy + r'—O, 
is ipx' + qy'+r) (pV + q'y' + r) 

The numerator is equal to 

ax''^ + 2hx'y' + by'^ + 2gx' + 2 fy' + c, that is 

We have also pp' = o, qq = b, pq' ^-p'q = 2h. 

Hence (p- + q-) {p'^ + q’'^) = p^p'^ + ^q'^ ■Vp’^q - + i*' V 

= I>y ^ + gV^ + (pa' +/9)^ - 

= (pp' — gg')* + (pq' +p'g) ’ = (a - i>)* + 4 h K 

Hence the required product = - . — • 

y(o-6)H4;t'^ 

VI. To find the locus of the middle qwints of the intercepts made by 

X y 

the straight lines a = 0, on a system of straight lines parallel fo y = and 

i 'in 



to deduce the equation of the straight lines bisecting the angles between 
the straight lines tt = 0. 
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Let the point P (a, be the mid>point of any one intercept AB. 
Then the equation of the straight line AB which makes the 

intercept is for it is parallel to 7 = - and passes 

I m I m 

through (a, )3). 

This equation can be written 

X-(X y-/3 _ ^ (x-OLf + {y-pf 


I 


m 




where r is the distance of any point (x, y) on the straight line 
from the fixed point (a, /3) and 7; is a constant put for convenience 

If the value of r is either BF or PAy then the point (^, y) is on the 
given locus ; its coordinates are then (Jclr-^oCy lcmr-\-p\ and, since it is 
on the locus, 

a (klr + a)2 -f 2 A {klr -f a) (kmr + )3) + 6 {kmr + PY ^2 g {klr -f oc) 

-f 2/(A;mr + ^) + c — 0. 

Consequently this quadratic in r gives the values of PA and PB : 
these are to be equal in magnitude and opposite in sign ; hence the 
coefficient of r in the equation must be zero. This gives 
2k{la(X + hlp'^lmOL’\-hmp + gl‘{’fm] =0, 
i. e. Z(acx-f ^^3 + <7) + tw(/^a + &/?+/) = 0. 

Hence (cx, p) lies on the line 

% + ^) + m(te+ &Z/’+-/)= 0, (i) 

or, with our previous notation, 

?X + wr=0, (ii) 

i. e. a straight line through the intersection of X = 0, F = 0. 

Now if this equation represented one of the bisectors of the angles 
between the lines it would be perpendicular to the intercept ABy and 
oc ti 

therefore to . 

I m 


The condition for this is 

{la + hm) m — {Ui + mb) I = 0, 
or Im (a — &) + h l^) = 0. 

But any point on the locus satisfies the equation 

7X + tnr=0, 



CHANGE OF AXES 118 

Hence, in the special case considered, a point on the locus, i. e. on 
one of the bisectors, satisfies 

~Xr(a-6) + /i(X2-r2) = 0, 

XY 

or — = — 

a — 6 It 

This represents a pair of perjpendicular straight lines (for, if the 
equation be written in full, it will be seen that the sum of the 
coefficients of and is zero). 

Hence the locus of the middle points of the intercepts made on 

CC 'IJ 

straight lines parallel to - = ^ by 

ax^-\-2hxy-\-l)y^-\-2gx-{>2fy-{‘C=‘ 0, 
when this equation represents a pair of straight lines, is a straight 
line through their point of intersection ; and when I and m are such 

that the locus is perpendicular to ^ - the locus is one of the 

I nv 

perpendicular straight lines 

x2-r2 XY 
a-b A ’ 

which equation therefore represents the two bisectors of the angles 
between the straight lines w = 0. 

When the straight lines w = 0 are parallel^ and therefore ah = 
we have seen that the straight lines X = 0, X = 0 are identical. 
It follows from equation (i) that the straight line X = 0 lies midway 
between the straight lines w = 0. 

Examples III g: 

In the following exercises u = ’¥2hxy -f fty* + 2gx + 2/y + c = 0 is 
supposed to represent a pair of straight lines, and consequently the 
coefficients are connected by the relation A = 0. It must be carefully 
noted that the results given are, as a rule, only true in this special case. 

1. Prove that Bu = cX'^’-2gXZ’^aZ^, 

2. Show that G/C = A/G = H/F, and that F/C = H/G = B/F. 

3. Prove that AX-hHY+GZ=0, 

4. Find for what values of X the following equations respectively i*epreBent 
a pair of straight lines 

(a) 3a:* + 7icy + 2y® + 8a?~7y + X «= 0 ; 

(b) Xa?**f + + 4 = 0 ; 

(c) 5a?*-7a?y + Xy®--7a? + 3y~5 = 0; 

(d) 6a:* + 10a?y + 3yH2Xa? + 8y-f3 = 0; 

(e) 18a;* + 2Xa:y + 7i/*~12a?-10y + l =0. 

1367 


H 
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5. If all the coefficients in the equation « = 0 are known except skew 
that the equation can represent real straight lines, provided that CA is 
positive. Examine the case when CA is zero. 

6. If w «= 0 represents two parallel straight lines, show that 

-Bla^ --A/h, 

where 2d is the distance between them. 

7. Show that the necessary and sufficient condition that the triangle 
formed by the straight lines w = 0 and ?rr*f my = 1 may be right-angled 
is (a + 5) (aZ* + 2Wm-f &m*) = 0. 

8. Show that the equation 

{ah-li^) (aa?® + 2/ia:y + 2y®+2ya:-f2^) + a/® + x= 0 
represents a pair of straight lines, and that they form a rhombus with 
ax^ '\'2hxy + = 0, provided that (a — 6)^^ + ^ (/“— y*) = 0. 

9. Find the condition that w «= 0 should represent (a) two parallel, 
(b) two perpendicular straight lines. 

10. Find the equation of the lines a?’ + 8-v/2a?y + 5y* = 0 referred to the 
bisectors of the angles between them as axes. 

11. Find the equation of the straight lines + + 1 =0 

referred to the bisectors of the angles between them as axes. 

12. Prove that + + + 4a?-f 12y~5 = 0 represents two parallel 

straight lines, and indicate them in a figure. 

13. If X, IX are quantities, the difference of whose reciprocals is constant, 

and g are constants, show that (XjpaJ + p^)’ = (Xp^-f py®— 1) 

represents two straight lines equally inclined to each of two fixed straight 
lines. 

14. Show that the area of the parallelogram formed by the straight lines 
w =* 0 and aa?'\-2hxy-^'by^ = 0 is equal to 

15. Prove that the two straight lines 

(p? + y^) (cos* 0 sin* oc + sin* 0) ■= (x tan a - y sin d)* 
are inclined at the same angle whatever value $ may have. 

Turn the axes through an angle tan”^ (tan (X cosec d). 

16. Show that the equation of the bisectors of the angles between the 
straight lines w = 0 can be written in the form 

(aJ-V){/i(a:‘*-y*)-(a-5)iry + 2/r~2yy} + (a + 5){a7 {gh-qf)-y(/h--bg)} 

17. If the axes are oblique and inclined at an angle 30®, sketch the locus 

6a?*-5y*~7a:y-4a?-flly = 2. 

18. Show that if the straight lines given by (ix’^^2hxy + by^ = 0 are 
turned through an angle (X, their equation in their new position will be 

4- 2hccy + 5y* - 2 {(5 ~ a) a?y + ^ 1-an X + {Ix’^ - 2hxy + ay*) tan*0( = 0. 

19. If the axes and two pairs of the five lines 

aa;* + 6a?V + <^y®+<?£c*y* + eicy^+/y® ~ 0 
contain right angles, prove that the^ equation of the fifth can be written 
-x/y -//a = (a~^)7(5-/) = e). 
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20. Show that the coordinates of the orthocentre of the triangle formed 
yy the straight lines ax^ '^2hxy + hy^ == 0 and the straight line Jx-i^my = 1 
ire given by x/l = y/m =» (a + h)/{am* — 2 him + W®). 

21. Show that the four lines + + — « 0 form 

i harmonic pencil. 

22. If the two straight lines u — 0 are equidistant from the origin, show 
ihat 

23. Show that the angle between one of the lines aa5* + 2Aa:y + ~ 0 

ind one of the lines oas* + 2 feay + + X (»* + y®) = 0 is equal to the angle 

between the other two lines of the set. 

24. If y, is one of the anharmonic ratios of the pencil formed by 

aa;® + 2Xa?y + 6y® = 0, aV + 2X'ary + 6'y* = 0, 


show that 


(a6'4-a'6~2hV)® 

1 1 -/i/ “■ 4(A®-a&)(V*-a'fe') ‘ 


25. Find an equation for X so that r® + Xw =0 may represent a pair 
of straight lines. 

26. If the same straight line occurs in each of the two pairs 

ax^ + 2hxy + = 0, a* x^ + 21% xy + yy\ =s 0, 

and 6 is the angle between the other two, then 

+ 2 cot d s= ao! I (Jha* — l%a) + hh'IQt'h — hh'), 

27. What is the meaning of the equation — 2a’*5»»a:”y” + »=* 0 

where x and y are coordinates with respect to oblique axes ? 

28. The base of a triangle passes through a fixed point (/, g\ and its 
sides are respectively bisected at right angles by the lines 

ax^ + 2 hxy + ■=» d. 

Show that the locus of the vertex is 

(a + 5) (a;® + y®) + 2fe(/y + ya:)+(a-6)(/a?-yy) « 0. 

29. Find the condition that one of the lines aa:® + 2/ia^ + 5y® « 0 may 
make an angle Jtt with one of the lines a'a?® + 25'ay + 5'y* « 0. 

30. Obtain the equation to the bisectors of the angles between the lines 
M = 0, in the form 

[{(ah-h'^)x-fh-^hgY- {{ah-V)y-gh^r afY]/(a-h) 

= [{{db-h^)x^fh^hg] {{ah^h^)y^gh^af}]/h. 

31. Prove that there is always one real value of Ar, for which the equation 
ax^^2hxy’\-hy’^^-2gx-\-2fy + c^k (aV + 2Va?y + &y® + 2y'a?+2/'y + c'} = 0 

represents straight lines. In this question A is not zero. 

32. Find the values of k for which the equation 

(to+wiy+ 1) (ra? + in'y + l)+A’a^ = 0 
represents pairs of straight lines. 

Give a geometrical explanation. 

33. Show that, if aa?® + 2 hxy + = 0 and a?® + 2 ^ ary + 5, y* = 0 are trans« 
formed by any change of axes, the expression (a5i + a,5~2X/i,) co8ec*ca 
is unaltered. 

H 2 
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ANALYTICAL NOTATION, A EEVISION AND EXTENSION 

§ 1. The geometrical ideas employed in the previous chapters 
to obtain our formulae and equations have been those of Euclidean 
geometry, with the addition of the sign convention used in Trigono- 
metry. 

The coordinates of a point, x and y, are numbers which are the 
measures of the distances of the point from two fixed straight lines 
in terms of some chosen unit of length. Conversely, if any real 
numbers are chosen for x and we can, having chosen a unit, plot 
a point of which they are the coordinates. We have here implicitly 
assumed that, in any system of units, there is a number which is 
the measure of any such distance (e.g. the diagonal of a unit square), 
and thus the idea of number has been used in a wider sense than 
that of a rational number. It is beyond the scope of this book 
to dwell on this idea. The reader is referred to G. H. Hardy's 
Course of Mathematics. 

We have shown that a geometrical property of a point can be 
expressed by a relation between its coordinates, and, conversely, that 
a relation between the coordinates of a point expresses the fact that 
it lies on some locus. Thus, if a point moves on a straight line, 
there is a relation of the form lx + my + nii=^0 between its coordinates. 
Conversely, if any set of numbers be assigned to I, w?, and n (excluding 
the case when I and m are both zero), any points whose coordinates 
satisfy the relation Ix + my 0 lie on a certain straight line. 

§ 2. The points of intersection of two loci. 

If we wish to discuss the intersection of two loci, we obtain their 
equations and find sets of value of x and y which satisfy these 
equations simultaneously. Each set of values gives the coordinates 
of one point of intersection. 

For example, the point of intersection of the two straight lines 
lx + my+n:=^0 and Vx+m'y+n' = 0 is the point whose coordinates 
are -m'n)/{lm' —Vm) and w'/)/(?m'—?'m). If, however, 
the straight linea are parallel, their equations are of the form 
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te-fm^ + n = 0 and Z^-fm^ + n'=0; in this case the method fails, 
for we cannot find any set of values of x and y which will satisfy 
these equations simultaneously. This result is to be expected, for 
in Euclidean geometry parallel straight lines are straight lines in 
the same plane, which, being produced ever so far in either direction, 
never meet. 

We proceed to investigate the intersections of a straight line with 
a locus whose equation is of the second degree. The nature of the 
locus is immaterial for our present purpose : we wish to discover 
whether the method of solving the equations of two loci always 
gives satisfactory results. 

Consider then the points of intersection of the locus 

+ + 2y+ 1 = 0 (i) 

with the straight line -h my + n = 0, (ii) 

The equation can be solved by substituting y = — (?x’ + n)/ m or 
a; = ~ (my + w)/i, obtained from the equation of the straight line, 
in the equation of the locus (i). This substitution evidently gives 
us in general a quadratic equation in either x or y. Suppose that 
the equation in x is Lx'^^-Mx^N :=■ 0, 

Three cases may occur : 

(i) L is not zero ; the equation is quadratic. 

(ii) L is zero, M is not zero ; the equation is the simple equation 

Mx’^-N^ 0. 

(iii) L and M are zero ; the solution fails entirely. 

Note. If m = 0, we substitute for x and get a quadratic in y, 
L'y^ + + ^ = 0 ; exactly similar cases may then occur. 

Case i. If the roots of the quadratic in x are real and distinct, we 
have two distinct real values of x and one value of y corresponding 
to each satisfying both equations. There are therefore two points 
in which the straight line meets the locus. Let us examine special 
cases illustrating the possible results. 

(a) The straight line 4y = 9 meets the locus in the two points 
whose coordinates are ( — 2}, 2J), (--4^, 2}). 

(b) The straight line y = 0 gives us the quadratic x^--2:r + l = 0; 
this gives us only one point of intersection (1, 0). 

(c) For the straight line y = 1 the equation for a; is -f 2:r + 2 = 0 ; 

the sets of values of x and y are then (— 1 4 - — 1, 1), (— 1 — — 1, 1), 

or, in the usual notation, (— l + i, 1), (— 1 — i, 1). Evidently it is 
impossible for us to plot any points whose coordinates are given by 
either of these sets of values. 
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In the Euclidean sense therefore the straight line ^ = 0 meets the 
locus in one point only, and the straight line ^ = 1 does not meet 
it at all. If we investigate similarly, the intersections of the locus 
with the straight line y = A;, we find that, unless k lies between 
0 and 2, there are two real points of intersection, and the distance 
between them is 2 2A ; this distance becomes smaller and 
smaller as h approaches one of the values 0, 2. It is clear that 
2 / =r 0 is the limiting position of a straight line which meets the 
locus in two points. Instead then of saying that the straight line 
2 / = 0 meets the locus in the single point (1, 0), we say that it meets 
it in two coincident points (1, 0), (1, 0). 

In the case of the straight line = 1 we found two distinct sets 
of values of x and y satisfying the equation, but we cannot plot any 
points to correspond to them. We say that this straight line meets 
the locus in two imaginary points. 

Thus by adopting the ideas of ‘ coincident points ’ and ^ imaginary 
points’ we are able to say that (for all straight lines which come 
under Case i) a straight line meets the locus in two points which 
may be real and distinct, real and coincident, or imaginary and 
distinct. 

Note. When the coefficients of the equations are real we obtain 
a quadratic equation with real coefficients ; the imaginaries so found 
are called ‘conjugate’; that is to say, if (a + &e, c-fdi) are the 
coordinates of one point, (a— W, c—di) are the coordinates of the 
other. Thus one cannot have a real straight line meeting the locus 
in coincident imaginary points. 

Case ii If the straight line is oj + i/ = 2, w^e substitute ^ = 2 — a? 
in the equation of the locus and obtain 4 a:— 9 = 0. 

This straight line then meets the locus in the single point (2 — J). 

This is a single point in a totally different sense to that in which 
2 / = 0 meets it in a single point. We get simply one point, not two 
coincident points. 

Case iii. If we take the straight line x + y — 0, we cannot find 
any values of x and y which satisfy both equations. This straight 
line does not meet the locus at all. This is a totally different result 
to that which we found for 2/ = 1 ; there we found sets of values for 
X and y, but could not plot corresponding points ; here we find no 
values for x and y at all. 

It is convenient and important in Analytical Geometry to be able 
to assign complete generality to our results ; to say that ‘Every two 
straight lines meet at a single point’, ‘Every straight line meets 
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every locus of the second degree in two points’, ‘Every equation 
of the first degree represents a straight line and so on. 

To effect this and to include the second and third cases illustrated 
above, we require, in addition to the non-Euclidean ideas of ‘coincident 
points ’ and ‘ imaginary points ’, the ideas of ‘ points at infinity ’ and 
‘the straight line at infinity’. We proceed to develop these ideas. 

§ 3. Homogeneous Coordinates. The straight line. 

The general equation of a straight line contains only two inde- 
pendent constants, but we found that in order to represent every 
straight line by a general equation we had to adopt the form 
my-f n = 0 ; we saw further that although the equation in this 
form apparently contains three constants, in reality it is given by two 
independent ones ; one of the constants, though not always any one, 
can have a purely arbitrary value, other than zero, assigned to it. 
The Constanta Z, m, n have no absolute values and no geometrical 
meaning in themselves, though the ratios of two of them to the 
third are perfectly determined for any particular straight line, and 
have precise geometrical meanings. 

If we give any set of values to Z, n (except simultaneous zero 
values to Z and m, a restriction we shall practically remove later) 
we have an equation, the locus of which is a straight line ; we may 
refer to it as the straight line (Z, m, n), and, since a set of values 
of Z, m, n completely fixes the straight line, we may call Z, m, n 
the coordinates of the straight line. Such coordinates have no 
absolute values, although their ratios have. The set of coordinates 
kl, km^ kn (where k is any number) determines the same straight 
line as the set Z, w, n; e.g. the equations 6a;-f 10^^ — 16 = 0 and 
a;-f2y— 8 = 0 obviously represent the same straight line. Such 
coordinates are said to be homogeneous. 

Any relation between the coordinates Z, nij w, expressing some pro- 
perty of the straight line, must be homogeneous in those coordinates. 
For example, the fact that the straight line passes through the point 
(a, 6) is expressed equally well by the relations la -f mH- n = 0 and 
klai-kmb-^-kn = Of where k is any number. A non-homogeneous 
relation, such as aZ-f&w-l-cn^ = 0, cannot indicate any property 
of the straight line. The coordinates of an arbitrary straight line, 
iP -h 2^ + 3 = 0 for instance, can be made to satisfy this relation by 
choosing them to be (A;, 2 A;, 8%) where k is determined by the 
equation a -f 26 + 9ck = 0. 

Unless we have to deal with a straight line passing through the 
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origin we can put w = 1 and take the equation of a straight line 
to be 1 = 0 ; and we can call it the straight line (J, m). 

By giving arbitrary values to I and m we can obtain the equation 
of any straight line, except a straight Ime through the origin. 

To obtain complete generality, we require the homogeneous system 
of coordinates. 

§ 4. Homogeneous Coordinates. The Point. 

It may now seem natural to inquire whether we cannot obtain 
complete generality for Cartesian coordinates by adopting some 
system of homogeneous coordinates which we may use when the 
ordinary coordinates appear to involve a loss of generality, as in 
cases (ii) and (iii) above. We shall see later that there are systems 
of coordinates, Areal and Trilinear, in which a point is determined 
uniquely by a set of numbers, the absolute values of which need 
not be fixed although their ratios are, and that Cartesians may be 
regarded as a special or rather limiting case of these. Let us take 
a set of three numbers which we will call f, ?], which have 
themselves no absolute values but are such that, for any particular 
set, the ratios of two of them to the third are fixed. How can 
these represent the point whose Cartesian coordinates are [x, ^)? 
There is one quite simple way of effecting this. Let the ratios 
f/C and ^/C be respectively x and y. The point (^, y) will then 
be defined by the set of numbers (;rC, yC 0? where C is arbitrary. 
Conversely, if C is not zero^ the set of numbers (^, ry, Q define the 
point whose Cartesian coordinates are and r]/(. Our equations 
in X and y now become homogeneous in f, r?, (. We write 
for X and for y, and multiply by the power of necessary to 
clear the equation of fractions. The general equation of the first 
degree then becomes + = 0, and the general equation of 

the second degree becomes = 0.* 

Any two equations of the first degree 

+ = 0 and + + = 0 

are satisfied by a common set of values of f, i], viz. mn' — fnn, 
nV—n'l, Im'-^Vm. 

We have seen that any set of numbers (^, r/, () define a point 
in the Euclidean sense if ( is not zero. We shall now say that 
such a set continue to define a point even when ^ is zero. Such a point 

* We may notice that this form of the equation explains ’tlie conventional 
distribution of the coefficients in the expression + 6j/®+2gw + 2/y+c. 
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is not a point in the Euclidean sense ; it cannot be plotted. It may, 
however, be regarded as the limit of a sequence of points which can 
be plotted. Let us consider a straight line a)4- 1;) = 0. 
Any point on this straight line has Cartesian coordinates of the 
form h — lt). In homogeneous coordinates we may take 

the coordinates of this point to be (m + aC, — 0> C being the 

same as 1/t Now as the point moves along the straight line further 
and further from the point (a, 6), t increases in absolute magnitude, 
its sign being positive for points moving in one direction and 
negative for those moving in another. So that, as the point moves 
further and further from (a, fc), its homogeneous coordinates take 
the form (m-f«C — C)> wheif: C is continually diminishing. 
These coordinates tend to the numbers (m, — Z, 0) as a limit. We 
say then that {m, —Z, 0) is the ‘point at infinity’ on the straight line 
Z(x— a) + m(y— 6) = 0. Note two things about this ‘point at infinity’. 
Firstly, its coordinates are independent of a and h ; secondly, we arrive 
at the same ‘ point at infinity ’ in whichever direction we proceed 
along the straight line. So that a straight line has only one ‘ point 
at infinity’, and a set of parallel straight lines have the same 
‘point at infinity’. Thus we may now say that parallel straight 
lines meet at a ‘ point at infinity ’ instead of saying, with Euclidean 
Geometry, that they do not meet. The equations m = 0, 

lx + ^ 0 have no common set of solutions, the equations 

Zf+mry-f = 0, Z^+mT]-f 0 have, however, the common set 
(m, -I, 0 ). 

We see that all points at infinity possess the common property 
( = 0. Now C = is a form of the equation Zf = 0, 

which is the general equation to a straight line. We say then 

that C = 0 is the equation to a straight line. We call it the 

‘straight line at infinity’. We wdll now arrive at ( ^ the 

equation of a straight line from other considerations. The equation 
A(Zf -f m)])4-nC = 0 represents for all values of ifc, other than zero, 
a straight line parallel to the straight line Ix + my 0. The 
intercepts made by this straight line on the axes of coordinates 
are ---n/ld and -‘filhn. Therefore as h diminishes, the straight line 
recedes further and further from the origin in one sense or other 
according to the sign of h Now as k diminishes the equation 
k{l^+mrj) + n^:=^ 0 tends to the form = 0, or, what is the same 
thing, < = 0. 

We see then that the equations of all straight lines, as these 
straight lines recede from the origin, tend to the same form ( = 0. 
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There is therefore in the plane one ‘line at infinity’, and all 
‘points at infinity’ lie on it. 

The homogeneous coordinates of a point dividing in the ratio X : 1, 
the distance between the points whose Cartesian coordinates are 
(^ 1 * (a' 2 >y 2 )» + + 1 + X). So that the ‘point 

at infinity’ on the straight line joining two points may be said 
to be the point dividing the distance between them in the ratio — 1. 
We may notice also that the ‘ point at infinity ’ on the straight 
line joining two points is the harmonic conjugate with respect to 
them of the middle point of the segment joining them. 

§ 6. Cases (ii) and (iii) redisoussed. 

We may now rosume the discussion of the intersection of straight 
lines with the locus x^ + i^xy + Zy^—2x—2y-\-l=0, in cases (ii) 
and (iii). 

Take the straight line x+y = 2, which previously we found to 
meet the locus in a single point, and use homogeneous coordinates. 
The equations of this line and the locus now become 

|+t,- 2C = 0 and ^2 + 46? + 3T,2-2fC-2r)C+C* = 0. 
Substituting 7) = 2(— f in the equation of the locus, we obtain 
(4^— 90C=0. This gives us 4^— 9^=0 or C = 0; combining 
these results with f+i? — 2^=0, we get the two sets of values 
(9, — 1, 4) and (1, — 1, 0). The former is the point whose Cartesian 
coordinates are (2^, — J), which we found before ; the latter is a 
‘ point at infinity ’. So that a; + y = 2 now meets the locus in two 
points, one of them a ‘ point at infinity ’. 

Take now the straight line x-k-y — 0, which appeared to have no 
points of intersections with the locus. Its equation in homogeneous 
coordinates is f + tj = 0. Substituting f = — r/ in the equation of the 
locus we obtain = 0 ; so that now this straight line meets the locus 
in two coincident ‘points at infinity ’, the point (1, — 1, 0) repeated. 

We now have a method of making all our' results general. For 
example, the properties which we have proved for a system of 
straight lines passing through an ordinary point will be true for 
a system of parallel straight lines ; for a system of parallel straight 
lines is a system of straight lines passing through a ‘ point at 
infinity’. We can in future deal with the nature of a locus at 
an infinite dbtance from the origin by making oUr equations homo- 
geneous, and considering the intersections of the locus with the 
straight line C = instead of entering upon an investigation of 
limiting values, 
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§ 6. The third coordinate C present some slight difficulty 
at first to the reader owing to the fact that no geometrical meaning 
in the Euclidean sense can be assigned to it. It is, however, 
impossible to dispense with it if we wish our scheme of Analytical 
Geometry to be ‘ Projective \ The Cartesian system of two co- 
ordinates is based on Euclidean notions, and is necessarily subject 
to their restrictions. It might be thought that we can avoid 
a third coordinate by the use of the symbol oo (infinity) ; that we 
might in fact represent the ‘point at infinity’ on the straight line 
lx+mt/+n = 0 by the coordinates (m oo, —Zoo). But while the two 
sets of homogeneous coordinates (i, — w, 0), ( — J, m, 0) define the 
same point, ( + ioo, —moo) and (— ioo, -fmoo) do not. And we 
cannot choose -f oo in preference to — oo. Our parallel straight 
lines would now meet in two points, not in one. Apart from this, 

‘ infinity ’ is not a number such as 1 , 2, 8, . . ., and it is undesirable 
to regard it as if it were, which we should be doing if we 
employed the symbol oo to represent a Cartesian coordinate. 
It is also undesirable to think of the ‘ straight line at infinity ’ except 
as C = 0. The equation 0 = 0, 0 being read as ‘ constant is some- 
times employed. This is open to the very obvious objection that 
the equation ‘(7=0’ habitually stands for the statement ‘ C is zero 
It is also open to the much more serious objection that ‘ C = 0 * 
does not discriminate between C = 0, = 0, ^ = 0, . . ., a discrimi- 

nation that it is occasionally extremely important to make. 

It is most desirable that the reader should understand clearly 
that ‘points at infinity’ and the ‘straight line at infinity’ are 
conventions of Analytical Geometry. They are not realities. 
Parallel straight lines do not actually meet They do not meet 
for all purposes of Mathematica In the Integral Calculus and the 
Theory of Infinite Series there are no ‘points at infinity’ and no 
‘ straight line at infinity ’. They are conventions of Analytical 
Geometry, and, what is more, of particular types of coordinates in 
Analytical Geometiy. There is no ‘straight line at infinity’ in 
Polar Coordinates. It is possible to dispense with ‘points at 
infinity’ and ‘the straight line at infinity’ altogether. We could 
prove without their use anything that we can prove with their 
use, but we should only be taking unnecessary trouble, and we 
should miss many of the beauties of Analytical Geometry. 

We have already said that ‘points at infinity’ are not real points 
in the Euclidean sense. They are not ‘ imaginary points ’ in the 
sense in which we have already annexed that term to indicate 
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a point to which we can assign definite, but complex numbers, for 
its coordinates. A ‘point at infinity’ may also be an ‘imaginary 
point ’ in the sense that its coordinates are complex numbers. The 
terms ‘ ideal points ’ and ‘ fictitious points ’ are sometimes used, but 
are not particularly satisfactory. Perhaps the simplest thing for 
the reader to do is to think of them as ‘points at infinity’ in 
inverted commas till he is sufiiciently familiar with them to think 
of them as ‘ points ’ without confusion with real Euclidean points. 

The notation ?), ^ has been used for homogeneous coordinates 
to avoid, at their first introduction, any possible confusion with 
the X and y of the Cartesian coordinates that might arise from 
calling them x, y, and z. But x, y, and z are the symbols used 
in English writings for general trilinear coordinates, of which 
our homogeneous coordinates can be considered to be a special case ; 
and X, y, z are generally employed for all types of homogeneous 
point coordinates. A very little experience will enable the reader 
to use X, y, z without confusion with x and y. 
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§ 1. Definition. A circle is the locus of a point which moves so that 
its distance from a fixed point is constant : the fixed point is called 
the centre and the constant length is called the radius. 

(A.) To show that the equation 

ax^ + 2hTy + ht/‘^+2gx+2fff + c= 0 (i) 

in rectangular coordinates does under certain conditions represent 
a circle, and to find the conditions. 

Let C (a, /3) be a fixed point ; then any straight line through (a, /3) 


is 


X-Ol 


cos 0 


y-P 

sin 6 ' 


(ii) 


where r is the distance of a point (x, y) on the line from the fixed 
point C. 

Suppose that this line meets the locus represented by (i) in two 
points P and Q. 

Then, if r is put equal to either CP or CQ, the point {x, y) must be 
on the locus (i). 

Thus, if r is equal to either CP or CQ, the coordinates of the point 
{r cosd + a, r sin d + /8} 

satisfy equation (i). Hence, substituting, we find 

{o cos^d + 2h cos d sin d + 6 sin*d} 

+ 2r{(a(X + (/) cos d + {^a + b/3+/) sin d} 

+ a'X^-h2hoc^ + b/3^ + 2go( + 2/fi+c = 0. (iii) 

This equation is quadratic in r, and its roots are the lengths of CP 
and CQ. 

The equation (i) can represent a circle, if we can show that the 
point C (a, /3) can, subject to certain relations between the constants 
of this e<^uation, be selected so that as the line revolves about C 
(i. e. as d varies) : 

(a) the values of CP, CQ shall be always equal and opposite 

(b) these values shall be independent of d. 

The locus will then be a circle whose centre is C, 
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The first condition (a) is fulfilled if (or, /3) is chosen so that 
aa+*j3+p = 0) 

»a+6;3+/=0r 

for in this case the equation (iii) will be of the form 


(iv) 


Let a, ^ have the values given by these equations ; we then have 


OP2 = Cga = r* 


aoc‘ + 2h(X^ + +2^ar+2/^+c 
a cos® d+ 2 h sin 0 cos O+b sin® 0 ’ 


(V) 


The second condition (b) then requires that 

a cos* d + 2 A sin 0 cos 0 +-b sin® 0 

shall be independent of 0. This is so in one and one case only. 

Let aco8®d + 2haindcosd + 5 8in®d = it 

= k (cos® 0 + sin® 0) 

where k is independent of 0 ; then (b—k) tan®d + 2^ tand + a— ifc = 0 
for all values of tan d ; hence b = k, h — 0, and a — k, or a = 6 
and A = 0. 

Hence the general equation of the second degree represents a circle 
when a = b and A = 0, and in this case only. 

Put b = a and h = 0 in equation (iv). 

Hence a = — /3 = — -> 

o a 

i. e. the centre of tbe circle is T — - 

V o a' 

Prom equation (v) we find the value of the square of the 
radius. 

Thus, putting b = a and b = 0, and substituting the values of 

or and 3 just found, r® = + — , — 

o® o® o 

We thus conclude that the equation of the second degree repre- 
sents a circle when it is of the form a(x^-^y^ + 2gx-\-2fy-\-c = 0, 

and that its centre is the point ” ^). and its radius is 


a 

If the equation is divided throughout by a, it becomes 
a;Hy® + 2^rc+2^y+ - = 0; 

Qt d d 
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or, writing tfi, /i, andci for 

add 

x^+y^ + 2giX+2fiy + Ci=0,\ 

which can be written V (vi) 

(a; + (y +/i)* = ' 

where {—gi, — /i) is the centre and 9i^+/i^—Ci the radius. 

Note i. If tbie quantity (^4-/*-ac) is negative the radius is imaginary, 
and the equation does not represent a real circle. 

Note ii. If r is the radius and the centre is at the origin the equation 
becomes + which is the simplest form of the equation of a circle. 

(B.) Conversely, if the centre and radius of the circle are given we 
can write down an equation which is always satisfied by the co- 
ordinates of any point on its circumference. 

For let C (ex, /3) be the centre and r the radius, and suppose P (rr, y) 
to be any point on the circle. 

By the definition 
CP2 = 

i. e. (x— (y - /3)2 = r®, 
which corresponds with the form (vi) 
found above. 

This equation is evidently the 
general equation of a circle, for the 
centre and radius have been chosen in 
general. By comparing this equation 
with the general equation of the second 
degree, we see that a = 6 and A = 0. 

The discussion in (A) is given for two reasons: (i) it helps to 
prepare the way for a more general analysis of the general equation ; 

(ii) the second method is not always convincing to the student. 

Note. We have used rectangular coordinates : it is rarely necessary to 
use oblique coordinates in work on the circle. If in (B) the axes of 
coordinates were inclined at an angle o), the equation would be 
(a:-(X)® + (y— ^)* + 2(a:-a) (y-|3) cosco = r®, 
so that the more general conditions for a circle referred to* any axes are 
a b and h ss a cos o). 

Examples V a. 

1. Find the centre and radius of each of the following circles: — 

(i) + + l = 0; 

(ii) ** 0 ; 

(iii) (x + a)® + (y + 6)® «= c® ; 

(iv) 12a:» + l2y®-12a?-8y + 8 = 0; 




128 


THE CIRCLE 


(v) (a?-a)(a?-2a)4-ff/-6)(y~22)) = 0; 

(?i) 7it?* + 7y^-3a?-2y-3 = 0. 

2. Write down the equations of the circles whose centres and radii are 

(i) (8, 4), 5 units, 

(ii) (-2, 3), 1 unit, 

(iii) (2 cos d, 2 sin d), 2 units, 

(iv) (0, 1|), 1 unit, 

(v) (0, 0), a. 

Find the real points where they cut the line x — y, 

3. Draw the following circles and note any special points on them : — 

(i) + + = 0; 

(ii) x^^y'^ — ^x == 0 ; 

(iii) (a:-l)(a:-2)-f (y-*3)(^~4) = 0; 

(iv) 57*4- i/*~2a;-4 = 0 ; 

(v) 4a?® + 4y^ + 12a:~8y = 11. 

4. Find the equation of a circle whose centre is (-1, -3) and radius 
2 units; when the axes are inclined at (a) GO'’, (b) 120°, (c) 45°. 

5. If + + y^~8a7-72/4-6 = 0 represents a circle, find the angle 

between the coordinate axes, and the centre and the radius of the circle. 

6. In Question 3 put each of the equations (i), (ii), and (iii) into the form 
(a?-CX)*4-(y~i3)^ ^ r®. 

7. Show that the equation of the circle a?® + y** = is unaltered if the 
axes are turned through any angle d, 

8. Write down the equations of the circles given in Question 1 when the 
axes are changed to any pair of rectangular axes through their centres. 

§ 8. The general equation of the circle 

+ 2^x + 2/^ + c = 0 

contains fhree independent constants, fy and r. 

A circle can therefore be drawn to satisfy three conditions, if these 
conditions give equations from which g, /, and c may be found. 
Thus we may be given 

(a) The two coordinates of the centre and the radius. 

(b) Two points on the circle and its radius. 

(c) Three points on the circle. 

On the other hand, we see that a circle cannot be made to satisfy 
more than three conditions : for example, a circle will not in general 
pass through four given points. 

Example i. To find the equation of a circle which passes through the 
points (2, 3), (6, — 1) and whose radius is 4 units. 

The equation will be of the form 

(a:-(X)* + (y-/3)»«16, 


where ((X, /3) is its centre. 
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The conditions that the given points ma}' lie on it arc 
(2-a)H(3-3j== 16, 

(6-a)» + {l+(S)' = 16; 

or 0} + $^- 4a-6^= 3, 

a> + ^a_12o£ + 2^= -21. 

by subtraction 80c — 83=24, 

or oc- 3= 3. 

Hence oc — 2 = (3 + l): 

by substitution (3 + 1)^ 4 (3 — 3)' = 16, 

or 23»-43-6 = 0, 

i.e. 3'-23-3 = 0. 

3 = “ 1 or 3 and CX = 2 or 6. 

There are consequently two circles which satisfy the given conditions, 

viz.: (a:-2j»4-(y4-l)'= 16, 

(a:-6)'4-(y-3)' = 16. 


Example ii. 'I’o find the equation of the circle 2>assinq through the 
three points (xj, ^i), (x.,, yf, (.rg, y^. 

Suppose tlie equation of the circle is 

+ ~ 0. (i) 

The conditions that the three points should lie on this circle are 


'Jyx'i + 2/yi + c 4- Xi' 4- yC" = 

tii) 

2yx, 4- 2/y, 4- c + Xj' 4- y/ = 0, 

(iii) 

2yxj4'2/y3 4-<!4-X3'4-y3* = 0. 

(iv) 


These three equations give the values of //,/, and c, provided that they are 
independent. 

We fail to obtain definite values of ,( 7 ,/and c if 

•^1 Vx 1 

= 0 , 

i. e. if the three given points lie on a straight line. Hence, in order that 
the circle may be finite the three given points must not be colUnear. 

The equation of the required circle can be expressed in determinant 
notation by eliminating /j and c from equations (i), (ii), (iii), and (iv) ; for 
equation (ij is satisfied (by hypothesis) by the coordinates of all points on 
the required circle. Thus, 

a?* -fy® X y 1 

Xi' + y,' Xi 2/i 1 

x,'4-y,* Xj y, I 

y« 1 

is the equation of the circle thi-ough the points {x^, yj, (x ^ , ^ 2 )* (^«» 

1267 


I 
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E sample iii. Two variable straight Ihies are at right angles and are 
such that the middle points of their intercepts on tJw axes are fixed. 

Find the locus of their point of intersection. 

Let the fixed mid-points of the intercepts be A{h, 0), 5(0, k). Suppose P 

is the point (^, rj) : any two perpen- 
dicular lines through this point have 
equations of the form 

(y - 7 ) -f »!(«-{) = 0, 
mUj-t])- (a:-|)=0. 

These meet the axis of x in the 
points 

{s-'H-j.o), 

and the axis of y in the points 

1 - 

— mr) 2hf 

I - ^ = 2k-, 
m 

) = 2 fc- 27 ; 
m / 

Vr]{2k--2ri) = 0 , 

and (f, 1 ;) always satisfies the equation 

—hx — ky ^ 0 , 

which is a circle whose centre is {\h, \k) and radius + i.e. the 

circle on -40 as diameter ; for its centre is the mid-point of AB and its radius 
is ^ AB. 

Example iv. To find the equation of the circle circumscribing the 
triangle whose sides are 

= 0 , 

= 0 , 

kx + m^y + l = 0. 

Consider the equation 

A {l^x -f m^y + 1) tn^y -f 1) + 0(^8a? + m^y + 1) {liX -f mjy -f 1) 

+ C(^ja; + miyf l)(/ 2 a? + mji/-l-l) == 0 , 

where A, B, and C are arbitrary constants. 

The coordinates of any points which satisfy the equations of any two of 
the sriven lines also satisfy this equation : this equation therefore represents 



thus 


therefore 


2t] + mi 

|(2A-2£)h 
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some locus passing through the vertices of the given triangle : this locus is 
a circle, provided that 

(i) the coefficients of a?* and are equal, 

(ii) the coefficient of xy is zero. 

Thus + = 0, 

+ j5(^3mi + /jiM8) + 0(/iW2 + ?2Wii) = 0. 

Cross multiplying to find the ratios^ : B: C, we have -4,-0, C proportional to 

and two symmetrical expressions. 

Hence the equation of the circumcircle is 
-f m^) (?8 w^a ~ ^a^^s) + ^"22/+ 1) 

+ (V + "*a*) (^^8 - ^s^i) ih^ + + 1) ih^ + 

+ (?3* + m3^) (^aWi — 7iW2)(/ia? + mjy + 1) (/aic + mjy + l) = 0. 


Examples V b. 

1. Find the equations of circles whose centres are ( — 6, 5), (3, —4) and 
which pass through the point (0, 1). 

2. Show that the points (4, 3), (8, -3), (4|, 2f) cannot lie on a circle. 

3. Show that the circle whose centre is (a, h) and which passes through 
the point (0, b) also passes through the point (2a, h). 

4. Show that the point (7, — 6) lies on the circle a?® -f y* — fix + 4y — 12 = 0, 
and find the coordinates of the other end of the diameter through this 
point. 

Show also that the points (5 cos d + 3, 5 sin d — 2}, {5 sin d + 3, 5 cos d- 2} 
lie on this circle whatever value 6 may have. 

5. Find the equation of the circle which passes through the points (1, 5), 
(4, 6), (5, 3). What is its radius ? Where does the line a? = 2 cut it ? Also 
the line a? — y = 0 ? 

6. Find an equation giving the abscissae of the points of intersection of 
the circle rc® + y* + 2ya; + 2/y + c == 0, and the x-axis. 

Hence find the general form of the equation of a circle which passes 
through the points (a, Oj, ( - a, 0). 

7. Find the condition that a circle represented by the geneml equation 
should meet the axis of y in coincident points. 

8. Find the equation of a circle which passes through the origin and cuts 
off lengths a and b from the axes. 

9. Find the equation of the circle of which the join of (a, 0), ( — a, 0) is 
a diameter. 

10. Show that the four points (2, 2), (5, 3), (6, 0), (3, -1) lie on a circle, 
and find its centre and radius. 

11. Prove that points whose coordinates are of the form 

{h-¥a cos d, A; -f a sin 6} 

lie on a circle for all values of and find its equation, centre, and radius. 

I 2 
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12. What is the locus of the points of intersection of the lines 
a; cos sin 6 « «\/2, a: sin ycos^ = 
where ^ is a variable constant ? 

IB, At what points does the line a? — 3y-f 5 = 0 cut the circle 
a?® + 2^®~4a:~8y+ 15 *= 0? 

Find the length of the intercept made on the line bj the circle. 

14. Find the locus of a point whose distance from (a, 0) is double its 
distance from ( — a, 0). 

Where does the locus cut the axis of a:? 

15. The join of the points (2, 8), (-1, 2) subtends a right angle at P. 
Find the equation of the locus of P. 

16. Find the equation to the circle whose centre is (-6, -8) and whose 
radius is 5 ; determine whether the origin lies inside or outside the circle. 

Find the coordinates of the extremities of that diameter which passes 
through the origin. 

17. Find the equation of the circle circumscribing the triangle whose 

sides are a? + 2y = 0, 

a;-3y + 1 = 0, 

3a; + </-5 = 0. 

18. Find the condition that the point dividing the join of the points 

(2, 5), (3, —4) in the ratio 1 : 1 should lie on the circle = 9. 

Deduce the ratios into which this line is divided by the circle. 

19. A point P moves in a plane so that its distance from -4, the point of 
intersection of a?~2y-4 = 0, 7a:+lly--3==0, is a mean proportional 
between OA and PiV, 0 being the origin, PxV the perpendicular distance 
of P from the first line. Prove that Plies on one or other of two fixed circles. 

20. A circle passes through two points on the axis of x whose distances 
from the origin are c*/a, and through two points on the y-axis whose 
distances from the oiigin are 5, c^/h. Find its equation. 

21. Find the equation of the line joining the centres of the circles which 
pass respectively through the points (2, 1), (3, -2), (4, -3), and (4, 6), 
(4, -4), (1, 5). 

22. Find the coordinates of the centre and the mdius of 

8a;* + 8y* + 24a? — 8y + 15 = 0. 

Find also the coordinates of the point on the circle furthest from the 
origin. 

Determine the length intercepted by the circle on the line 2ir-y-f 3 = 0. 

23. Write down the equations of circles which satisfy the conditions : — 

(i) centre (a, 5), and passing through k)^ 

(ii) radius r, and touching the ar-axis at (a, 0), 

(iii) radius i*, and touching the coordinate axes. 

24. Prove analytically that if any circle cuts the axes of coordinates at 
FQ and PQ' respectively, then OP, OQ^ OP ,OQ\ 

25. Find the equation of the circle through the points (a, 0), (/3, 0), 
(0,a), ( 0 , 18 ). 
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26. Find the locus of the centres of circles which pass through the points 
(3,2), (5,4). 

27. P is a point in the plane of an equilateral triangle ABC such that 
PA^ = PP* 4- PC^ Find the locus of P. 

28. Show that a circle can be drawn to pass through the origin and the 
points (1, ~3), (2, -4), (5, 5), and find its equation. 

29. Find the condition that the circle circumscribing the triangle whose 
sides are a? = a, y == 5, Ix-k^my — 1 should pass through the origin. 

30. A BCD are four concyclic points and P is any other point ; prove that 

PA^ ABCD + PC\ AABI)r=.PB\ A ACD^PDK A ABC. 

§ 4. Every straight line meets a circle in two points whose 
coordinates are obtained by solving simultaneously the equations of 
the line and circle : these two points may be (i) real and dfstinct. 

(ii) coincident, (iii) imaginary. 

Definitions. 

(i) When a straight line meets a curve in two real and distinct 
points, the join of these points is 
called a chord. 

(ii) In the particular case when 
the points of intersection are coin- 
cident, the line joining them is called 
a tangent to the curve at the point. 

This point is the 'point of contact'. 

(iii) A straight line through the 
point of contact perpendicular to 
the tangent is called the normal to 
the curve at this point. Such a straight line cuts the curve at right 
angles or orthogonally. 

(iv) If tangents are drawn at two points P and Q meeting at P, then 
PQ is called the * chord of contact ' of the tangents from T to the curve. 

Let P(^i, ^i), be two 

points on a circle. 

Draw Pilf, QN perpendicular to 
Ox and QL perpendicular to PM. 

Then PL = y^-y^, 

and if PQ makes an angle Q with 
the axis of x 
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Let the equation of the circle be 

■\-2gx-\r2Jy-^c = 0 . 

Then, since the two points P, Q lie on it, 

• a;i2+^i2+2pa:i + 2/yj + c = 0, 

2 gx^ + 2/^2 + c = 0. 

Subtracting, we get 

{Xi - x.^ {Xi + X2 + 2g) + {yi-y2){yi + y2 + 2/) = 0. 

Hence the direction of the chord can be otherwise expressed, thus 

i.„« = .*!rsL. = _?i±a±|». (i, 

^1-^2 ;/i +2/2 + 2/ 

Now as the point Q approaches P, i. e. as and ^2 approach the 
values Xi and yx respectively, the fraction ^ 2 ) approaches 

a limit. The chord PQ then becomes ultimately, by our definition, 
the tangent at P. The value of this limit can be found by putting 
X 2 = Xj and 1/2 = 2/1 (0 f thus we see that the direction of the 

tangent at P(Xx, ^i) is given by 

tan 0 = — (ii) 

2 / 1 +/ 

The equation of the chord PQ can be written down at once as the 
equation of the straight line joining the points (Xi, ( 0 ^ 2 » 2 / 2 ) > since, 
however, the tangent is defined as a special case of a chord, it is a 
logical demand that the equation of the chord joining two points 
should be found in such a form that the equation of a tangent can 
be deduced by making the points coincident algebraically. 

Equation of the chord joining two points (xxj 2/i)» (^2 > 2 / 2 ) circle 

We can now obtain the equation of the chord in a form sym- 
metrical with respect to the two points, for the mid-point of the 
chord is {H^i + ^ 2 )j v ( 2 / 1 + 2 / 2 )}? consequently the chord is 

a straight line passing through this point whose direction is given 
by equation (i) above : thus the equation is 

{x-^{Xi-\-x^} (xi-^X2 + 2g)+ (y-Myi+2^2)}{2'i+y2 + 2/)} = 0. (iii) 

Now let us call the coordinates of the middle point A of the 
chord PQ (f, rj), then f + v = i (j/i+ifi ) ; we then see that 

the equation of the chord PQ can be expressed in terms of its mid- 
point ; for substituting in equation (iii) we obtain 

(f+ 5') + (y-n) (»?+/) = 0 (iv) 

as the equation of the chord whose mid-point is (^, r;). 
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We can discover at once from this equation several properties 
of a chord. 

(i) The centre of the circle is C(— — /) ; hence the equation of the 
line joining the centre to the mid-point A (f, tj) of the chord is 

y-y \ 

^■^9 »J+7' 

Now this line is perpendicular to the chord (iv). 

Hence the straight line joining the centre of a circle to the mid-point of 
a chord is perpendicular to the chord. 

(ii) Suppose the chord to be one of a system of chords parallel 
to some straight line 

y = mx. (i) 

The straight line 
is parallel to (i), so that 

(^+ 5) + »»(»?+/) = 0. 

Hence the mid-point of any such chord lies on the line 
(a:-f5)-|-w(y+/)= 0, 

which passes through the centre (— y, —f) and is perpendicular to 
the line y = mx. 

Hence the middle points of all parallel chords of a circle lie on a 
straight line through the centre of the circle perpendicular to the chords. 

(iii) Again, if the chord 

(a; - f ) (f + ^) + (y- ’J) (»» +/) = 0 
passes through a fixed point {h, Jc), we have 

(*-a(f+p)+(*-^)0i+/) = o, 

or + 0. 

Hence the mid-point of any chord which passes through the point 
(h, k) lies on the locus 

x^+y^-x{h—g)—y(k-f)-hg-fk = 0. 

This is a circle whose centre is the point ^ {h—g), ^ (it—/), i. e. the 
point midway between the given fixed point (A, k) and the centre of 
the given circle {~g, —f) : that the two points (/i, k), (—3, —f) lie on 
this circle is evident from the form 

(ft-a:)(a;-+ 3 ) + (A:-y)(y-l-/) =0. 

Hence ‘ the locus of the middle points of all chords of a circle which pass 
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through a fixed point is a circle on the straight line joining the fixed point 
and the centre of the given circle as diameter \ 

(iv) The constant term c of the equation of the circle does not 
occur in the equation of a chord whose mid-point (f, rj) is given : we 
conclude from this that ^ all concentric circles have the same chord 
corresponding to a given midpoint \ 

Note i. The reader should prove these and similar results in the simple 
case when the origin is taken as centre of the circle. The equation of the 
circle is then 

and the equation of the chord whose mid-point is (^, /?) is 

or + 1 ;®. 

Note ii. If the equation of the circle is given in the form 

the equation of the chord whose mid-point is (|, >;) is 

Tht equation of the tangent at the point (a*i, to the circle 

+ = 0 . 

The equation of the chord joining the points (.Tj, on 

the circle is 

(x - + + 2 gr) d- (y - ilh + 2/2 + 2 /) = 0. 

Hence, putting = Xi and Vxi the equation of the tangent 
becomes 

(x-x^) [x^ -f y) + {y - y^) {y^ +/) = 0 , 
or x{xiJrg)-¥y (j/i +/) = + y ,2 + gx^ ^fy^ . 

But x^^-i-y^ + 2 gxi + ^fy^ -p c = 0 since the point lies on the circle ; 
hence the equation can be written 

a:(«i+g')+2/(yi+/)+pa:i+/2/i + c = 0. 

Note i. For the circle = r® this becomes xx^^-yy^^ — 

Note li. In connexion with the general equation 

ax^ •\'2hxy ■k'2gx ’^2fy c = 0 
we adopted in Chapter III the notation 

X= X' = aa?' -f- 

T^hx + hy+f T'^hx'-^ by' -f f 
Z = gx +fy + Cy Z'= gx' -^-fy + c. 
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For the circle 0 

we have a = & = 1 and 7^ *= 0 ; 

so that the equation of the tangent at the point {x\ y') can be written 

a;X'-ft/r4-Z'=0, 

or x^X+y'Y-\-Z^0. 

This form should be remembered ; it will be shown later on to be true for 
the general equation. 

Note iii. The equation of the tangent at {x^, y^) can also be written 
[x+g) (*, +g) + (y +/) (y, +f)=g- +/’ - c, 
where is the square of the radius. 

Thus if the equation of a circle is given in the form 

the tangent at y^ is 

{x-Ol) (rri~0() + (f/-i3) == >-2. 

Definition. The angle leitveen a straight line and the tangent at the 
point where it cuts a circle is called the angle at which the straight line 
cuts the circle. 

Ex. To find the angle at which the straight line 7.r + w?y + n = 0 cuts 
the circle + 2 fyJrc = 0. 

Let (a?i, y^ be a point of intersection of the line and circle. 

The tangent at (x ^ , y^ is 

a:(xi+y)+y(yi+/) + yx,+/yi + c = 0, 
hence, if 6 is the angle required, 

tan^ = ^vlg) - - 4 k> i/) 

Now ^f„(^Xi+g)~l{g^-{-f)}*+{l{Xi + g) + m fy, +/) ] ’ 

= (P + m‘){ (a-i +gy + (yj +/)*} 

because x,® + y,^ 4 2 gx^ 4 2/yi 4 c = 0. 

Also m (yi 4/) 4 i (x, 4 y) = /Xj 4 my^ 4 4 mf =lg + nif- n, 

since {x^, yj lies on lx + my + n=0. 

Thus tand = 4 

Ig + mf-n 

(^ 1 » yi) can be either of the points of intersection, it follows that the 
straight line cuts the circle at the same angle at both points of intersection, 
or ‘tangents are equally inclined to the chord of contact*. 
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If P ia the point of intersection and ON the perpendicular from the 
centre 0 to the line, OP ia perpendicular to the 
tangent and the result can be more easily obtained 
from the fact that 

m ^OF^-ON^ 

ON 

where OP is the radius. 



tand = 


ON 


The equation of the chord of contact of tangents which meet at a 
point (i, v)- 





T(fn), 


Let the points of contact of the tangents be P(a;j, and Q(x 2 ,gi)t 

and let these tangents meet at T(^, v)- 
If the equation of the circle is 
x^+g^ + 2gx+2fg+c = 0, 

' the equations of the tangents are 
{x + g) (ari ■\-g)-\r{y +/) {yi +/) = p* +/* - e 
and 

{x + g) {X2 ■i-9) + {y +/) (3^2 +/) = P* +/2 - c , 
and since these pass through T we have the conditions 

(f+P)(«i+P) + (»?+/)(Pi+/) = 

(f + 9) (a’a + P) + (q +/) (Pa +/) = 9^ +P-c)' 

But these are also the conditions that {x^, pj), {x^, yf) should be on 
the straight line 

(f +P) (« +P) + (P +/) (P +/) = p2 +/2 -c ; 
hence this must be the equation of the straight line PQ. 

The equation of the chord of contact of tangents which meet 
at the point (f, tj) is therefore 


(«+p)(f+p)+(p+/)(n+/) = p^+Z'^-c- 
It should be noted that this is exactly the same form as that 
of the tangent at a point (^, v) on the circle, viz. xX' + y¥' + Z' = 0. 
The symmetry of the result leads to the following proposition : — 


If the chord of contact of tangents from a point T passes through 
a point T', then the chord oj contact of tangent from T' will pass 
through T. 

For let T be the point (f, 17 ) and T' be the point (f', rj') ; the chord 
of contact of tangents from T is 

(®+P)(f +p)+(p+/) {g+f) = 9^+P-c, (i) 
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and the chord of contact of tangents from T' is 

(« + 9) (^' + 9) + {y +/) {n'+f) = g^-irp-c. (ii) 

The conditions that T should lie on (ii) and that T' should lie 
on (i) are identical, viz. 

(f+l/)(f+p) + (»?+/) (»)'+/) = g^^P-c. 

We shall discuss these equations more fully later in the chapter. 

To find the coordinates of the point of intersection of tangents to 
the circle x^+g^+2gx + 2fy + c = 0 at its points of intersection with 
lx-{-my-\-n = 0. 

Let (f, »?) be the point of intersection ; then the chord of contact 
of tangents from (f, r)) to the circle 

ii^(i+9)+y{V+f)+9i+fv + c = 0 

must be identical with Ix-tmy + n ^ 0. 

Thus i+9 _'n+f_ 9i+fv + C ' 

I m n 

The coordinates of the point are therefore 

\ l{9^-i-p-c) _ m{g^-irp-c) _ .} 

\lg-^mf—n Ig+mf—n ) 


To find the length of the tangent from any point (^, tj) to the circle 
x^+y^ + 2gx + 2fy + c = 0. 

Let (iTj, ^i) be the point of contact of the tangent ; this lies on the 
chord of contact of tangents from (^, rj), viz. 

^«(^+S')+y(»J+/) + Pf+/’? + c = 0; 

hence (f+S')+yi (n+/) + </f+/’) + c = 0. 

Now (length of tangent)^ 

= (f-«i)^ + (n-yi)* 

= €^ + rt^-2xii-2y^i\ + Xi^+yi^ 

= ^ + ri^-2xi$-2yi7i-2gxi-2fyi-c 

[since («!, yi) lies on the circle] 
= f*+T)*-2a!,(f+fli)-2yi(T)+/)-c 

= f* + »l* + 2«/f+2/Tj + c 

[since {Xy, yi) lies on the chord of contact]. 
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Note i. If TP is the tangent and 0 the centre of the circle, then, since 
OP is perpendicular to PT, PT* = OT* - OP* 

== 5^ + »;^ + 2^^ + 2/7-f c. 


Note li. The square of the length of the tangent from T to a circle 

x^-hy- + 2gx-h 2/g + c = 0, 
is obtained by substituting the coordinates of 
Tin 

0?^ + + 2^ar + 2/y 4- c. 

Hence, if T is outside the circle the result of 
this substitution is positive, if on the circle zero, 
if inside the circle negative, the tangent being 
then imaginary. 

This agrees with the condition 

TO^ >, =, or < (radius)^ 



TJie equation of tlie normal at the point y^) to the chxle 

x'^ + if-\-2gx-\-^fy + c = 0. 

The tangent at (a;,, y;) is 

+ i)') +2/ (^1 +f)+9h +J?h + c = 0, 

and the normal is the line tlu’ough (a^j, yj) perpendicular to this, viz. 

(,r - a-i) (yi +/) - (y - yj) (a^^ + y) = 0, 
which is the equation of the straight line joining the points [x^ 
and(-y, -/). 

Hence the normal at any point of a circle passes through the 
centre, i. e. is a radius ; and conversely all radii cut the circle 
orthogonally. Hence, also, the join of the centre to the point of 
contact is perpendicular to the tangent ; or, in other words, the per- 
pendicular from the centre on a tangent is equal to the radius. 

We have endeavoured so to discuss these preliminary equations 
as to discover naturally by analytical methods the well-known 
properties of tangents and chords of a circle : the object of this 
is to create in the mind of the reader, if possible, a feeling of 
confidence in the analytical method. 

The work can obviously be simplified by assuming these well- 
known properties (see notes appended above), but if this is done 
no opportunity occurs of exhibiting in a simple manner the certainty 
and directness of analysis. When solving problems the student 
should take the simplest form of the equation of the circle which is 
allowable under the given conditions. 
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Illustrative Examples. 

1. To find the condition that the line lX’\-my + n^O should touch 
the circle 

The perpendicular from the centre -/) on the line is equal to the 
radius 

Thus {Ig + w/— n)^ = + m^) (^* +/* — c). 


II. To find the equations of ta/ngents to the circle 
x^-ry^-^2gx-\-2fy-\-c^ 0 
which are parallel to the line Ix + my 1. 

If {xiy ^j) is the point of contact, then, since the tangent is a line 
through this point which by hypothesis is parallel to lx + mg =1, its equation 

lixc-x^) + m(g-g^) = 0. (i) 

But the perpendicular on this from the centre {-g, — /) is equal to the 
radius 


Hence 


l{g + Xi) + m(f+gy) 




or /iCi + myi= + + ^/g^^-f^-c-ilg-^mf ) ; 

and substituting in (i) we obtain 

l(a? + </) + m(y+/) = + a/FTm^ 
as the required equation. 

There are then two tangents to a circle i)arallel to any given line. 

Note. If the line is given in the form arcosCX + ysin = 0, the 
equation of the parallel tangents follows more simply, viz. 

(x + g) cos 0( + (y 4-/) sin a — ± vV* ~ 


III. 2b find the equation oj the circle touching the line 


4a?-b2^+3a\/6 = 0, 


and cutting off equal chords, each of 
length a, from the portions of the 
coordinate axes between this line and 
the origin. 

The straight line 

ABy 4ar + 2y + 3a\/5 = 0 
cuts the axes at points whose coordi- 
nates are negative ; hence the centre 
of the circle lying inside the triangle 
OAB has negative coordinates. 

If the circle is 

+ 2ya? + 2/y + c = 0, 
the values of g and / are consequently 
positive. 
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This circle cuts the a;-axis at points whose abscissae are given by 

x^-h2^a: + c = 0 . 

If these are and a ?2 1 then by hypothesis 

X1—X2 = a. 

Hence = a*. 

Similarly for the y-axis a®. 

Hence 

and since both are positive 9= 

Expressing the fact that the perpendicular ftrom the centre -/) is 
equal to the radius, we have 

(4^ + 2/- 3« = 20 ig^ +/» - c). 

Since (f/=/and c 

we have (6^ — 3a\/5)* = 20^* + 5a^ 

i.e. 16^® — 36^a + 40a* = 0, 

or 4^^~9^a \/5 + 10a® = 0 ; 

^ = }\/5a or 2a\/5. 

The centre is therefore ( ~ \ \/5 a, ~ J \/5 a), 
for the point ( — 2a-v/5, — 2a>v/5) lies outside the triangle OAB, 

Hence c = 

and the required equation is 

+ + + + = 0, 

or 16(a:®-f y®) + 8 v^5a(a? + y) + a® = 0. 


IV. Investigate the condition that from the point P (a, 1^) on the circle 
x(x--Oi)+y{g--l3)z=iO it may he possible to draw two chords each 
bisected by the axis of x, and show that the angle between them is 


tan ^ 


Va2-8|82 


Let A((, 0) be the mid-point of a chord PQ of the circle 



x^ + y^-(Xx-^y = 0 . 

The equation of this chord is 

(i-ia)+i(y^) = 0. 

This passes through the point (0(, /3) if 

i.e. |’-t{a + i(a»+/3*) = 0, 
which equation gives the values of (. 
These values are real if 

Ja»>20(* + 2|8*, 


i.e. if Oi’ >80’, which is the required condition. 
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If {j, are the roots of the equation, 

The equations of the two chords PQ, PQ' are then 

thus the angle between them 

2ft-« _ 2$,-ot 

_ tan-> ^ ^ 

1 + - 

_ tan-‘ 

" 4f,|,-2(X«j + f,) + a* + /3' 


3^ 


since li + ^s = i(30() 

and + 


Examples V c. 

1. Find the equation of the chord of the circle y'^-f 6a: + 8y + 0 = 0, 
whose mid-point ie ( — 2, —3). 

2. Write down the equations of the tangents at the point ( — 2, 4) to the 

circles (i) a?* + y*^ 4 4x - lOy + 28 == 0 ; 

(ii) (a;-ir4-(y-5)*-10; 

(iii) (x 4 5)^ 4- y^ = 25. 

3. Find the equation of the tangent to the circle a:- + y* = 4 which is 
perpendicular to 3a7 + 4y = 5. 

4. Show that the line 3a?4-4y 4-10 = 0 touches the circle 

a;*4-y* — 2a? + 4y4-4«=0. 

Find the point of contact and the equation of the other tangent parallel 
to this. 

5. Is the point (5, —6) inside or outside the circle 

a7*4-y'^ — 2y — 11a? — 24 = 0? 

Show that the point (1, 2) lies inside the circle, and find the equation of 
the chord of which it is the middle point. 

6. Find the coordinates of the point of intersection of tangents at the 
points where a: + 4y « 14 meets the circle a:^4-y^-3a?4-2y = 5. 

7. Prove that the point (3, 4) lies outside the circle 

2a?H2y* + 12a?-9y » 1, 

and find the lengths of the tangents from it to the circle. 

Show that their points of contact lie on the circle 
a:*4-y’-6a:-8y4- 0, 
and on the straight line 24a?4- 7y-2 »= 0. 
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8. Find from the definition of a tangent as the limit of a chord the 

equation of the tangent at (2, 5) to == 29. 

9. Show that + = 0 touches + 2 = 0. 

Find the equations of the tangents to the circle which are perpendicular 
to the given one. 

10. The point (2, 3) is the mid-point of the chord of a circle and the 
equation of the chord is 5a?-f 2y = 16. Find the locus of the centres of such 
circles. 

11. Find the equation of the circle inscribed in the triangle 3a? + 4y = 12, 
a? = 0, y = 0, Also of the circle escribed to the first side. 

12. Prove that the line (a:- l)cos^ + (i/-2) sin^ = 3 touches the circle 
(»-l)’* + (y— 2)* = 9 whatever value B may have. 

Find the coordinates of the point of contact. 

13. Show that the lengths of the tangents from any point on the sti-aight 
line x — y + l = 0 to the circles 

ic* 4- + 7a; ~ 9y + 6 = 0, 4- -- 5.r 3y — 6 = 0 

are equal. 

14. A point moves so that the lengths of the tangents from it to the 
circles a;^4-y^4-6a;— 4y = 12, a;^4-y^~4a?— 4y 4 5 =0 are equal. Find the 
equation of its locus. 

Find also the equation of the line joining the centres of the circles and 
show that the locus cuts it orthogonally. 

15. Find the equations of tangents to the circle (a;- 1)^4 (y-2)* = 4, 
which make an angle tan”^ f with the axis of x. 

16. Find the locus of a point P which moves so that 4 FT constant, 
where FT and FT' are tangents from it to two given circles. 

Also when F'T^-FT '^ = constant, and in general when 
P Pr* 4 m . PP' 2 constant. 

17. A point F moves in the plane XOY so that its distances from the 
points (5, 1), (3, 2) are in the constant ratio of 2 : 1. 

Find the locus of P and show that 2iP— y4l==0i8a tangent to the locus. 

18. Find the equation of the circle passing through the points .4 ( — 4, 3), 
P(~3, -4), C(4, -3). 

Prove that the tangents at A and C are parallel and each perpendicular 
to the tangent at B. 

19. Show that the straight line a;cosd4y sind-p = 0 meets the circle 

+ in real, coincident, or imaginary points according as p is <, =, 

or > r. 

20. Find the equations of tangents to the circle == r® parallel to 

a; cos a 4 y sin a = jp. 

21. Find the locus of the centres of circles which pass through the 
points («!, W (aj, \). 

22. Find the locus of the mid-point of a chord of a circle which is of 
constant length. 

23. Find the locus of the mid-points of all chords of a circle which are at 
a fixed distance from a given point. 
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24. Show analytically that two circles can be drawn through a given point 
to touch each of two given straight lines. 

Find the equation to the circle when the straight lines are axes of coor- 
dinates and the coordinates of the fixed point are (3, —6). 

25. A point P moves so that the squares on the tangents Pr^, PP3... 
from it to a number of given circles aie connected by the relation 

rq PT^ -f a^PT^^ I a^PT^^ + . . . = 0. 

Show that P lies on a circle whose centre is the mean point of the centres 
of the given circles for the constants aTj, erg.... 

26. A point moves so that its distance from a fixed point is twice the 
length of the tangent from it to a given circle. Show that its locus is 
a circle which lies entirely outside the given circle. Find also the distance 
of the fixed point from the centre of the given circle if the centre of the 
locus lies on the given circle. 

27. Find the locus of the foot of the perpendicular from the origin to 
tangents to -f -f 2 gx + 2fy + c = 0. 

§ 6. We now propose to discuss various forms into which the 
equation of the circle can be put, and convenient methods of 
manipulating these equations ; and also to illustrate the types of 
problems to which each form is specially suitable. 

The centre at the origin, = >*-. (I) 

In the majority of problems dealing with one circle the work is 
simplified by using this, the simplest, form of the equation of the 
circle. Since the equation is the same for any pair of rectangular 
axes through the centre, we can further choose the coordinate axes so 
as to make some other detail of the problem simple, e. g. the axis 
of X may be taken through some special point. 

The various equations already found become in this case ; 

The chord joining (Xj, y^), (.r^, y^) 

X (iTi + x.^) + </('/! + ih) - a;, + «/i j/j + 

The chord whose mid-point is (f, 

x^-\-yTi] = P + J?'. 

The tangent at (.rj, xxi+yy^ — r'^. 

The chord of contact of tangents meeting at (f, y) 

We have hitherto denoted any point on the circle by (a*!, y^), 
coupled with the conditional equation = r*. It is often 

possible to find a particular form for the coordinates of a point on a 
given curve containing only one variable, and such that the conditional 
equation is identically satisfied by the coordinates. Such coordinates 
are called parametric, and the single variable is called the parameter. 

IS67 _ 
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Now in the case of the conditional equation + since 

r^cos^d-f r^sin^fl^r^ is identically true, the point (rcosd, rsinO) 
satisfies the equation of the circle for all values of d. We can 
therefore use (rcosd, rsinfl) to signify in general a point on the 
circle provided that every point on the circle can be so denoted. 

Geometrically, if P is any point on 
the circle, the position of P is known 
when the angle xOP(0) is known, and 
provided that the method explained for 
polar coordinates is adopted to measure 
the angle d, one definite point on the 
circle corresponds to a given value of 
d, and, on the other hand, a definite 
value of 6 corresponds to every point 
on the circle if 6 is taken between 
0 and 2tt, 

Algebraically, we see from the equation x^-hy^=^r^ that the 
maximum and minimum real values of x and y are r and — r ; since 
cos 6 and sin 0 lie between 1 and — 1, the coordinates (r cos d, r sin d) 
lie between r and — r, and can have any value between these limits. 

In future we shall refer to the point (r cos d, r sin d) as the point 
on the circle x^ + y"^ whose parameter is d, or briefly ^ the 
point d * on the circle. 

The equations of the, chord joining two points d^, dg and of the 
tangent at the point d can be found from the above equations by 
substitution ; we leave this as an exercise for tlie student and give an 
independent investigation. 



(i) To find the equation of the chord joining the jpoinis dj and d 2 . 

The line joining (rcosdj, rsindj), (rcosdg, rsindg) is 
a; — rcos d^ _ y— rsin d^ 

r (cos dg — cos di) r (sin dg ~ sin dj) ’ 

. rr— rcosd^ y— rsin d^ ^ 

sin \ (di ~ dg) sin \ (dj + dg) sin \ (dg- dj) cos J (d^ + dg) ' 

or, dividing the denominators by sin J(di — dg), we get 

xcoB^{Oi^02)+y 9in^(di + d2)= rcos^(di— dg). 

Note. The removal of the factor sin J(di-dj) should be cdmpared with 
the corresponding work in § 4, p«184. 


(ii) The equation of the tangent at the point 6. 

This follows from that of the chord by putting di = dg = d ; 
iccosd+j^sind = r. 
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(iii) The intersection of the line 0 and the circle 

To find the points of intersection of two loci we have to solve 
simultaneously the equations representing those loci : we may obtain 
an equation giving the a;-coordinates of the common points and 
a second giving the ^-coordinates. 

The following illustrates the advantage of the use of parametric 
coordinates in such investigations. 

If 6 is the parameter of any point common to the circle 
and the line lx -h niy -f n = 0, the coordinates (r cos 9, r sin 9) of the 
point must satisfy the equation of the line. Thus 

Ir cos 9-^mr sin d -f w = 0. 

This is true for any common point of the circle and line, hence the 
values of 6 given by this equation are the parameters of the points of 
intersection. 

The equation can be expressed in termg of a single variable tan h 0 
by substituting 


COS0 = 


1 — tan^ 

1 + tanH 0 ’ 


in which case it becomes 


sind = 


2 tan I 6 
1-f tan^^d^ 


(m— Z r) tan^ \ 9 + 2mr tan 0 + (n + Ir) = 0. (i) 

Each value of tan | 6 given by this equation corresponds to one 
point only on the circle ; for suppose that 

tan 16 

then d = nTT -f tan~^ k, 

or d = 2mr-h2 tan“^ A;, 

which gives the same point whatever value n has. 

The equation (i) is quadratic in tan i 0, and we can now apply 
our knowledge of quadratic equations to investigate the intersections 
of the line and circle. 

(a) A quadratic equation has two roots ; hence a straight line 
meets a circle in two points, 

(b) The roots of the equation are real and distinct, coincident, 
or imaginary according as 

is >, =, or 

i.e. as is positive, zero, or negative. 

Hence the line + w = 0 cuts the circle = if 

K 2 
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+ is positive, touches it if the expression is zero, and 

meets it only in imaginary points if negative. 

(This condition corresponds to the perpendicular from the centre 
to the line being less than, equal to, or greater than the radius.) 

(c) If 0 |, 62 are the values of 0 which satisfy the above equation, 

2 fyiy 

the sum of the roots = tan ^ + tan j ^2 — ’ 


the product of the roots = tan ^ tan ^ ^2 = 


n + lr 
n—lr 


Hence 


Ir : mr : n 


= 1 — tan 6 ^ ten h 0-2 : tan 6 i + tan ^ 02 • ~ (1 + tan dj tan | dj) 

= cos I (01 + 02) : sin I ( 0 i + 02) r — cos ^ ( 0 i — 02). 

The equation of the straight line in terms of the parameters of its 
points of intersection with the circle is therefore 

X cos|( 0 i + 02)+2/sin^(0, + 02)— r cos^( 0 i — 02)= 0 , 
which agrees with the equation of the chord joining the points 0^, 02 
found otherwise. 


(iv) To find the points of contact of the tangents which can he drawn 
from a given point to the circle. 

Let the given point be (A, h ) ; now the tangent at the point 0 is 
X cos 0 + 7 / sin 0 = r. 

If this passes through {h, k) 

A cos 0 + A sin 0 = r. 

This equation is true for the parameter of any point the tangent at 
which passes through (A, A). It can be written in the form 
(A + r) tan^ 1 0 — 2 A tan J 0 + (r— A) = 0 . 

Then 

(a) Since the equation is quadratic it has two roots; thus two 
tangents can be drawn from any point to a circle. 

(b) The roots are real,- coincident, or imaginaiy as 

is >, =, or < A^ 

i.e. as A^ + A^— is positive, zero, or negative. 

Thus the two tangents w'hich can be drawn from (A, A) to the 
circle are i-eal, coincident, or imaginary according as 
7 »* + A*— r® is positive, zero, or negative, 
i.e. as (A, A) is outside, on, or inside the circumference. 
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(c) The square of the length of a tangent from [h, ft), (if 9 is the 
point of contact) 

= (ft — r cos 9)^ + (ft— r sin 9)^ 

= ft^ + ft'^ 2 r (A cos 0 + ft sin 0 ) 

= h^ + k^ + r^—2r^ 

(d) If the two values of 0 given by the equation are 0 ^, 02 1 then 

2ft 

the sum of the roots = tan i 0 i + tan ^ 02 = ’ 

V — h 

the product of the roots = tan 1 0 | . tan J 00= ^ ‘ 

, 1 — tan i 01 tan h do 1 ( 0 , + 0 .) 

Hence h = r, ' — : = r . r r — > 

1 + tan 1 01 tan 1 02 cos ^ ( 0 i — 02) 

^ 1 01 4 - tan ^02 _ sin | (dj + 02) 

* 1 + tan ^ 01 tan 1 02 * cos | ( 0 i — 02) * 

This result evidently gives the coordinates of the points of 
intersection of the tangents at the points 0 i and 9^. 

It can be verified by solving the equations 
a’ cos 0 j+^ sin 01 = r, 

X cos 02 + 2 / sin 9^ = r» 

No new facts have been found in the above analysis ; the work is 
intended to illustrate the application of algebra to.geometry, and also 
to familiarize the student with methods which will be used later on 
in the book. 


Illustrative Examples. 

(i) To find the angle hetivcen the tangents tvhich can he dratvn from 
the point (ft, ft) to the circle == r^. 

Suppose that the points of contact of the tangents are 0 ^ ai^d dj ; then 
equating the coordinates of the point of intersection of the tangents at these 
points to the given values 

cos 1(01+ do) ft sini( 0 j + 02) ft ... 

co4(5;r4-7' w 

But the equation of the tangent at the point dj is 
X cos 01 + y sin 6i = 

which makes an angle (^Tr + di) with the axis of x, 

Heijce the angle between the tangents is (di-da). 
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But from equation (i) 

(h^ + k^) cos® J j) = 


COS ^1-^2 


2r»^V-Ar2 


Cor. The locus of the intersection of tangents to the circle which include 
ii constant angle 20( is + = j*®sec*0(, i. e. a concentric circle. 

The student should also work the problem geometrically. 


(ii) AA^ is the diameter of a semicircle and P is any point on the 
circumference ; to find the locus of the centre of the circle inscribed 
in the triangle A PA'. 

The geometrical solution of this question is evidently easy; for if J be 

the point I A and lA' bisect the angles PAA' 
and PA' A ; moreover, the angle P is a right 
angle. Hence the angle AIA', which is the 
supplement of ^{A+A'), is 135°. The locus 
consists therefore of the arc of a circle 
passing through AA\ We have selected this 
problem, however, because the result obtained 
by purely algebraical analysis results in an 
equation which needs discussion and is 
typical of a variety of problems in which 
the results are difficult for the student to 
interpret. 

Now let A'^ P, and A be the points 0, 0, n 
on the circle 

6 being < tt. 

Then the lines A'P, PA, and AA' are 

ajcos + y sin^fl— rcos^tf = 0, 

— a?sin + y cos|^— rsin|^ = 0, 
y =0. 

If J, any point on the required locus, be (a?, y), . since I is the centre of 
a circle touching A'P, PA, and AA', the perpendiculars from I on the three 
straight lines are equal. Hence {x, y) satisfies 

(a?~r)co8|^+ysini^ + y »= 0, (i) 

y cos (a: + r)sin^^+y = 0, (ii) 

. cosW sinW 1 ....V 

1. e. -7 ^ r = ? r C= -5 r • (ill) 

y(y + a: + r) y(y-a; + r) 

Hence y’ (y + a? + r)® + y’ (y - a? + r)* «= (y* + a?® - which is the 

equation of the locus required. 
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This can be simplified thus : it is the same as 

2y* (y® + a:* + 2ry 4- r*) = (y* + a:* - 

i.e. 2y*(y*4' + 

i.e. 2y^(y* + a:^ + 2;y~r2) = (y* -f :r* + 2i^-r*) (y® 4 - - 2 ry - 
i. e. (y* + a:* 4 2ry — r®) (y* — x* 4 2 ry + /•“) = 0, 

i.e. (y*4-a?*4'2/^->-*) (y + r4ar)(y4-r~a;) = 0. 

The locus then consists of three parts : 

(a) the circle a:®4y^4 2ry~;’* = 0, i.e. a circle centre jB( 0, -r) and 
radius r-s/2 ; (b) the line a;4-y4r=0, viz. AB\ (c) the line a;-~y-r = 0, 
viz. A^B. 

Solving equations (i) and (ii) for y, we find 

y (^1 4- sin ~ 4-0081) = r sin 6 ; 

since 6 is less than tt, y is always positive and therefore the locus is confined 
to that part of the circle (a) which is above AA\ 

Now we see from the equation (i) that when a; + y4'r=0, B is tt, and 
when ar-y — r = 0, d is 0. 

When P approaches A\ AP approaches coincidence with AA'; and A'P 
approaches the position where ^Tis perpendicular to AA\ 

In the limit when P coincides with A\ then the sides of the tiiangle are 
AA\ AA\ and TA\ 

Now the line BA' bisects the angle AA'T; hence the perpendiculars from 
any point on this line to A A' and TA' are equal, i. e. any points on the line 
fulfil the condition that the perpendiculars from it on the sides of the 
triangle APA' are equal when P coincides with A', 

So also BA corresponds to the position when P coincides with A, 

Note. Had we been finding the locus of the centre of the circle escribed 
to the triangle APA'^ the sign of perpendicular on y «= 0 would be changed 
in our original equations ; but in the process of elimination we have squared 
the y arising from this perpendicular, hence the locus of the escribed centre 
is contained in the equation found. 

Examples V d. 

1. Find the area of the triangle formed by tangents at (1, 18), (6, 17), 

(10, 15) to the circle — 325. 

2. Where does the circle a:^4-y^ = 125 meet the line 3y = 25 ? 

Find the point of intersection of tangents at these points. 

3. Find the coordinates of the points of contact of tangents from (7, 1) 
to a?® 4- y* = 25. 

4. If AB is the chord of contact of tangents from P to a circle centre 0, 
prove that OP is perpendicular to AB ; and if these lines intersect at X 
then ON, OP = (radius)*. 

5. Find the tangents to the circle a?*4y* = a* inclined at an angle (X to 
the axis of x and the coordinates of the points of contact. 

6. Show that the length of the chord joining the points dj, on the 
circle a;*4'y* ■= r* is 2 r 8 in^(^i~d 2 ). 
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7. Tangents at the ends of chords of fixed length in a circle intersect on 
a concentric circle. 

8. Find the tangent of the angle between the two tangents from the 

point (8J, 3J) to the circle = 29. 

9. Prove analytically that all angles in the same segment of a circle 
are equal. 

10. A straight line cuts two concentric circles in the points A^B and C, D 
respectively: show that the area of the rectangles AC.CB or AD.DB 
are independent of the position of the straight line. 

11. AB is a given diameter of a circle and FQ a chord of constant length. 
If AP, BQ meet at R, show that the locus of i? is a circle. 

12. AC.BD are perpendicular chords of a circle through fixed points 
A, B on the circle: prove that CD always touches a circle concentric with 
the given circle. 

13. Tangents from the point Pto the circle + meet the axes of 

coordinates in four concyclic points. Show that P lies on one or other 
of two right lines. 

14. AA' is a diameter of a circle and P is any point on its circumference. 
Find the equation of the locus of the foot of the perpendicular from A 
on the bisector of the angle APA\ Describe the locus. 

§ 6. A circle can be drawn to circumscribe any triangle, and when 
its centre is taken as origin of coordinates many of the properties of 
a triangle can be conveniently investigated. 



In this paragraph we shall use the following notation : — 
The circLimcircle is ; its centre is 0 . 
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The vertices of the triangle are A (H cos a, JK sin Ot) ; JB (R cos /3, 
E sin ft); C (E cos y, E sin y). 

The perpendiculars from the vertices on the sides are ADj BE, CF. 
The orthocentre is H. 

The mid-points of sides are A\ B\ O'. 

The centre of gravity, centroid, or centre of mean position of ABC 
is 6r. 

The nine-point centre is N. 

20 = R (cos a -f cos /:? + cos y), 

2S = E (sin a + sin + sin y), 

2(t = (X-{- ft + y. 

The student should work straight through the following examples : 
the easier questions are left as exercises, and the results obtained 
are used in the illustrative problems. 

Examples V e. 

1. The coordinates of the centre of gravity (G) arc 0, 36 ’}. 

2. The orthocentre {II) is the point {2 0, 26’}. 

8 . The mid-point ( U ) of HA is {0-1 IR cos a, 6 -f ^ R sin 0^ } , 

4. The mid-point {A') of RO is {0— cos Of, 6 — ^R sin Of]. 

5. The mid-point of A'U is {0, 6 }. 

6 . Show that G trisects the line joining OIL 

7. The Xine-pohit Circle, 

The equation of the chord DC (Fig., p. 152) is 

.^008^(3^ y) 4 ysin J(/3-fy) = R cos J (/3~y). (i) 

The perpendicular to this through A^ viz. AD, is 

(a;-Rco 8 Of) sin ^(/3 4 -y)- (y-R sin Of) cos JO 4- y) == 0, 
i.e. iPsin J(/3 4-y)-y cos J(/3-f y) = Rain {J(/3 + y) — Of}. (ii) 

The coordinates of the point (R) of intersection of the lines (i) and (ii) 
are given by solving these equations ; thus 

2 .r = R (cos 3 -f cos y -f cos Of ~ cos ^ 4- y — Of ) 

= 2 C~ R cos (i5i 4- y - Of), 

2y = R(sin^4•siny4 sin Of -sin /3 4- y- Of) 

— 26’— R sin (^ + y — Of). 

Thus iP— C = — JR cos 0 4- y — Of), 

ij-S= - JR sin (34-y-Of). 

Hence the coordinates of the point D satisfy the equation 

(fP-C)-4-(y-6')* = JR* (coB*i34-y-Of 4-8in*i34-y-0f), 

i. e. {x - Oj* + (y - R)* - JR*. (iii) 

The symmetry of the result shows that the coordinates of the points 
E and F will also satisfy this equation. 
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Thus equation (iii), which represents a circle, is the circle DEF, 

This equation 5s satisfied by the coordinates of A\ viz. 

{C-JiJcosa, S-Jl^sina}, 
and from symmetry by those of B' arid C. 

So also the point U {C+|J?co8(X, S+\R sin oc} lies on this circle, and 
from symmetry V and W. 

Hence the nine points A A A A'y B\ C\ A F, W lie on a circle whose 
centre is (C, S) and radius 

The nine-point radius is half the circumradius. 

8. The orthocentre, nine-point centre, and circumcentre are collinear, 
the nine-point centre lying midway between the other two. 

9. The angles A, B, C of the triangle are ^), — J(y-a), l(/3— a). 

10. Show analytically that HA — 21? cos A. 

11. Show that AB.AC^2R,AD. 

12. If ABCD are any four points on a circle 

AB . DC+ AD .BC =-AC .BD. 

13. The feet of the perpendiculars from any point P on the circumcircle 
to the sides of an insciibed triangle lie on a straight line called the 
‘ Simson line ’ of the point P, or the * pedal line ’ of P. 

Let the circumcircle be and the vertices of the triangle be 

.4 (P cos OK, P sin OK), P(Pc08i3, Psin^). C(P cosy, Psiny): 
let P(Pcosd, Psin^) be any point on the circumcircle. 



Now BC is the line 

ajC08i(i3-t-y)-fy8ini(a-f-y) = P cos i(/3-y), (i) 

and the equation of the perpendicular from P to BC is 

(ic-Pcos ^)8in^(i3+y)-(y-P sin cos4(a + y) =* 0 
or arsinKa-f y)-yC08|(/34-y) « Psin {J(i3 + y) -d}. (ii) 
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If then X and y are the coordinates of L, the point of intersection of 
(i) and (ii), 

ij? = jf? sin |(/3 + y) . sin + 7 ) - <9} + 2? cos i (/3 + 7 ) . cos Kfi-y) 

or 2x = R {cosd + co8i3 + co8y-co8 (iS + v-d)} ; 

so also 2y zsz R {sind + sin jS + siny — sin O + y — d)}. 

Hence, using our former notation, we get 

2a? - 2 C ~ 2? cos ^ i? { — cos a - cos /9 + 7— d} 

*=s ~2jRco8|(a + ^-f 7-^) C08^(a + tf~^-7), 

2y — 2>S^— 22 sin d = 2i { — sin a -siniS-f 7 — 

= ~22?8in|(a + ^“f 7-d)co8 J(a + d~^-7); 
therefore the coordinates (a?, y) of the point L satisfy 
(or- C- ^22 cos 6) sin I (a-f /3-f 7-»d)-“(y-5~ j22Bin 3) co8i(a + ^ + 7 — d) = 0. 

The result is symmetrical with respect to a, 7, and consequently the 
coordinates of the feet of the perpendiculars from P to C-4, AB also satisfy 
this equation. 

Hence LMN is a straight line whose equation is 

(a?- C— ^22co8d)8in(<r — — 5— ^228ind)co8(<r = 0, (iii) 

and this is the pedal line of the point d. 

14. If the pedal lines of P, R all pass through the nine-point centre 
of .4PC, then PQR is an equilateral triangle. 

Let P be the point d, then the pedal line is 

(a?-C~|Pcos d) sin (cr-^d) -(y-S-iPsin d) C08((T-^d) = 0. 

The nine-point centre is the point (C, S ) ; hence if the pedal line of the 
point d passes through the nine-point centre we have 

cos d . sin (<r — Jd) — sin d. cos (<r— Jd) = 0 or sin (fd — <r) = 0. 

Hence -|d — (r == nn- or d = jn7r-fj<7. 

^rhe possible values for the parameters of points P, p, R whose pedal lines 
pass through (C, S) are therefore §^r-f fo-, obtained by giving 

n the values 0, 1 , 2 ; the value of d corresponding to any other value of 
n gives one or other of the same points P, P. 

Hence the angles which PQ, QR, RP subtend at the centre of the circle 
are each equal to and the triangle PQR is equilateral. 

Note. If OK, ft 7, d are four points on the circle a;®4-y^ = P^ and 

2 C' = P (cos a -I- cos ^ + cos 7 + cos 8), 

25^ = P (sin OK -f sin ^ + sin 7 -f sin 8), 

2(r' = a+i3-h7 + 5, 

then the equation (x — O') sin (a' — d) - (y - S’) cos (a — d) = 0, when d has 
any one of the values OK, /3, 7, or 8, represents the pedal line of the corre- 
sponding point with respect to the remaining three points. The symmetry 
of this result is helpful in problems relating to the pedal lines of four points. 

15. The pedal line of P with respect to the triangle ABC bisects the join 
of P to the orthocentre of the triangle. 
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16. If the pedal lines of P, P' are perpendicular, then PP' is a diameter 
of the circle. 

17. The pedal lines of PP' are inclined at an angle equal to half the 
angle subtended by PP' at the centre. 

18. If PL meets the circumcircle at P, AR is parallel to the pedal line of P. 

19. If the pedal line of P is parallel to PC, find P. 

20. The pedal lines of three points PQR on the circumcircle of a triangle 
ABC with respect to ABC form a triangle similar to PQR, 

21. The pedal lines of the extremities of any diameter intersect on the 
nine-point circle. 

22. If PP' is parallel to PC, then P'A is perpendicular to the pedal line 
ofP. 

23. If Aj P, C, D are four concyclic points, and the pedal lines of each with 
respect to the other three be drawn, these four pedal lines meet in a point : 
prove also that the centre of mean position of A BCD bisects the join of 
the centre to the point of concurrence of the pedal lines. 

24. There are three pedal lines which pass through any given point. 

25. It the pedal lines of the points d, (/>, on the circle + with 

respect to the points a, ^3, y are concurrent, then d + (^-f>//=a + i3 + y + 2 /i 7 r. 

26. A^BjCyD are fixed points on a circle on which moves a variable point 
P, and the pedal lines of C and D with respect to ABP meet at Q, Show that 
the locus of ^ is a circle. 


§ 7. The equation of the circle whose centre (a, /3) and radius r arc 


given, is 




( 11 ) 


This form has occurred previously, and the equations of a chord, 
tangent, and chord of contact were found. 

As in the first form, we can use a parametric system of coordinates 
for a point on this circle. The coordinates of the point 
{oc -f r cos 0, l3 + r sin 6} 

satisfy the equation of the circle for all values of 0. 



If C is the centre (a, /3) of the circle, 
and P is any point 6 on the circle, then 
0 is the angle which the radius CP 
makes with the axis of x. 

Thus in the figure the ir-coordinate 
of P is 

OM = OL + LM = a + r cos 0, 
and the y-coordinate 

MP=LC+NP^I3 + rBin0. 


When 0 is in the second quadrant 
the ^-coordinate of P is less than ol and the ^-coordinate greater 
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than which corresponds to the fact that cos(^ is negative and 
sin 0 positive when 0 lies in the second quadrant. The student 
should consider the coordinates of P when it lies in the third and 
fourth quadrants. 

To find the equation of the chord joining hvo points 0 and <{) on the 
circle (x — oc)^ + (?/ — = r 

The following is a variation of the former method of finding the 
equation of a chord. 

Let the equation of the chord be 

Ax + Bg-j-C= 0. (i) 

Since the given points lie on this 

A (pc -i-r cos d) -f P ()8 + r sin 0) -f C *= 0, (ii) 

(a-f ^cos(#))-f P(/3 + ^sin(/))-f"C= 0. (iii) 

From (ii) and (iii) by subtraction 

A (cos</) — cosd) = B (sin d — sin (/>) ; 

A _ B 
cos ^ (d + <#)) ~” sin 

Now from (i) and (ii) by subtraction the coordinates of any point 
on the chord satisfy 

A (a;— a) + P (y— /3) = Ar cos 0-^Br sin 0, 

Substituting for the ratio -4 : P we get 

(x — Of) cos \{0 + 4>) + {y-^) sin (0 + (^) = r cos - 0). 

The equation of the tangent at the point 0 is then 
(a;— a) cosd + (2/— /3) sinfl = r. 

Conversely, all lines whose equations are of this form touch the 
circle. 

Since 0 is the same angle in both forms I and II, these equations 
follow from those found for I by transferring the origin to the 
point (—a, — ^). It is important to notice that when the single 
variable (0) is used to denote a point on a circle, the equation of the 
tangent (or any line depending on a single point of the circle) takes 
a definite form and is completely known when 0 is known. 

i. To find the equations of tangents to the circle (a?— 0()2 + (y — /S)2 = 
parallel to the given straight line y^x tan <#>. 

If (a?— a) cos 0 + (y--^) sin 0 = r be such a tangent, then 
cot 0 = —tan (f> = cot (^'rr + <f)) ; 

0 = (i7r + <p) or (7r + ^7r + <f)). 
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The tangents sfe therefore 

(x—a) Bin<f)—(y—fi) cos<#> + r = 0. 

(ic— a)sin(^— (y— j8)co8<#)— r= 0. 

ii. Two equal circles pass each through the centre of the other: tangents 
are drawn from points on the first to the second. Show that the feet of the 
perpendiculars from the centre of the second circle to the chords of contact 
lie on the straight line perpendicular to the line of centres and midway 
between them. 

Take the- line of centres and the perpendicular line midway 
between them as axes. Then the centres of the circles are (a, 0), 
{—a, 0) and the radii are each 2 a. Their equations are therefore 

ix-af+y^ = ia^, (i) 

(x + a)* + = 4 a\ (ii) 

Any point on (i) is (a + 2a cos 6, 2a sind), and the chord of contact 
of tangents from it to the second circle is 

(a; + a)(2a + 2<rcos0)+y2asind= 
ie. (a:+a)(l + cosd)+ysind = 2a 

or (aj + a) cos* Jd+y sin cos = o, 

i. e. X cos* \B+y sin cos = a sin* Jd, 

which can be written 

x+y tan Jd = a tan* ^d. (iii) 

The perpendicular to this from (—a, 0) is 

y = {a! + a)tan Jd. (iv) 

Eliminating tan |d between equations (iii) and (iv) we get x = 0 
as the equation satisfied by the coordinates of the point common to 
(iii) and (iv) whatever value d iuay have. 

This is then the locus required. 

iii. Chords of one circle are drawn which are tangents to another : find 
the locus of the points of intersection of the tangents at their extremities. 
In what case is the locus a circle ? 

Let the circle be »* + y* = r* and suppose the chords touch 
(a:— a)*+y* = i. e. we have taken the centre of one circle as 
origin and the line joining the centres as axis of x. 

The equation of a tangent to the latter circle can be written 

(x—a) coaB+y sin B = It. (i) 
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Suppose that (f, ij) is the point of intersection of the tangents to 
the first circle at the ends of this chord : the equation of the chord 
must then be 


and therefore (i) and (ii) are the same straight line. 



sind R+acosd 


Hence 


Hence 


cos d 

J_, 

cos d 


V . 
sin 6 


R 


Eliminating d, we get 

iJ2(^s + Tj2) = (r«-aO®. 

Hence the point (f, tj) always lies on the locus 


(ii) 


+ = (r*— 

i. e. a®)+y*R^+2af®a;— r* = 0, 

which is a circle only when a = 0, i. e. when the given circles are 
concentric. 


Examples V f. 

1. Find the equation of the tangents to the circle x’+y’ — 6ar— 4y + 5 = 0 
which make an angle of 45° with tho axis of x. Verify by a figure. 

2. Find the equations of the tangents to the circle (x-a)* + (y-5)* r* 
which make an angle (X with the x-axis. 

3. Find the equations of the cii'cles whose centres are at the origin and 
which touch (x— 3)’ + (y-4)’ = 4. 

4. A tangent to the’ circle x’+y’ = J?* is perpendicular to a tangent to 
(x — a)’ + (y — h)* «= r*. Find the locus of their intersection. 

5. Tangents are drawn to a circle from points on a straight line which 
does not cut the circle; show that the chords of contact are concurrent. 

6. Find the equation of a line inclined at 45° to the axis of x, such that 
the two circles x’ + y’=a<4, x’+y*— lOx — 14y + 65 = 0 intercept equal 
chords on that line. 

7. Chords of a circle, whose centre is the origin, are tangents to the 
circle (x-a)*+{y-6)* find the equation of the locus of their mid- 
points. 

8. A system of circles of radius r have their centres on a fixed .circle 
of radius r. Find the locus of points on these circles the tangents at which 
are in a given direction. 

9. Tangents are drawn one to each of two concentric circles and include 
an angle of fiO'’. Find the locus of their intersections. 
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§ 8. The oqtmtim of a circle referred to a tangent and normal as 
coordinate ajces is = 2rx^ 

Let the tangent be the axis of g : the normal passes through the 

centre. 

Geometrically it is clear that, if the 
radius is r, the centre is (r, 0), and 
consequently the equation of the circle is 

(^ — + 

X or =r 2rx» (i) 

This equation can be obtained alge- 
braically ; for, if the equation of the 
circle is 2 /y + c = 0, then, 

since the line x = 0 touclies the circle 
at the point (0, 0), the two values of g given by c = 0 

must both be zero ; hence /= 0, and c = 0. 

The coordinates of the point (r (1 -f cos 0), r sin 0} satisfy equation 
(i) whatever value 0 may have, and these coordinates may be used as 
those of any point on the circle. The angle 0 is PCx and ZPOx ■=>\0. 

Note. If two circles touch one another their equations can be 
written, by a proper choice of axes, 

^ ^2 2 nr, z=z 2i?u’. 


Ex. AB is a diameter of a circle and P any point on the tangent at B : 
a point T is taken on the straight line AP ; and TE, TF are drawn 
to touch the circle in E and F. Show that AE and AF intersect the 
tangent at B in points equidistant fratn P. 



Take the tangent at A as axis of ij and the normal as axis of x. 

The equation of the circle is 

= (i) 

2r. 


the tangent at B is 
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Let T be the point ($, rj), then the chord of contact EF is 

+ (ii) 

Now the equation -f = 2rx . (iii) 

is satisfied by the coordinates of all points which lie on (i) and (ii), and 
therefore by those of E, F. 

Further, the equation is homogeneous and therefore represents two 
straight lines through the origin, i.e. represents AE, AF. 

The values of BE\ BF' are the values of y which satisfy (iii) when a? = 2 r. 
/. BE\ BF* are given by 

+ = 0 . 

/. BE' + BF' = the sum of the roots = * 

But AT the line y « hence BP = • 

BE' BF' = 2 BP or Pis the mid-point of E''F\ 


Examples V g. 

1. Show that the equation of the chord joining two points 

{r(l-fcos^), rsin^}, {r(l -f cos<^), rsincp} 
on the circle = 2nr 

is a?cos^(^-f-(/)) -f ysini(^ + (^) = 2rcoB^^ cos 

and the tangent at the point 0 is 

X cos d + y sin 6 = r ( 1 -f cos d). 

2. The line joining the origin to any point $ on the circle + = 2rx 

is y = a? tan ^6, 

3. The middle point of the chord joining the origin to the point S is 

(roos^^d, rsin Jdcos^d). 

4. The locus of the middle points of chords of the circle = 2rx 

which are drawn through the origin is the circle = rx. 

5. Two circles touch one another, and any straight line through the 
point of contact cuts the circles in P and Q. Show that the locus of the 
middle points of PQ is a circle which touches the given circles and whose 
radius is the arithmetic mean of the radii of the given circles. 

6. n circles touch one another at the same point A and any straight line 
through the origin meets them in the points P^, Pj, ... P„. Find the locus 
of a point Q such that 

n.AQ = APi + AP^ + ... +APn. 

7. Two circles touch one another, tangents to one of them are chords 
of the other. Find the locus of the mid-point of these chords. 

8. Show that the straight line 3 (y cosd — 1) «= a?cos2d cuts the circles 
a:^ + y^ = 2x, c»* + y^ = 4a? in four points which form a harmonic range. 

1267 
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9. Show that any point on the circle + = can be represented 

by (2r cos’d, r sin 2d). 

10. Find the coordinates of the intersection of tangents at the points 
d and </> in Question 9. 

11. Show that the pedal of the origin with regard to a triangle whose 

vertices are OK, y (see Question 9) on the circle + = 2ra; is 

a: cos (0K + ^ + 7)-fy8in(O^-f j3 + y) = 2 r cos OK cos /3 cosy. 

12. If OK, j8, y, 8 be four points on this circle, there are four pedal lines of 
the origin with respect to these four points taken three at a time. Show 
that the feet of the perpendiculars from the origin on these four pedal 
lines are collinear. Find the equation of the line. 

13. .4^ is a diameter of a circle of which P is any point. AP meets at Q 
the straight line drawn through B such that EPand BQ are equally inclined 
to the tangent at P. Find the equation of the locus of Q. 

14. 0 is a fixed point on a circle and tangents to the circle from a point 
P touch it at QQ\ Find the locus of P if 0$, OQ' are harmonic conjugates 
of a given pair of lines through 0. 

15. Show that there are four chords of the circle + y’ — 4ra: — = 0 which 

subtend right angles at the origin and also touch the circle + = 2ra;; 

and show that they form a square. 

§ 0, The equation of a system of circles passing through two given 
points* 

Take A (a, 0), A' ( — a, 0) for the given points. 

If x^’^y'^ + 2gxi-2fy’\-c = 0 is the equation of the circle, then the 

axis y = 0 meets it at the points 
A and A'. 

Thus the values of x which satisfy 
p + 2gx - 1-0 = 0 

are a and — a ; therefore y = 0 and 
c = — 

The required equation is then 
2/y-a‘^= 0, 

which for different values of / repre- 
sents a system of circles passing 
through A and A': the centres of 
all these circles lie on the axis of y, since y = 0. 

Ex. i. If one side of a triangle ^inscribed in a circle is fixed, the locus 
of its centre of gravity is another circle. 

Let A A' be the fixed side and P {x^, any position of the vertex. 
The coordinates of the centre of gravity {O) are given by 

Zy=-yi. 
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But + 2 fy^ — = 0 

it the equation of the circle is 

iC^ + yH2/y-a» = 0. 

Hence the locus of G is 

+ 9 + 6 /^ — = 0 , 

which is a circle. 


Ex. ii. To find the locus of a point P ivUich moves so that the angle 
APA' is constant^ where A and A' are fixed points. 

Let P{x\ y) be any position of the point. 

The lines ^Pand AP' are 


If ZAPA=0Cy 


x — a y xAa _ y 
X — a y' X -\-a y 


-f- tan oc 


JL 

a;' — a 


y 

xAa 


1 + 


y* 


"^((y 


Hence the locus is the two circles x'^ + y^ — a'^ == +2 ay cot 0(. 


Examples V h* 

1. Find the equation of a circle through the two points ( — a, 0), (a, 0) 
which also 

(i) passes through the point {h^ k ) ; 

(ii) touches the line .r-fy = 3a; 

(iii) is such that the tangents at the given points make an angle 30*^ with 

the join of the points. 

2. Ay B are fixed points on the circumference of a circle ; APy BQ are 
parallel chords. Prove that the locus of the intersection of AQ, BP is the 
circle through A, B and the centre of the given circle. 

3. A series of circles pass through two fixed points ; find the equation of 
the locus of the points of contact of tangents to these circles parallel to 
a fixed straight line. 

4. Circles are drawn through the points ( — a, 0), (a, 0) ; find the locus of 
the point of contact of tangents to these circles which pass through the 
point (2a, 0). 

5. Show that there are two circles of the system //^-2Xy = a^ where 

X is a variable constant, which touch the straight line a:cosO( -f ysinOt - j? = 0, 
and that they are real only if 2) is = or > a cos (X. If Xj , values of 

X for these circles, show that X^Xj = (a^— sec^ a. When the value oi‘ 2> 
is such that the two circles are coincident, show that their equation is 

+ y^ + 2ay tan (X = a®. 

6. Two fixed circles intersect in A, B ; P in a, variable point on one of 

L 2 
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them, and PA meets the other circle in X and PB meets it in F. Prove 
that BX and AY intei*sect on a fixed circle. 

7. Two circles intersect in A and B, A line through A meets one circle 
again in P and a parallel line through B meets the other circle again in Q. 
Prove that the locus of the middle point of Pp is a circle. 

8. The base of a triangle is fixed and its vertical angle is given; find the 
locus of (i) its centroid, (ii) the inscribed centre, (iii) the orthocentre. 

§ 10. The equation oj the circle on the straight line joining (jTi , 

V'z) diameter is 

{x-x^) {x-x^-\'{y-y^) (y-y^) = 0 . 

The centre is the mid-point of the line joining (x^^, [x^^ y.^^ 

Hence its equation is of the form 

But {Xij y^ lies on this ; hence 

or Xy^x^-^y^y^) 

the equation is then 

x^+y^--x{xy-\-x<^-y(yy + y^^-XyX^ + y^y^ = 0 , 
or {x-Xy)(x-x^)^{y-y^{y--y^) = 0; 

e.g. the circle of which the line joining ( — 5, 4), (2, —3) is a diameter 
is (x + 5)(x^2) + {y^i)(y + d)=^0, 

or 22 = 0. 


Examples V i. 

1. Find the real points where the circle on the line joining (13, 5), ( - 7, 15) 
as diameter cuts the rr axis. 

2. Find the equation of the circle on the line joining the points 
(oX®, 2aX), (or/X® — 2a/X) as diameter. 

Where does it meet the line a? = —a ? 

3. Find the equation of the circle on the chord of the circle a:®-f y® = 125 
as diameter whose equation is a; + 3y = 35. 

4. Find the equation of the circle on the line joining the points (1, 3), (5, 1) 
as diameter, and the coordinates of the extremities of the perpendicular 
diameter. 

5. A circle is described on the line joining (3, 7), (9, 1) as diameter. 
Show that it touches a: + y-4 *= 0. 

6. Find the equation of the circle whose diameter is the chord of the 
circle 4?® + y® *= 169 whose mid-point is (8, 4). 
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§ 11. To find an equation giving the lengths of the segments of a chord 
of a cir^e drawn through any given point in a given direction. 



If the given point is outside the circle the segments OP, OQ 
are both of the same sign : if the given point is inside the circle the 
segments OP, OQ are of different sign. 

Let the equation of the circle be 

+ 2gx + 2fy + c = 0, 

and let the given point 0 be (a, /3) and let the chord through 0 make 
an angle 0 with the axis of x. The equation of the chord is 

- r 

cos 0 sin d ’ 

where r is the distance of any point (x, y) on the line from the fixed 
point 0. 

Now, if r is equal to OP, the point (x, y) is P ; its coordinates are 
a; = a + r cos d, »/ = + r sin d, 

and it lies on the circle. Similarly for Q. 

Hence, if r is equal to either OP or OQ, 

(cx + rcosd)® + (/3 + »’8ind)2 + 2p(a + »-cosd) + 2/(/3 + rsin d) + c = 0, 
i. e. r* + 2r{{a. + g) cos d + (/3 +/) sin d} + + 2g(x + 2//i + c = 0. 

Now, if we write for convenience, 

fix, y) = x^ + y^ + 2gx + 2fy + c, 
then / (a, /3) = oi‘ + ^^ + 2go( + 2f^ + c. 

Hence the equation may l^e written 

r* + 2 r{(0( +51) cos d + (/3+/) sind} +/(0f, |8) = 0, 
which is a quadratic in r whose roots are equal to OP and- OQ. 

Hence (i) The product of the roots = OP . OQ = / (a, /3). 

This is constant for a given position of 0, whatever the value of d ; 
hence the well-known proposition : 

‘ The rectangle contained by the segments of a chord of a circle 
which passes through a fixed point is constant.’ 
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Incidentally, we see that if the chord meets the circle in two 
imaginary points P, Q the rectangle of OP. OQ has a real value. 

Also if / (a, is positive, OP. OQ is positive, and 0 lies outside 
the circle ; but if / (a, /3) is negative, CfP. OQ is negative, and 0 lies 
inside the circle. 

[This can be shown directly ; for the centre C of the circle is 
( -/7, -/) ; hence 00^ = (a + gf + (/3 ; 

00^ — (radius)^ = + 2//3-f c = /(a, /:i).] 

(ii) Note that when 0 is at the centre, i.e. 

oc = -g and /3 = -/, 
the coefficient of r vanishes and we have 

= -/(a, /ii), 

i. e. OP, OQ are equal and opposite for all values of 0, (Cf. p. 126.) 

(iii) If the values of r given by the equation are equal and opposite, 
i. e. if 0 is the middle point of the chord PQ, then we must have 

(ok -f g) cos d 4- (/^ +/) sin d = 0. 

If now we consider the mid-point 0 (ok, /3) of PQ unknown and 
0 constant, i. e. the chord to be drawn in a fixed direction d, then (ok, f-i) 
must lie on the line 

(x + g) cos 0^{y-\-f) sin d = 0, 

which is therefore the locus of the mid -points of all chords of the 
circle drawn in a fixed direction 6. 

(The question of the chord meeting the circle in real poihts has 
not arisen ; hence the mid-point of the line joining a pair of imaginary 
points of intersection is real.) 

Evidently then ‘ the locus of the mid-points of parallel chords of 
a circle is a straight line through the centre perpendicular to the 
chords 

(iv) To deduce the equatmi of the pair of tangents to the circle from 
the point 0 (a, ^). 

If the chord through 0, drawn in the direction d, cuts the circle in 
P and Q, the lengths of OP, OQ are given by 

r^+2r{((X + g) cos d-f (/3-f/) sin d} -f/(a, /3) = 0; (i) 

but if this chord touches the circle P and Q coincide and the lengths 
OP, OQ are equal. The condition that the roots of equation (i) 
should be equal, viz. 

{(a + ()')cos0 + (;8+/)sin0}2 = /(a, ^), (ii) 

gives us an equation from which to determine the directions d in- 
which to draw tangents to the circle. 
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If we choose either of these values of 6, then any point on the 
line (which is now a tangent) satisfies 

x—oc _ if— IS 
cos 6 sin d 

Hence, substituting for cos 0 and sin 0 in (ii), we see that 
{{(X+g)(x^oc) + {^-\-/)(t/-lS)\^ =/{<x, /3) {(x-oc)^ + (!f-^f} 
is an equation satisfied by any point on a tangent from 0 to the 
circle, i. e. is the equation of the tangents from 0. 

This can be at once reduced to the form 
{x’^ + y^ + 2gx + 2/y + c) {a:^ + ^^ + 2g<x + 2/^ + c) 

= {x{(X+g) + ij{iS+/) + ocg + ^/+c}^. 

Now we have shown that the equation 

x{ix+g)+g{^-\-f) + oig+lSf+c = 0 
represents the chord of contact of tangents from 0 (a, /3) to the 
circle. 

Thus, if f{x, y) = 0 is a circle, and m = 0 is the equation of the chord 
of contact of tangents from a point 0 (a, /3) to the circle, the equation 
of these tangents is /(x, y) ./{cx, 

Incidentally, if 0 is the direction of a tangent, equation (i) gives the 
length OP of this tangent : we see, as previously proved, that 

OP^ = f(a,lS). 

(v) If a chord through the point 0 cuts a circle in the points P and Q, 
to find the locus of a point R on PQ which is such that 

0R~ op'^ oq' 

or, in other words, the point R which is the harmonic conjugate of 0 with 
aspect to P and Q. 



Let the equation of any such chord be 
x-Oi . _ y-/3 _ 
cos 0 sin 0 


(i) 
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where 0 is the point (a, )8) ; then the lengths of OP, OQ are given by 
+ 2r {(cx + 5 ') cos 0 + (^ +/) sin 6} +/(«, = 0. 

Hence 0P+ 0Q= — 2 {(oc + g) cos + ()8 +/) sin 6} , 
OP.O(3=/(a,/3). 

WAnPA ~ J. A 2{((X+g)c03g-f(/3+/)sing} 

OP^ 0Q~ /(a, /3) 


= ^ (by hypothesis). 


Thus OR cos 0 (a + ^) + OR sin 6 (fi+f) +f (a, = 0. 

But since R is on the line PQ (i), if its coordinates are {x, y), 
x—OL = OR COS y—p = OR sin 0, 
i. e. R lies on the locus 


(a: - a) (a + flf) + (y - ;8) (j8 +/) + + 2 <; a + 2 /;8 + c = 0, 
i. e. a:{a + fli)+^(^+/)+^ 0 (+/^ + c = 0. 


This is a straight line, and, when 0 lies outside the circle, it 
represents the chord of contact of tangents from 0. 

The locus is called in all cases the polar of 0, and is discussed later. 
The above results can be obtained in the following manner : — 

Let T be a point {x, y) and let the straight line OT cut the circle 
at P and Q. Since P and Q are points on the straight line joining 
the points (o(, /i) and (a;, y), their coordinates are of the form 

Ct^T’ T+^}’ values of I are given by the condition 


that P and Q should lie on the circle. Substituting these coordinates 
in the equation of the circle, we obtain 

■/(^, y)+2iu +/(«, = 0. 

where /(x, y) = 0 is the equation of the circle, and 
u = (o(+g)x + (/3+/)y+goc-h/fi + e. 

If OT is a tangent to the circle, P and Q coincide, so that the 
values of I are equal, hence /{x, y).f{<x, 0) — u^. 

This is an equation satisfied by the coordinates of any point T 
such that OT is a tangent to the circle ; it is therefore the equation 
of the tangents from 0 to the circle. 

If T is the harmonic conjugate of 0 with respect to P and Q, then 
the values of I are equal and opposite. This gives us m = 0 ; this 
is the equation of the locus found in (v). 
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Examples Vj. 

1. Find the equation of tangents from the point (/t, k) to the circle 

2. Show that, with the notation of Chapter IV, the equation of a pair of 
tangents from y') to the circle u = 0 is wu' = {xX* -VyY' 

8. Find the angle between the tangents from the point (4, 3) to the circle 

+ = 0 . 

4. Find the locus of points the tangents from which to the circle 

ic* + + 2ya? + 2/y + c = 0 

are at right angles. 

5. Find the locus of points the tangents from which to the circle 
a?* + y^ + 4a:-‘6y + 12 = 0 include an angle of 120®. 

6. If FTy PT' are two tangents to a circle centre, C, Q any point on PTj and 
QN the perpendicular from this point on TT\ show that PT: CP = QN : QT 
and deduce the equation of a pair of tangents in the form found above. 

7. Find the locus of the middle points of chords of the circle 

+ 6a? — 8y + 17 == 0 

which make an angle co8“"^ J with the axis of a*. 

§ 12. Poles and Polars. 

(1) 1/ tangents he drawn to a circle from any point on a given straight 
line, the chords of contact will all pass through a fixed point 

(2) If chords of a circle are drawn through a given point, the tangents 
at their extremities will meet on a fixed straight line. 

To prove these propositions take the equation of the circle in its 
simplest form : 

4- 

(1) Let the equation of the 
given straight line be 

w = -f wy + n = 0. 

If P [x', y') is apy point on this 
straight line, we have the condi- 
tion 

?a?' + >wy' + n = 0. (i) 

The equation of the chord of 
contact of tangents from (x\ y') is (p. 146) 

xx'+yy' — A 

Using the condition (i) this can be written 

mxx' —y (n + lx') = mt^, 

x' {mX’-ly) = ny + mt^. 



or 



170 


THE OliRCLE 

This contains one undetermined constant x' in the hrst degree 
only, and therefore represents a straight line passing through the 
fixed point given by 

mx = ly and ny — —mr^, 

i. e. the fixed point ^ • 

V n n / 

(2) Let the fixed point be U (f, rj). Any straight line through this 

“ y-», + l:(x-a = 0. (i) 

Suppose the tangents at its point of intersection with the circle 

meet at then since 

(ii) 

is the chord of contact of tangents 
from {x\ y) to the circle, the lines (i) 
and (ii) are identical. Hence 
x' _ y' _ 

rTTR ’ 

and therefore 

V 

Hence f + y'v = 

i. e. the point {x% y') always lies on the straight line 

u = x^-{-yr\--r^ = 0. 

Pole and Polar. If tangents are drawn to a circle from any point 
on a straight line w, their chords of contact all pass through a point Z7. 

And if chords of a circle are drawn through 
a point TJy the tangents at their extremities 
intersect on a straight line xl 

The point U is called the ^pole’ of the 
line Uj and the line w is called the ‘polar' 
of the poipt U. 

Notes, (i) If the line u cuts the circle at A 
and B, real tangents cannot be drawn from points 
between A and B on the line : it can be shown, 
however, that the chords of contact of pairs of 
imaginary tangents from these points pass through 
U. When the chosen point is A, the tangents from it coincide and their 
chord of contact is the tangent at A ; so also at B : hence U is the inter- 
section of the tangents at A and B, This can also be seen from the above 
algebraical result. 
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For if M =r + »iy + n = 0, V is the point y- — > — ~ j< and the chord 

of contact of tangents from V is x-— -vy — -f r® = 0 dr + wy + w = 0, 
i.e. the line u = 0. 

(ii) If the point TJ lies outside the circle, and UA, UB are the tangents 
from U to the circle, only lines through U which lie between UA and UB 
cut the circle in real points. The tangents at the imaginary points of 
intersection of the circle and other lines through U may he shown alge- 
braically to meet on ti. 

The line UA meets the circle in coincident points: hence the tangents 
at the points of intersection coincide and intersect at A : thus A is on it. 
Similarly B is on u. Hence, if U lies outside the circle, the polar of U 
is the chord of contact of tangents from U. 

(iii) Many different definitions of the pole and polar are used in various 
books on Geometry. We have adopted the above because it applies equally, 
as will be seen later, to all curves represented by the general equation 
of the second degree, afid also, although in our notes we have introduced 
imaginary considerations, the pole and polar can be found from this 
definition by a real constriction in every case. 

(iv) It should be noted that the equation of the polar of any point {x, y) 
takes the same form as that of the tangent at a point (x\ y') on the circle. 
A tangent to a circle is the polar of its point of contact. 

For the general circle 

+ y* -f + 2/y -f c == 0 

the polar of the point {x\ y) is, in our usual notation, 

' a:X'4-yr4-Z' = 0. 

This should be remembered, as the equation is true for any curve of the 
second degree. 

Propositions on the Pole and Polar, 

(i) If the polar of U passes through Vj the polar of V passes thivugh V, 
Let U, V be the points y^), (.^2, y ^) ; the polar of U with respect 

to the circle -^y^ is xxi + yy\ = ; 

this passes through V if X2 -f yg 
Which is also the condition that U{Xij y,) 
should lie on xx^ + ^^2 ~ polar 

of V. 

(ii) If w is the join of the poles of the 
lines u and v, then w is the polar of the 
point of intersection of u and v. 

(iii) If the pole of the line u lies on the line 
V, then the pole of the line v lies on the line u. 

These results are immediate consequences of (i). 
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(i^ If U is the pole o/u mth respect to a circle whose centre is C, then 

(a) CU is perpendicular to u. 

\ (b) If CU meets u at L, then 

V CU. CL = {radius^. 

/ ^ Let the circle be 

I \ \ (a) If U is the point (x^, y-^, then u is 

1 j ^ the line 

\ / xxi + yyi = r^. (i) 

Also CU is the line 

xyi-yxi = 0, (ii) 

and the lines (i) and (ii) are evidently perpendicular. 

(b) Again CU = + 

CL = ; 


CU.CL=^ 1-2. 


Definitions. 


(i) U and L are called inverse points with respect to the circle. 

(ii) If the polar of U passes through V, U and V are called conjugate 
points. 

(iii) If U, V, W are three points such that the polar of each with 
fespect to a circle is the line joining the other two, the triangle 
UVW is said to be self-conjugate with respect to this circle. 

(v) If a triangle is self-conjugate with 
respect to a circle, the centre of the circle is 
the orthocentre of the triangle. 

If UVW be a triangle self-conjugate 
with respect to the circle, then VW is the 
^ polar of U. We have just shown that 
CU is perpendicular to VW, and similarly 
CV and CW are perpendicular to UW 
and UV, i. e. C is the orthocentre of the 
triangle UVW. 

The circle in this case is called the ‘ polai'-circle ’ of the triangle. 

In the figure 

CM. Cr=CU. CL = CN. CW 

= square on the radius of the circle. 
Evidently, then, the triangle UVW must be obtuse, otherwise the 
square of the radius will be negative and the polar-circle imaginary. 
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Ex. i. To find the 'polar-circle of the triangle whose vertices are 
(R cos a, It sin a), {R cos R sin /3), (R cos y, R sin y). 

The orthocentre of the triangle is the point (20, where 
2C= R(c08CX + C 08 ^ + C08y), 

2S = R (sin OC -f- sin + sin y). 

Hence the equation of the polar-circle is of the form 
(;r-2C)H(2/-260» = p". 

The polar of (2? cos a, JKsina) with respect to this circle is 

(a;-2C) (l?co8a~2C)4 (^-25)(-RBina-“25) = p®, 
i.e. {x-2C)R (cos^-fcosy) -f-(i/~25) -R(8in ^ + Biny) + p^ = 0, 
or 2-Rco8|(/3 + y) cos J(/3-y) (a;~2C) 

-f2i28in| (3 + y)cos^(i3-y) (y~25)4p* = 0; 
i.e. oj cos i (9 + y) 4 y sin ^ (/3 -f y) - 2 C cos J 0 -H y) - 25 sin | (9 + y) 

+ ^8ecJO-7) = 0, 

i. e. a? cos J 0 -h y) +y sin J (/3 4 y) - R cos {a (i^ + v)} 2 JR cos J (9 -y) 

+ |g8eci(^-y) = 0. 

But the chord joining the points 9, y is by hypothesis the polar of the 
point OL ; hence the equation just found is identical with 

a:cosJ (94y)4y sin^ (94y)-JRcoB J (9-y) = 0. 

Thus ^ sec J (3 “ y) ^ [cos {cx - ^ (9 4 y) } 4 cos ^ (9 - y)] 

= 2i2co8^(a-9) cos J(a~y), 
or = 4 1^2 QQQ ^ (QK _ cos J (9 ~ y) cob | (y — CX), 

and the required equation is 

(a;~2(7)®4 (y ~25)* = 4 JR’ cos |(a-9) cos J (9 — y) cos^ (y“0(). 

Ex. ii. To find the condition that a triangle may be drawn inscribed 
in a circle radius R and self conjugate with respect to a circle radius p. 

Let the first circle be a7’4y'^ = 1?*, and let OK, 9> y be the vertices of the 
triangle. Then we have shown in Ex. i that the equation of the polar- 
circle is 

(a:-2C)®4(y~25j* = 41?* co8|(0K-9) co8|(9-y) cos^(y-a). 

If d is the distance between the centres, we have 
(?* = 40*445* 

= 1?* [(cos a 4 COB 9 4 cos y)* 4 (sin a 4 sin 9 4 sin y)*] 

= 1?^ [34 2 co8a-9 + 2 co8 9-y 42 cosy-a] 

= l?*42i?*[l4C0S(X-94C0B9-y4C08 y-OK], 
and by elementary transformation this 

= 1?* 4 8 1?* cos J (a - 9) cos 4 (9 - y) cos ^ (y - OK) . 
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But p* = 4 /i*C 08 J (a-jS) cos|(iJi-y) cos i (y-a) ; 

hence = + 

which is the required condition. 

If one such triangle can be drawn, any number can. 

For take the circle {x-ay + iy-bf = p®, where 

+ Ifi + 2pK 

Then, if we choose OK, (i, y so that 

/2(cosa + cosi3 + coBy) = a, 

R (sin a + sin ^ + sin y) = 6, 

we shall find, working backwards, that (x — ay + {y — b)^ = p^ is the polar- 
circle of the triangle a, y. We can take an arbitrary value for oc and 
then find values for y; so that if the condition is satisfied, 

not only one but any number of such triangles can be described. 

Misoellaneous Examples for Revision. 

1. Find the equation of the polar of the origin with respect to the circle 

y®-f-2pa:4 2/y + c = 0. 

2. Find the locus of the poles of the straight line x*-fy = 1 with respect 
to a system of circles which pass through the points (2, 0), ( — 2, 0). 

3. Find the coordinates of the pole of the line 3a?-t4y = 5 with respect 

to the circle + = 25. 

4. If tangents be drawn from any point on one of three circles (which 
all pass through two fixed points) to the other two, prove that the ratio of 
the lengths of these tangents is invariable. 

5. Find the equation of tangents from the origin to 

4- — 6a7 + 2t/ -f 5 = 0. 

6. A chord of a fixed circle is such that the sum of the squares of the 
tangents drawn from its extremities t6 another fixed circle is constant: 
prove that the locus of its middle point is a straight line. 

7. Find the locus of a point the tangents from which to two fixed circles 
include equal angles. 

8. Two fixed points are conjugate with regard to a circle of given radius. 
Find the locus of the centre of the circle. 

9. From two points P, Q perpendiculars are drawn to the polars of Q and 
P with respect to a circle. Show that the ratio of their lengths is equal 
to the ratio of the distances of the points from the centre of the circle. 

10. Tangents are drawn from a point P to a given circle and meet the 
tangent at a given point Am Q and P. li AR equal to a constant 
length, find the locus of P. 

11. If ABC is a triangle self-conjugate with respect to a circle, two of 
the vertices lie outside and one inside the circle. 

12. Show that the polar of a point (x\ y') with respect to the circle 

(3a: + 4y + 4)*-f (4a; + 3y + 5)® « 24(a: + y)* 
is (3 a? + 4y -H 4) (3 0 ?' -f 4y' + 4) -f (4x + 3y -f 5) (4a’' -f* 3 y' + 5) «= 24 {x -I- y) (x' + y') . 
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13. A circle is drawn to touch one side of an equilateral triangle and 
to make the pole of another side with respect to it lie on the third side. 
Find the locus of its centre. 

14. Show that the equation of the locus of the poles of tangents to the 
circle (a?~a)*-f y* = 6*, taken with respect to the circle y’ = c*, is 

(a* — 6*) X* — — 2 c^ax -f = 0. 

15. The sides of a triangle are 

xjm + ylp-l = 0 , 
xj = 0, 
y = 0. 

Find its orthocentre and also the equation of the circum- and nine-point 
circles. Verify that the centres of the two circles, the orthocentre and the 
centroid, lie on the same sti-aight line. 

16. Find the condition that the straight line joining the points yj, 

(xj, y 2 ) may touch the circle + = a*. 

Hence find the equation of the pairs of tangents that can be drawn from 
(x, , y^ to touch the circle. 

17. From each of two points Ay B pairs of tangents are drawn to a circle. 
Prove that the pole of AB is the intersection of two of the diagonals of the 
quadrilateral formed by the tangents. 

18. A circle turns in its own plane about a point in its circumference. 
Find the locus of the point of contact of a tangent drawn parallel to a fixed 
straight line. 

19. If L and M are the feet of the perpendiculars drawn from a point P 
to one fixed pair of lines, and L\ M' are the feet of the perpendiculars 
from P to another fixed pair of lines, prove that, if LM and VM' are 
inclined to one another at a constant angle, the locus of P is a circle. 

20. Show that the tangents from the origin to the circle whose equation 
is X* + y^ - 5 A: (x + y) + 10^^ = 0 are the same, whatever value is assigned to k. 

For what values of k will this circle touch the straight line 3x + y + 15-=0? 

21. Show that the equation of the tangents diuwn from the point (/^, A*) 
to the circle x^*f y^ = is (x*^ + y^ — a^) (/t® -f A* - a®) = (/ix -f Ay - a* j*. 

Tangents are drawn to this circle from two points on the axis of x, 
equidistant from the point (c, 0). Show that the locus of their intersections 
is cy® = a® (c~x). 

22. The vertices P, C of a triangle lie one on each of three concentric 
circles; and ABy AC are paiullel to the tangents at C, B respectively. 
Prove that BC is parallel to the tangent at A, 

Also prove that the circumcircle of the triangle formed by the tangents 
at Ay By C is concentric with the three given circles; and find a relation 
connecting the radii of the four concentric circles. 

23. From a fixed point P (x , y) is drawn a straight line to cut the circle 
X® + y® ss a® in Q and R ; find the locus of the point harmonically conjugate 
to P with respect to Q and P. 

24. If a straight line move so that the lengths intercepted upon it by 
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two given circles are equal, the locus of its pole with regard to either circle 
will be a curve of the second degree. 

25. Chords of a circle, radius <*, subtend right angles at a point whose 
distance from the centre of the circle is c. 

Prove that the locus of their poles is a circle of radius 
(o’ v/2a’-c’)7(o’-c’). 

§ 13. Properties of two circles. 

I. Definition. The points which divide the line joining the 
centres of two circles internally and externally in the ratio of the 
radii are called the Centres of Similitude of the two circles. 

If the points (ofi, /Sj), are the centres of two circles, 

whose radii are r^, r^, the centres of similitude, 8y 8^, are the points 

g + ri^2 + ^2/3| | . g f *’l«2- »’2«l^ n 

( »‘i + »‘2 ’ ^i + »’2 i’ 1 ’ ry-r^ ) 

The points 8y, 8^ evidently divide the line Cy C 2 harmonically 
(Chapter I, p. 16). 

8how that any straight line through a centre of similitude of two 
circles is divided similarly hy the circles. 

Suppose two circles 

x^+y^ + 2gx + 2fy + c = 0 (radius r), 
x‘^+y^ + 20x+2I)f + C = 0 (radius R), 
have a centre of similitude at the origin (0, 0). 


Then 

Rg—rG = 0 ; Rf—rF = 0. 

Hence 


Now put 

? = A. 
r 

Then 

G = K.g, F=\.f, R = \r. 

But 

G^ + F^-G=R'‘ ; 


.-. C=G‘‘ + F^-R^ 


= \^g^+f^-r^) 
= A^c. 


Hence the equation of the second circl^e is 

x^+y'‘ + 2\gx+2\fy + \^c = 0. 

Let any straight line through the origin, i. e. through the centre 

of similitude, be ^ = r. 

cos d sin 6 
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If this cuts the circle x^-\-y^-\-2'Kgx-\-2\fy-\-K^c = 0 at P and Q 
the lengths OP, OQ are given by 

r* cos®d + r*sin® d + 2 A( 7 rcosd + 2X /r sin d + A*c = 0 ; 
i.e. r2 + 2rA(^cosd+/sind) + A2c = 0. 

Hence OP+ OQ = —2\(g cos d +/sin 0) 

OP. 0Q = \^c; 

{OP+ OQY _4:{g cos 0 +/8in 0Y 
OP.OQ ~ c 

i. e. ~ * quantity independent of A and therefore the 

same for both circles. 

Let the straight line cut the circles in the points P, Q and P', Q', 
and let OP = k . OQ and 0P'=k'. OQ' then it follows that 

fc+lA = ft' + l/fc', 
hence (A*'-l) = 0. 

Therefore k = k' or k= 1/k' ; whence 

OP/OQ = OP'/OQf or OQf/OP'. 

The straight line is therefore divided similarly by the two circles. 


II. Definition. The circle described on the line joining the centres 
of similitude of two circles as diameter is called the Cinle of Similitude. 
If the equations of the two circles are 


(a:-a,)2 + (j/-/3i)2 = ri2, 
{x-OC^Y + iy—S^ = rf, 

the equation of the circle of similitude is (v, p. 164) 


(x. 


n«2 + »'2ai 


n + r~ 




+(y 


.Uhllih 
+ 




0 . 


This at once reduces to 


ri‘{iY-2(XiX+oiY+y'^-2Siy+p2^} 

—rY{x^-2iXiX + a{‘+y^—2fiiy + Si^} = 0 , 

or rY{(x-(X^Y + {y-SiY}-r.f{{x-(X,Y-^{y-^^Y} =0, (i) 

which is identical with 

»-i*{(*-a2)*+(»-^2)*-»-2»} = 0. (ii) 

Note that 

(a) Equation (i) shows that if P {x, y) is any point on the circle of 
similitude of two circles whose centres are Ci , 
then POi : POj = r, : r^. 


1267 


M 
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(b) If = (x - ai)2 + {3/-/3, = 0, 

S, = (x-a,)2 + (»/-/3,)2-r,2 = 0 

are two circles, we see from (ii) that the circle of similitude can be 


^ ^ 
,2 ~ ^ 2 ■ 


8 , 


written 

(c) It can be shown that the circle of similitude is the locus of 
points at which the two circles subtend the same angle. 


Example. The centres of similitude of the circumcircle and nine-point 
circle of a triangle are the orthocentre and the centre of gravity. 

If the vertices of the triangle are (Bcosa, RsinOc), (if cos 3, Bsin^), 
(RcoBy, .Bsiny), we have seen (p. 153) that the equation of the nine-point 
circle is (aj-C)*-!- (y-S)> = 

Hence the centres of the circumcircle and nine-point circle are (0, 0), 
(C, S), and their radii are i? and ^R, 

The coordinates of the centres of similitude are therefore (§C, |S) and 
(2 C, 2S), which are those of the centre of gravity and the orthocentre. 

The equation of the circle of similitude is 

(x-§C)(x-2C) + (y-§S)(g-2S)=^0, 
or 3a;*-t-3y»-8Cx-8S’y + 4(C’-hS») = 0. 


III. The Common Tangents of Two Circles. 

The equation of any circle can be written in the form 
(a:-0£)*-f(y-/3)2 = r^; 

this is the most convenient form for this problem. 

Let the equations of two circles be 

(i) 

{a:-a2)2 + (y-^z)^ = r^^ ; (ii) 

we wish to find the equations of those lines which touch both of the 
circles. 

The coordinates of any point on the circle (i) can be written 
{(Xj + fi cos 0, /3i -f rj sin 0 } , 
and the tangent at this point is 

(x — Oj) cos 0 + {y— fij) sin 0 — ri. (iii) 

There are two tangents to the circle (ii) parallel to this, viz. 

(x-cx2)co8d-l-(^-/3j)8infl = r 2 (iv) 

and (x — tXj) cos d -f- (y — /3a) sin d = — r^. (v) 

If either of these coincides with (iii) it will be a common tangent 
of the two circles. 



THE CIRCLE 179 

Comparing the equations (iii) and (iv) the condition that they 
should be identical is 

Oil cos d + [Si sind-f rj = oc^ cos d + sin 0 + r. 2 , 

i. e, (cXi - Ofg) cos d + sin d *f (r^ - r^) = 0. (vi) 

This equation then gives the values of 0 which make the line (iii) 
a tangent to both circles. It can be written 
(ai— aj(l -tan2 |d)-f (/3i — /32) 2 tan Jd 4* (ri~r 2 )(l + tan2 Jd) = 0, 
or tan^ J d (r ^ — — «! — ocjj + (/J^ tan Jd + ri — + (Xa= 0. 

This is a quadratic and gives two values for tan \ 6 with corre- 
sponding values for cosd and sin d to be substituted in (iii). 

The two tangents are real, coincident, or imaginary according as 
>, =. or < (rl-r2)2-(^Xl-0(2)^ 
i. e. as (cXi - a^)’ + (/3i - > , = , or < (rj - r^f. 

Since the centres of the circles are the points Ci ((Xj , Z^^), C 2 (ota? 1^2^ 
this condition is the same as C^Ca > , = ,or < — 

If one circle is outside or cuts the other, clearly CiC 2 >^\^r 2 
and two real common tangents can be drawn. 




If one circle lies within and just touches the other, then 
C 1 C 2 = ^ 1—^2 ^he common tangents coincide. 



If one circle lies entirely within the other, CiCa<»*i — ra and the 
tangents are imaginary. 

Again, if equations (iii) and (v) are identical, we get similarly that 
(«! - (X 2 ) cos d + (/3i — /^a) sin d -f -f rg = 0. (vii) 

Treating this in the same way as equation (vi), these correspond 
to two common tangents which are real, coincident, or imaginary 

m2 
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according as CiC^ is >, =, or < i. e. according as the one 

circle lies outside, lies outside and touches, or cuts the other. 



We see then that equation (vi) gives the values of 6 for the ‘direct ’ 
common tangents and equation (vii) for the transverse common 
tangents. 



Now let FP' be the points of contact of the tangents given by 
equation (vi) 

(tti— tta) cos 0 + (^1-/32) sin d + ri-rg = 0 

with the first circle. Since the coordinates of P are 
(cx, + rj cos 6, + rj sin 6), 

where 6 is one of the values given by (vi), if P is called the point {x, y) 
we have a? = cxj + fi cos d, y = /3i + rj sin 0. 

Hence 

(«! - a*) (a?- «]) + (^1 - /^2) + »•! (^•l - »'2) = 0 (viii) 

is an equation satisfied by the coordinates of P, and (by precisely the 
same argument) by the coordinates of P'. In other words (viii) is the 
equation of the chord of contact PP'. 

Now the chord of contact of tangents from the external centre of 


similitude Ni to the first circle is 


1 . 6 . 


^ , »',(a2-ai) . , Q. _ „ 2 


ie. (a:-(Xi)(ai-a2)+(y~^i)(^i-^2)+»‘i(»'i-»’2) = 
which is identical with equation (viii) of the line PP'. 
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Hence the direct common tangents meet at the external centre of 
similitude S 2 * 

In the same way it can be shown from equation (vii) that the 
chord of contact QQ' of the transverse common tangents is 
((Xi-ag) {X-0C2) + (^1- (y- ^2) + n (n + ^2) = 0 , 

which is the chord of contact of tangents from the internal centre of 
similitude Si* 

The following example illustrates the methods of finding the 
equations of common tangents in numerical cases: the equation 
of each pair can be written down generally as the tangents from 
the centi*es of similitude to the circles. 


Then 


Ex. i. Find the common tangents of 

= 0 , 

^■2^^2_21^ + 90 = 0. 

These equations can be written 

(a: + = (!)». 

The condition that {x — |) cos d + (y — 2) sin ^ | 

and (a:— cos^ + ysin ^ = +5 

should be identical is 5 C 08 ^ + 28in J = ^cos^-f 
i. e. 9 cos ^~2 sin ^ + 2 = 0 

or 7 tan* + 4 tan|^-ll = 0. 

Hence tan^^s^l or — U. 

. . 2tanJ^ - 

“ -‘i- 

The corresponding common tangents are 
y = f and + 

Again, the tangents {x - 1) cos d + (y - 2) sin ^ , 

(a?— ^ 2 ^) cos ^ + y sin 6 = — $ 
f co8^ + 28in^ + f = ^ C08^-|, 

9 cos ^~2 sin ^—7 = 0, 

8 tan * +2 tan = 0 , 
tani^= or 

cos d = 2 

sin ^ == — I or ^ 7 . 

The corresponding tangents being 

K»-¥)-!ly = -2 and + ^ 

or 3a;-4y-9=0; 16a? + 8y-“81 «= 0. 


are identical if 
i. e. 
or 
i.e. 

Then as above 
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Ex. ii. Show that the equations of the two pairs of common tangents 
to the circles {x + = »•“ ; {x— a')- + {y — h'f — r'^ are given hy 

I x—a , y — h 
\x-a', y-h' 


1 - 

x—a , r ^ , 

y-h, r 

1 “ i 

x—a',±r’ 1 

I y'-h\±r' 


Any tangent to the first circle can be written 

(x-a) costf-f (y—h) sintf = r. (i) 

A parallel tangent to the second circle is one of the straight lines 

(a?-a') cosd-f sind = + r'. (ii) 

Points on the common tangents therefore satisfy both equations (i) 
and (ii). 

But from these 

cos.^ sind 1 


V - 

1 


\ x—a ^ y-h 1 

1 

r+ 

1 1 x-a\±r 

1 

1 

( 


Hence, since cos^d + sin’d = 1, any point on a common tangent satisfies 

I «-«, y-h x-a, r |'\ y-h, r |* 

X 


IV. The Common Chord of Two Circles. 

Let the equations of the two circles be 

x- + y- + 2gx’h2fy^c = 0, (i) 

.T- -f 4- 2ff'x + 2 f'y 4- c' = 0. (ii) 

The equation 

4- 2 gx + 2fy -h c) - (;r- + y- + 2 gx 4- 2fy + (/) = 0 (iii) 
is satisfied by the coordinates of any point whose coordinates satisfy 
both the equations (i) and (ii) ; hence it is a locus through the com- 
mon points of the two circles. 

But the equation is equivalent to 

2(g--g')x^2{f-f)y^c-c' = 0, 

which is a straight line and is therefore the common chord. 

Note i. If one circle bisects the circumference of another, their common 
chord is a diameter of the latter circle. 

Thus, if + y 4 2gx 4 2/// 4 c = 0 (i) 

bisects the circumference of 

x"" •{^^-^2Gx-\2Fy^ C — (i, (ii) 

then (-Cr, ~F) lies on 

2(6?-.gr)a?4-2(F-/)j/+ C-c = 0, 
i.e. 2<7((7-i/) + 2F(F-/)4 c-C-O, 

or the coefficients of the first equation (i) satisfy the linear relation 
2G'^ + 2/y-(T = 2GM 2F*-C. 
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Hence a circle can be drawn to bisect the circumference of any three 
circles, for we then get three linear equations to find and c. The only 
case in which this fails is when 


1 

1 = 0 , 

F, 1 

i. e. when the three given circles have their centres collinear. 


Note ii. If two circles touch, their common chord is a tangent to each 
of them, for this is the limiting case when the two points of intersection 
coincide. 

Thus, if two circles Cj = 0, C^ — 0 touch, the line == 0 is their 

common tangent at the point where they touch. 

Suppose its equation is T = 0 ; then Cj- C* = hT where A; is a constant, 
i. e. C^^Ci — lcT. 

Hence, if T = 0 is a tangent to the circle = 0, Cj = kT represents 
a circle touching = 0 at the point of contact of T = 0, 


Note iii. It follows that if two circles cut in imaginary points, the 
join of these points is a real straight line. 

The result of this paragraph can be written briefly thus : 

If = 0, Cj == 0 are the equations of two circles, is the 

equation of their common chord. 

Conversely, if we are told that a straight line u = 0 is the common chord 
of the circle C = 0 and some other circle, the equation of the second circle 
must be of the form C-Aru = 0, where k is some constant. 

This relation will be discussed more fully in § 14. 


Example i. To find the equation of a circle which passes through the 
points of intersecticni 2a:-f3y + 3 = 0 and 5^ — 2^— 10 = 0, 

and also through the point (8, 1). 

The equation of the required circle is of the form 

+ 2a? + 3y + 3-A;(5a:-2y -10) *= 0. 

Since the point (3, 1) lies on this, 

10-3A; = 0, i.e. A: = V- 

Hence the required circle is 

3(a:®*fy* — 2a; + 3y + 3) — 10(5aj~2y-10) = 0, 
i. e. 3a;* -f 3f/* - 56a? + 29y -f 109 = 0. 


Example ii. To find the equation of the circle which is equal to 
the circle and touches it at the point (acos(X, a sin a). 

The tangent to the given circle at this point is 
;r cos (X + y sin a a. 

Hence the required circle is of the form 

a?*-f y*-a* « A;(a?cos + y sin Oif-a). 
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The radius of this circle is 

COR® i (A;* sin® a) H- a® — ka. 
Hence, since the circles are equal, 

JA;® — A:a + a^ =* a®, 
i.e. A; =te 4a. 

The equation required is therefore 

*= 4a(a? cos CX -f y sin OL — a). 


V. To find the angle at which two circles cut, i. e. the angle between the 
tangents to the circles at their common points. 


If the circles cut at P, the tangents to them at P are perpendicular 

respectively to the radii CiP, C^P ; hence 
the angle between the tangents is equal 
oV supplementary to the angle CiPC^- 
Now, if we denote the angle CiPGo by xj/, 

2c,}>.oy— - 

If the circles are 



a;^-hg'^ + 2gx + 2/g + c = 0 , 
a;'+y^ + 2(?;r + 2JV + C=0, 

since their centres are (—g, — /), ( — G, — jP) and their radii 

and + C, 

we have 

^ 2 gG + 2fF^C-c 

2Vg^T7^c VW^F^^' 

i. e. 2 Br cos xj/ 2 gG + 2/F— (7— c, where B, r are the radii. 

Note i. If two circles touch internally or externally, is 0 or tt 
respectively, and 2gG + 2fF-C-c = ±2Rr, This is equivalent to the sum 
or difference of the radii being equal to the distance between the centres. 

Note iL When the circles cut at right angles (i.e. orthogonally) yfr is 
a right angle and cos xj/ is zero : hence the condition that the two circles 
should cut orthogonally is 2 + 2 jP/— C - c = 0. 

Note lii. The square of the length of the tangent from the centre 
— /) of the first circle to the second circle is equal to 
g^+/^-2Gg--2F/'hC = g^+/^^c--(2Gg+2F/-‘C-'C). 

Hence, if the circles cut oHhogonally, the length of this tangent is equal to 
the radius of the first circle. Similarly, the length of the tangent from the 
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centre of the second circle to the first circle is equal to the radius of the 
second circle. The converse of this proposition is clearly true. 

If the first circle is known and we are finding the equation of the 
second, cutting it orthogonally, this condition is linear in the three 
unknown quantities 6r, and C. 

The circle can therefore be made to fulfil two other conditions. 
Thus, for example, one definite circle can be found which cuts three 
given circles orthogonally. 

If the tangents to two circles which cut orthogonally at one of 
their common points be taken as coordinate axes, the equations 
of the pair of circles are 

rjX = 0, 


Ex. i. If two citxles cut orthogonally^ the tangents at one point of 
intersection meet the circles again in points tvhose join passes through the 
other point of intersection. 


Taking the tangents at a common point as coordinate axes, the other 
points in which the axes meet the circles 


a? — = 0, 

= 0 

are 0), (0;2r,). 

( 2 r * 

—— s> 

rj H-n, 


V 

r,’ + r,V 


X 

This lies on = — h 


2;-, - 2r, 


^ *• 


Ex. ii. Show that a line cut harmonically by ttvo orthogonal circles 
must be a diameter of one of them. 


Let the circles be 

— 2rja; = 0, 
a?* + y*-2r3y == 0, . 
and the line twy = 1. 

Then, if the points of intersection are 
PQRS, the lines 

OP, OQ are a;* + y*-2rja?(la? + my) = 0, 
and 

OP, OS are a?* + y*~2r,y (/a? + my) *= 0, 
i.e. a?“(l~2ril)-2rima?y + y*« 0, 
a:*- 2 r 3 toy + y*(l-2mr,) « 0. 

These form a harmonic pencil if 

(1 — 2r|l) (1 —2rjm) + 



1 rs 2f\r^fnl, 

[Chap. Ill, p. 92.] 
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i.e. 

1 - rj/- + t\f\lfn = 0, 

i.e. 

(1 (1 — r^fw) = 0. 

Thus 

1 

II 

o 

0 

►— » 

1 

• 9 * 

o 


i.e. either (rj, 0) or (0, r^) lies on the line Ix+m^ = 1. 

Ex. iii. A circle cuts the two circles 

(a;-ai)2 + (y-&i)* = ri2 

at angles 0^ and d^- Prove that it cuts their circle of similitude ortho- 
gonally if ri cos $2 = rj cos 

Let the centre of this circle be (O, j3) and its radius be p, then we have 
the conditions (a-a,)’+ (j3-6,)’ = p* + rj’ - 2 rjp cos dj, 

(0( — tfj)’ + (j9 — 6,)’ = p® + Tj® — 2 ij p cos dj . 

The circle of similitude is 

(x - a, )® + (y - 6j)® _ (a: - a,)® + (»/ - 

y-f " “ r/ 

or r,® {(x-a,)® + (y - 6,)®} - r,® {(x - a,)® + (y - b,)’} = 0, 

and since the coeflScients of x® and y® are (>j®-ri*), the square of the 

tangents from (a, /S) to this circle 

r ,® {(a - a,y + O - 6^)®} - rt® {(a - a,)» + (3 - h)^} 

rj®-V 

_ r 2 ®{p® + /-,®-2r,pco3dij - i-j® {p® + /-J®- 2 r,p cos djJ 

~ 2 ® 

'2 ' 1 

___ j 2;ir2p(;jC08^i~riC0s^2) 

^ r^~ri 

7 2 

= since ' i cos 

Hence the circle cuts the circle of similitude orthogonally. 

Ex. iv. JFind the equation of the circle having for a diameter that 
chord of the circle gx + 2 fy^^c = 0 whose equation is 

Ix+my-^n = 0. 

Since the circle passes through the common points of 

+ + + = 0 and Ix-^-my-hn = 0, 

its equation is of the form 

y' + 2 gx •{'2fy + c + 2k{lx + 7ny + n) « 0 . 

Moreover, ?a;4*my + n = 0 is a diameter of this circle, hence its centre 
—{f+km)} lies on this line. 

Thus l(g-hkl) '^mif’^km) —n ^ 0 

or k (i* + 7n^) = — (Ig + m/— n). 

Thus the required equation is 

(/* + m*^) (a?* -f + 2f/a; + 2/y -f c) «= 2(^y + wi/— n) (lx + wg -f n). 
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Examples V k. 

1. Find the equations of the common tangents of the circles y- ^ 1, 

+ + 2 = 0. 

2. Find the coordinates of the centres of similitude of the circles 

x"- — 1 = 0 , 

2:r + 4y — 1 1 =0, 
and the equation of their real common tangents. 

3. Find the equation of the circle cutting orthogonally the three circles 

a:^ + //^ + 2a:~4y-f 1 =0, 
y- — 6a: + 8y + 7 = 0, 

+ + + 9 = 0. 

4. Find the equation of a circle which bisects the circumferences of 

+ + 2a: = 3, + 2y == 3. 

5. Find the equations to the two circles which have their centres at the 
origin and touch the circle ./M y^“6a:~8y + 9 = 0. 

6. Find all the common tangents of the circles .r^ + y^ -3a?-54 = 0, 
;r*4-f/--2U4 90 = 0. 

7. Find the equation to the circle which passes through the point (1,1), 
and the points of intersection of 3a: +7 = 5y, 3a:~2a:^ = 5y-f 2y*~17. 

8. Find the radius of the circle of similitude of two circles in terms of 
their radii and the distance between their centres. 

9. Write down the equation to the circle which passes through the point 
(a, h) and the points common to /a: + wy = 1, rrM y^ + 2yj:-f 2/y4 c = 0. 

10. A and B are the centres of two orthogonal circles intei'secting in 0, 
and r is any point on the circle AOB, Show that P is equidistant from the 
two points in which PO cuts the circles. 

11. Find the equations of the two circles which cut oithogonally the 
circles a:^-f y^4 2a:'~9 = 0, a-^ + y’-So: — 9 = 0, and touch the line y-a: = 4. 

Show that the distance between their centres is 10 \/2* 

12. Show that the circle on the line joining the centres of similitude of 

a;* + y^~2 A-a:4-6* = 0, 
x^ 4 - y* -2k' X 4- 5* = 0, 

as diameter is o:^ 4 - y^ — 2 a: {kk' 4- 6*) j{Jc 4- k') + 6® = 0. 

13. Find the condition that the circles 

(a:-c)*4-X(a?4-c)*4-(l 4-X)y*= 0, 

(a? - c)* 4- (x + c)* 4- (1 4* fi) y* = 0 
should cut at right angles. 

14. Show that the equation of the circle which cuts each of the three 

circles a:®4-y®*=a®, (a?-[>)*4-y* = a:® + (y — c)* = a® at right angles is 

a:* 4- y* — — cy 4- o® = 0. 

15. Show that the circle of similitude of a?“4 y*-2aa?4 a*co8®a **= 0, 
^^ + y*~-25a?4-&®cos*(X * O 'is (a 4 5) (a;* 4- y®) = 2ahx. 

16. If two circles intersect, their circle of similitude passes through their 
points of intersection. 
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17. If two circles cut orthogonally, the extremities of a diameter of either 
are conjugate points with respect to the other. 

18. Find the equation to a circle which touches + 2a? = 0, 

a:^ + y® + 3a? = 0 at their point of contact, and has internal or external 
contact with the circle {x - 3)^ + (y — 1)2 = 1 . 

19. If a circle of fixed radius p cuts a circle C = 0 whose radius is r at an 
angle Of, the locus of its centre is (7 = r®-2rp cos Of. 

20. Find the locus of a point at which the two circles + y* - 2 a? + = 0, 

a^ + y^ — 2 a 2 X'hb^ == 0 subtend the same angle. 

21. Find the locus of the centre of a circle which cuts the circles 

(a? — + (y — = c® cos* Of, 

(a?--aj)* + (y-5j)* = c*co8*/3 
at angles ^ and Of respectively. 

22. Find the locus of the centre of a circle which cuts each of two given 
circles at a given angle. 

23. Find the equation of a circle which cuts orthogonally 

a;* + y* + 2 yo? + 2/y + c = 0, 
a?*4-y* + 2y'a? + 2/y + c = 0, 
and also the line Ix-^my = 1. 

24. Find the equation of the circle which has for its diameter the chord 

cut off on the straight line ao? -f iy + c = 0 by the circle (a* 4- (a?* + y*) = 2 c*. 

25. Circles are di-awn through the point (c, 0) touching the circle 

iP^ + y^ =r a*. Show that the locus of the pole of the axis of a? with respect 
to them is 4a*(a?“c)^ = {a* — (C“-2a;)*}y*. 

26. If C=a?* + y*4-2ya? + 2/y + c, and u=a?co8 0( + ysiirfX— p, and is the 
value of u at the centre of the circle C = 0, then the equation of the circle 
on the chord which 0 «= 0 cuts off from m = 0 is C~2tt Wq == 

27. If a circle cuts three circles = 0, Cg = 0, Cg = 0 orthogonally, 
prove that it cuts all circles of the system XC^-f yCg + i/Cg = 0 orthogonally. 

28. If Q, B are the points of contact of the tangents drawn to the circle 
0 = 0 ?* + y* 4- 2ya:+ 2/y 4- c = 0 from an external point (^, k), find the equation 
-P = 0 of the chord QB and show that the circle described on QB as diameter 
may be written in the form 2?^P = {(^4-y)*4-(A;4-/)*} C, /* being the radius 
of the circle. 

29. If Cj = 0, Cg = 0, Cg = 0 are three intersecting circles and 
aCi 4> hCj 4- cCg is identically zero, where a, 5, and c are constants, then all 
three circles pass through the same two points ; and if this condition is 
satisfied the circle iCj + wCg-fnCj = 0 for any values of m, and n also 
passes through these two points. 

§ 14. Systems of Circles. 

I. Ci = x^+p^ + 2giX+2fyy + Cx = 0, 

Ci = x^+y^-\-2g^x + 2f^y-\-c^ = 0 
being the equations of two circles, we have shown that 

Ci-C^ = (i^-\-i/ + 2gxX-\-2fxy-\-c^-{x^Jfy^-ir2giX-\-2f^y-\-c^ = 0 
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is the equation of their common chord ; when the circles do not 
meet in real points, — (72 = 0 still represents a straight line satisfied 
by the coordinates of all points common to (7i = 0, (72 = 0 ; it is the 
join of their imi^inary points of intersection. 

Now the square of the lengths of the tangents from any point 
(a?', i/) to the circle (7i = 0 is found by substituting and y' for 
X and y in Cl. Another geometrical interpretation can now be 
given to the equation 

Ci~C2 = 0, 

which enables us to define the line in real terms in all cases. 

The equation 

(a?2-f-y2^2yia;-l-2/iy4-Ci)--(a?2 4.y2 + 2y2^ + 2/2y + C2) = 0 
represents the locus of a point, the tangents from which to the two 
circles are equal ; hence the definition : 

The locus of a point, tangents from which to two given circles are 
equal, is a straight line which is called the Kadical Axis of the two 
circles. 

Evidently, when the circles cut in real points, the radical axis 
is the common chord : if the circles touch each other, it is the 
common tangent at the common point. In every case the radical 
axis bisects the common tangents to the circles. 

The equation of the radical axis reduces to 

2a; (S'i-fl'2) + 2y (/i-/2) + Ci-C 2 = 0. (i) 

Now the centres of the circles Cj, C 3 are (— —fi), {—gn —/i), 
and therefore the equation of the line joining the centres (the line of 
centres) is 

i‘>!+9i){/i-A)-{y+/i)(9i-h) = ^- (“) 

This is perpendicular to the line (i) ; hence the radical axis of two 
circles is per^ndicular to their line of centres. 

Now consider the equation 

x^+y^-^2gx-\-2fg + c-\-\{lx+my + n) — 0. (iii) 

It represents a circle whatever value \ may have. 

But the radical axis of this circle and the circle 
x^-i-y^-\r2gx+2fy + c = 0 
is the straight line Ix + my+n^d. 

Hence for different values of A, equation (iii) represents a system 
of circles each of which has the same radical axis lr+my+n = 0 
with the circle a:®+y*+2ya;+2^+c = 0. 
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Further, if 

+ + + = 0 , 
a?2 + t/2^2gfa:+2/^ + c + A2(Zj? + w?/ + M) = 0 
be any two circles of this system, their radical axis is 

+ + = 0, 

i. e. Ix + my^-n^O. 

Thusaj2+^^ + 25f^?4*2/y-f c + A(Zjp+m^ + w) = 0 represents when A 
varies a system of circles, such that every pair has the same radical 
axis + + w = Such a system of circles is called a Coaral 

System. 

In abridged notation we can write briefly < if 0 = 0 is a circle and 
w = 0 a straight line, C-f-Aii = 0 represents a coaxal system of circles 
of which w = 0 is the radical axis. 

Since the radical axis of two circles is perpendicular to their line 
of centres, the centres of all circles in a coaxal system lie on a 
straight line. 

The equation of a system of coaxal circles is simplified by taking 
the line of centres as the axis of x and the radical axis, which is 
perpendicular to it, as the axis of y. 

In this case, since the centre is on the axis of Xy / = 0, and the 
equation is of the form ^ 2 510; + c = 0. 

Now the radical axis is a;== 0, hence the equation of the system of 
circles is + / + 2 + c + = 0 

for different values of Ic, i. e. 

x^-¥y^-\-c-\-xi2g + k) = 0 ; 

or, writing 2 \ for the variable coefficient of x, we have 

iK^ + ^^ + c+2Xa; = 0. 

The constant c is fixed ; by varying the coefficient A the equation 
of all the circles of the system can be obtained, and further, to every 
value of \ there corresponds a circle of the system. 

Properties of a system of coaxal circles. 

(i) The general equation of a circle of the system 
a^ + y^ + c+2Xa; = 0 
can be written (a; + A) ^ ^2 = A* — c, 

and if A has either of the values ±Ve, this reduces to 
(*— ■/c)*+y2 = 0 or («+ ■/c)2+y2 = 0. 

These equations represent circles whose centres are ( •/c, 0) and 
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( — \/c, 0) and whose radii are zero : the only real values of x and y 
which can satisfy them are the coordinates of these centres. 

These points (\/c, 0), (— 0) are called the Limiting Points of 

the coaxal system : they lie on the line of centres at equal distances 
from the radical axis on either side. They are often referred to as 
the Point-circles of the system. 

The limiting points are real when c is positive, and imaginary 
when c is negative. 

Now the circle y^ + c + 2 \ x = 0 meets the radical axis :r = 0 
in points whose coordinates are given by -f c = 0, i. e. the radical 
axis meets the circles of the system in real or imaginary points 
according as c is negative or positive. 

Thus a system of coaxal circles which intersect only in imaginary 
points has real limiting points : a system of coaxal circles which 
intersect in real points has imaginary limiting points. 

Hence + §2 + 2 X rr = 0 represents in general a system of 

coaxal circles which do not intersect in real points, and whose 
limiting points are (8, 0), (—8, 0). 

(ii) The limiting points are conjugate with respect to every circle 
of the system and have the same polars with respect to all circles of 
the system. For the polar of (8, 0) with regard to 

x^ + y^ + b^-{-2\x = 0 
is a?84-82-f X(x-f 8) = 0, 

i. e. (^ + 8) (5 + X) = 0, 

i. e. a; + 6 = 0, 

a line through the other limiting point parallel to the radical axis. 
Thus the polars of the limiting points are the same for all circles of 
the coaxal system and are conjugate with respect to every circle of 
the system. 

(iii) The equation of any circle of the system can be written 

= X2— 62 ; 

hence if the circle is real X2>62 ; the centre is (—X, 0), hence no real 
circle of the system has its centre between the limiting points. 

(iv) Any circle through the limiting points cuts all the circles of 
the system orthogonally. 

Any circle through (8, 0), (— 8, OJ is [p. 162] 

a;2+/ + 2/2/-82 = 0, 

which cuts any circle of the system 

x^ + y^ + 2\x + b^ 0 

orthogonally. (The condition 2 Qg + 2 Ff = C+c is satisfied. ) 
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Ex. i. All circles which bisect the circumferences of two given circles 
form a coqxal system. 

Let the equations of tl^e two given circles be 

+ + 2/a? = 0, (i) 

a;® + y* + c + 2 = 0. (ii) 

Any diameter of (i) is of the form 

x+f+ky = 0, 

since its centre is ( -/, 0). 

Hence the circle 

a?*+y* + c + 2/a? + X (a:+/+A?y) =0 (iii) 

bisects the circumference of (i). 

The common chord of tho circles (ii) and (iii) is 

2 (f-g) a?-f X (a?+/+A?y) = 0 ; 

but this is a diameter of the circle (ii) if the circle (iii) bisects its circum- 
ference. Hence the centre of (ii), viz. (~ y, 0), lies on this line. Hence 
-2g(f-g)+\{f-g) = 0-, 

\ = 2g. 

The circle bisecting the circumferences of the circles (i) and (ii) is accord- 
ingly aj*-fy*-l-c + 2/a: + 2y(a;+/-fA:y) = 0, 

i.e. a?-¥y^+2{f-^g)x-\-c-¥2fg-¥2gky=^Q, 

which for different values of the undetermined constant h represents a 
system of coaxal circles, the radical axis being y 0. 


Ex.ii. If 0 = a;2-|-y2+2flr»-t-2/y-2y5/ = 0, 

G' = x^+y^+2^x+2fy-2f^ = 0 
are two circles of a coaxal system, show that the point-circles arc given by 
the equation C* (f ■\rg'f—2 CC' (/-I- f) if'-i-g)+ C'^ {f-k gf=^0. 


i.e. 

or 

i.e. 


Any circle of the system is C+\C' = 0, or written in full 

!i^-t-y* + 2gx + 2fy-2fg + \(x^ + y* + 2g'x + 2f'y-2f'g') = 0. 
This is a point-circle of the system if its radius is zero, i. e. if 
f9 + ^9'\\ /f+^f'W 2fg + 2\fy 

iTTr; + vttt; ux 

ig + Hy + (/+ ^/')* + 2 (1 X) {fg + ^f’g') = 0, 

X’ (g ' +/')’ + 2X igg'+ff'^f'g'-^fg) + (g +/)* -= 0, 
X*(l7'+/r + 2X (/-ty') (/'+y)-Ksr.f/)» = 0. 


Hence, if X has either of the values given by this equation, C + XC' > 
is a point-cii^cle of the system. 

Thus the coordinates of the point-circles satisfy 

x--^ 

where X satisfies the above equation. 

Therefore the equation of the point-circles is 

+/? " 2 CC' (/+ 9') if' ^9)-¥C'^(g^ /)» - 0. 
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II. Three Circles. 

The radical axes of three circles taken in paip'S are concurrent 

For, if Cl = 0, C2 = 0, 63 0 are three circles, their radical axes 

when taken in pairs are the lines 

= = Ca-Ci = 0, 

which evidently are concurrent. Their point of intersection is 
given by Ci = = C3 ; it is called the BAdical Centre of the three 

circles. 

The lengths of the tangents from the Radical Centre to the circles 
are equal, since its coordinates satisfy Ci = 6^ = C3. 

The circle whose centre is the Radical Centre and whose radius is 
equal to one of these tangents is called the Radical Circle, and cuts 
all three circles orthogonally. 

Cl = 0, Cj = 0, Cj = 0 arc three circles^ their six centres of 
similitude lie in sets of three on four straight lines, viz, 

(a) the three external centres of similitude of CiC^i, 

(b) the two internal centres of similitude of C1C2, CiC^, and the 
external of 

(c) the two internal centres of similitude of C^Ci, awrf the 

external of C1C3. 

(d) the two internal centres of similitude of C^Ci, upid the 

external of CiC^* 

These four lines arc called Axes of Similitude. 

Let the centres and radii of the circles be (aj, /^i), ri ; {oi^, 1^2)1 ^2 > 

The external centres of similitude are 

^ 2 ^ (^2 ) ^ S 1 ~~ ^‘ i ^3 ^ ^ 

\ ) ( r^-fx ' r.->\ ) 

( n-r-i ’ n-r.^ y 

Let Ix-^mg-{-n=z 0 be the straight line joining the first two; then, 
substituting the coordinates of the first in this equation, we obtain 

Icx^ + tnfS^-hn loc^ + -f n 
— = — ’ 

and, substituting the coordinates of the second, 

lag + m/^g-f n _ ZeXj-f wi/^i-f n 


12«7 
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Hence ia, + »t/ii +« _ laj + wi/^a + n 

_ , 

and the third centre of similitude also lies on the line. 

To obtain the equation of this line, let 

loci + + n _ lag+wtjSg+w _ loc^ + m^s+n _ ^ 

ri ~ r.^ ” r-i ~ ‘ 

Thus lx +my ■{■n = 0, 

l(Xi + m/3i + n — kri = 0, 

la^ + m/i^ + n—kr^ = 0, 

liXj + m/Sj + n-kri = 0. 

If we eliminate I, m, n, and k, we obtain the equation in the form 
X if 1 0 I 

/^1 1 I 0 
0(2 /^2 1 ^*2 

^3 /^a 1 ^3 i 

If we change the sign of > i we obtain the equation of the axis of 
similitude which passes through the external centre of Cj, and 
the internal centres of Ci, C 2 and Oj, and similarly for the 
other two. 

Ex. i. Prove that the locus of the centre of a circle cutting three given 
circles at the same angle is the perpendicular let fall from their radical 
centre on an axis of similitude. 

Let the circles be C, = 0, 

= (:r - OL^Y + {y = 0, 

C^ = {x-0(^Y^-(y-^^Y-rY «= 0; 

and suppose (^, »?) to be the centre and p the radius of the cutting circle. 

Then (^ - ~ Pi)* = + p* + 2 r, p cos (X ; 

i.e. the coordinates 1 ; satisfy 
, Cj = p* + 2 r, p cos OL. 

Similarly they satisfy = p* + 2/2 p cos (X, 

Cg = p* + 2 r 3 p cos (X, 

Eliminating p* and p cos X from these three equations, we get the 
equation Cj 1 

Cj 1 r, = 0 , 

^3 1 >3 

i. e. C,) + rg (C 3 - C,) + rg (C, - C,) » 0. (i) 

This is a straight line, and it evidently passes through the radical centre, 
which is given by Cj *= (7, = (7g. 

The equations of the axes of similitude were found above; it can be 
verified that the straight line (i) is perpendicular to the axis of similitude 
which contains the three external centres of similitude. 
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The angle at which two circles cut can be taken as the acute or the obtuse 
angle between the tangents at the point of intersection. 

We might therefore have taken 

Cl = p^±2f\p cosOC, 

Cj = fj^±2r^pcos a, 

C3 = p*±2r3pco8at, 
giving as the locus of the centre 

Cl 1 ±r, 

Cj 1 ±rj =0, 

Cs 1 ±r^ 

i.e. four different straight lines, 

These will be the perpendiculars from the radical centre to the four axes 
of similitude. 

Ex. ii. If Cl = 0, (72 = 0, Cj = 0 are three circles^ then 

A j (7^ + A 2 (72 + A 3 C/j = 0 

represents for different values of A^, Aj, A3 a system of circles cutting 
a fixed circle orthogonally. 

Let (Of, be the centre of a circle and p its radius, and let C/, (7,', 
stand for the values of C, , Cg when a, ^ are substituted for x and y. 

Now this circle cuts the circle 

XiCj-f XgOj + XgCg = 0 (i) 

orthogonally, provided that the square of the tangent from (Of, 3) to the 
circle (i) is equal to 

The coefficients of x^ and y* in equation (i) are (Xj-fAj + X,). 

Hence the square of the tangent from (Of, ff) to the circle is 

XiC / + Xg(7/ + XgC,^ 

Xl +X3 + Xg 

Thus, if the circle whose centre is (Of, /3) and radius p cuts the circle 
orthogonally X^ (7/ + X, (7,' + Xg « p* (Xj + X, + X ,), 
i.e. X,((7,'~p-^) + X2((7,'^p»)-f X3(Cg'-.p*) = 0. 

It will then cut all circles represented by (i) orthogonally if this condition 
is true for all values of X^, X,, and Xg, i.e. if it is possible to have 
C/-p2 = 0, Cg'-p> = 0, (7g'-p» = 0 
simultaneously, i.e. 0/ = C,' = Cg' = p*. 

This is possible if (Of, 3) is the radical centre of 

Cl « 0, Cj = 0, C7g = 0, 

and p* is the square of the length of the tangent from the radical centre to 
either circle. 

Hence for all values of X^, Xg, Xg the circle 

X j Cl + Xg (7a 4- Xg Cg =0 

cuts orthogonally the circle whose centre is the radical centre of Cj = 0, 

N 2 



196 


THE CIRCLE 


Cj « 0, C3 = 0, and whose radius is equal to the tangent from this centre to 
either circle. 

In particular the circles =0, Oj = 0, C3 = 0 each cut this circle 
orthogonally, corresponding to the cases when two of the coeflScients 
Xi , X, , X3 are zero. 

Examples VI. 

1. Find the radical centre of the circles 

+ + 2y+ 1=0, 

+ x + ^y-\ 5 = 0, 
y* + 5a? — 8y4-15 = 0, 
and find whether it lies inside or outside the circles. 

Hence find the equation of a circle cutting all three orthogonally. 

2. Find the radical axis of 

2x® + 2y*-3a: + 5y 4 2 = 0, 
ic* + y* -f 8a? + 4y - 5 = 0, 

and show that the circles cutting these two circles orthogonally pass through 
two fixed points on their line of centres. 

3. Find the equations of the three radical axes of the circles 

{x-hY^{y-af = a\ 

(ar-a~5~c)®*f y* = a5-f 
and prove that they are concurrent. 

Find also the equation of the circle which cuts them all three ortho- 
gonally. 

4 . Find the coordinates of the limiting points of 

a::*4-y* + 2a: + 4y 4-7 = 0, 
a^ + y® + 5a;4* y + 4 = 0. 

5. Two circles whose centres are (a, 6) (5, have the axis of y as radical 
axis. If the radius of the first circle is r, find that of the second. 

6. If two circles cut a third circle orthogonally, the radical axis of the two 
circles passes through the centre of the third circle. 

7. Show that the locus of a point the tangents from which to two given 
circles are in a constant ratio is a coaxal circle. 

8. The polars of a point P with respect to two given circles meet in Q : 
show that the radical axis of the circles bisects PQ. 

9. In the equation a:’4-y*4-2ya:4-c = 0, if y is a variable parameter and 
{x\ y) a fixed point, then the poliirs of {x\ y') with respect to the circles all 
pass through a fixed point lying on a circle through {x\ y) and the limiting 
points of the circles. 

10. Show that the three circles of similitude of three given circles taken 
in pairs are coaxal. 

11. If the equations of one circle and of the radical axis of this circle 
and another are respectively 

a(a:*4-y*)4-2ya?4-2/y4-c =» 0 and la? + my4-«»0, 
find the equation of the other circle with the proper number of arbitrary 
constants and the coordinates of the limiting points. 
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12. Circles which cut two fixed circles of a coaxal system at constant 
angles will cut all circles of the system at constant angles. 

13. Two systems of coaxal circles are such that the radical axis of either 
is the line of centres of the other. Show that the product of the radii of any 
two circles, one of each system, which touch one another, is constant. 

14. A cei-tain point has the same polar with respect to each of two circles: 
prove that a common tangent subtends a right angle at the point. 

15. Prove that the locus of the middle points of chords of a fixed circle 
which subtend a right angle at a fixed point is a circle, and that the fixed 
po.int is a limiting point of the two circles. 

16. A common tangent is drawn to two circles so as to intersect the line 
joining the centres when produced, and 5 is a limiting point external to one 
circle and intemal to the other. Prove that twice the perpendicular from S 
to this tangent is a harmonic mean between the greatest distances of S from 
each of the circles. 

17. A, By Cy D are four circles : the radical axis of A and B is perpen- 
dicular to that of C and D ; also the radical axis of A and C is perpendicular 
to that of J^and D; prove that the ludical axis of A and D is perpendicular to 
that of B and C, 

18. Show that the limiting points of the circle = u* and an equal 

circle with centre on the line /ur 4 my n = 0 lie on the locus 

(te-fmy4n)-f a*(/a? + my) « 0. 

19. Find the limiting points of the system of circles defined by the 
equation 4 y^ 4 2ya: -f c 4 X + y^ + 2/y 4 c') = 0, and show that they sub- 
tend a right angle at the origin if cyr*4r'/'"® ^ 2. 

20. Show that the circle of similitude of any two of the circles described 
on the sides of a triangle as diameters cuts orthogonally the circle circum- 
scribing the triangle. 

21. D, Ey Fare points on the sides of a triangle ABC such that ADy BEy 
CFare concurrent. Prove that the radical axes of the circle ABC and the 
circles on ADy BEy CF as diameters meet BC, CAy AB in three collinear 
points. 

§ 15. Other Forms. 



I. Let the four sides of a quadrilateral ABCD be 


u = a:coscXi+ysin(Xi— = 0, (i) 

V = .ircoscXa+ysinag— P2 “ (ii) 

tv^x cos 0(3 + y sin (X3 — = 0, (iii) 

^ = 0? cos 0(4 sin 0(4 —^4 = 0, (iv) 
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Consider the equation me — \vz, which, written in full, is 
{x cos Ofj sin (Xi — (x cos 0(3 sin a.,— jjg) 

= A (sccosaj+ysinag— |)2)(a:cosa4+y8ina4— JJ4), (v) 

where X is a constant. This is satisfied by the coordinates of each 
of the points A, B, C, D : thus, B is the point of intersection of » = 0 
and V = 0 ; its coordinates therefore make u and v zero, i.e. satisfy 
the above equation. Hence equation (v) represents a locus passing 
through the four points A, B, C, D. In order that the equation should 
represent a circle two conditions must be satisfied, but we have 
only one constant, A, undetermined: thus the equation can only 
represent a circle when some definite relation exists between the 
coefficients of the equations of the lines u, v, w, z. 

The conditions for a circle give us 

cos cos (Xg — A cos eXjj cos (X4 = sin (X] sin Ag — A sing sin 0(4 , 

and sin (Xj cos (Xj + sin cos (Xj = A (sin (X4 cos (Xg + sin (Xg cos 1X4), 

i. e. cos ((Xj + (X3) = A cos ((Xg + a^), t 

f (vi) 

and sin ((Xj + ftg) = A sin {(Xg + (X4). ) 

Hence the condition that the lines (i), (ii), (iii), (iv) should form 
a quadrilateral which can be circumscribed by a circle is 
tan ((Xi + (X3) = tan ((Xg + X4), 
or (Xi“(Xg + (X,-(X4 = WTT, 

where n is an integer. 

This corresponds to the proposition ‘the opposite angles of a 
cyclic quadrilateral are supplementary ’. 

Note. It follows also from (vi) that A es +1, and n is even or odd 
according as we take the upper or lower sign ; for example, taking X 1, 
the equation 

{aJC08(X+/3+y8in (X + /3-ocosa-^} {a:c 08 y + d + y8iny + 8-a coBy-d} 
•={« cosa + y + y 8in(X + y-acoB(X— y} {arcos^ + d + ysin^ + d-acos j3-8) 
represents a circle; it can in fact be reduced to »* + y* = «*. 

II. Now suppose that the lines « = 0, v = 0, w = 0 , z = 0 are 
such that the two points A and D coincide, then z = 0 meets the 
locus represented by 

MJP = A . vz 

in two coincident points, i. e. jt = 0 is a tangent to the locus. 
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But in this case = 0 is a line through the intersection of u = 0 
and w = 0 : hence [Chap. II, p. 62] z^lu + mw, 
where I and m are constants. 

Thus the equation of the locus A BCD 
(when A and D coincide) becomes 

utv = v (Zm 4* 

where lu + mto = 0 is the tangent at the 
point of intersection of w = 0, = 0. 

Thus, if w = 0, v = 0, = 0 are the three sides of a triangle, 

luv -I- mvw + nutv = 0 

represents a locus passing through the vertices, and the tangents at 
the vertices are wv + ww = 0, mv + = 0, Zu f mv = 0 respectively. 

Example. To find the equation of the circle circumscribing the 
triangle formed by the lines + = 0, lx-\-my + n 0, 




Suppose that the tangent to the circle at the origin is 

Ax -+ By =3 0, 

then, for some values of A and R, 

ox* 4- 2 hxy -{-bif = (Ax + By) (lx + my -f n) 
represents the circle. 

The conditions for a circle give uS 

a — Al=^ h — Bm and 2/» = Am-\-BL 
Thus, Al - Bm + 6 ~ a = 0 and Am 4 RZ - 2Zi « 0 ; 

A B ^ 1 

2/im + (a— 6)Z 2hl — (a — h)m P + m* 

The equation of the circle is then 

(«x* + 2hxy + bjf) (P + /a*) ■» {( 2 hm 4 a - 6 Z) x + (2 ZiZ - « - hm) y} {lx 4 my 4 n } ; 
which reduces to 

(x* 4 if) {aw* - 2hhn 4 hP} « 2hn (mx 4 ly) 4 m (a - b) (lx - my). 
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III. Again, in the quadrilateral ABCD, suppose that the pair of 
opposite sides (ii) and (iv) coincide ; then the equation nw = Xvz 
becomes = X v^. 



This locus meets the line m = 0 in coincident points ai A, B and 
the line tc = 0 in coincident points at C, J), i.e. the locus touches 
the lines u = 0, w = 0 at the points where r = 0 meets them. 

Thus, 

[x cos Ofj +y sin (Xi— j)j) (a; cos oc^ + y sin otj— 

= A (a; cos 0i^ + y sin oc^—p-i)^ 

represents a curve to which the lines (i) and (iii) are tangents, the 
line (ii) being the chord of contact. 

As in I, this curve can only be a circle if 

cos (otj + (X 3 ) = X cos 2 0 (j , sin (aj + 0 ( 3 ) = A sin 2 Ofj, 
i.e. oti + ota = « 7 r+ 2 a 2 , 

which is equivalent to AEAC= ^ EDA, i.e. the tangents must be 
equally inclined to the chord of contact. If this condition is 
fulfilled, either of the above conditions gives the value of A. 

IV. Let C = x‘^+y‘^ + 2yx + 2fy + c = 0 be any circle and 

M = a: cos (Xi + y sin (X, —p^ = 0, 
v = x cos (Xj +y sin oc^—p^ = 0 

two straight lines cutting it at A, D and B, C respectively. 

Now the equation C = Xuv represents some locus; the coordinates 
of the points A and D satisfy both C — 0 and « = 0 , and therefom 
lie on this locus. So also for B and C. Hence G = Xuv represents 
a locus passing through the points A, B, C, D. 

This can never represent a circle unless the locus C = Xuv 
coincides with the original circle, i. e. A = 0, for three points am 
sufficient to fix a circle. It can, however, for certain values of A, 
represent the pairs of straight lines AB and CD, or AO and BD, 
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Example. If a pair of straight lines is drawn through a fixed point 
to meet Uvo fixed straight lines in four concgclic pointSy shotv that the locus 
of the centre of the circle is a straight line. 


Let the two fixed stmight lines be 

y — nix =» 0, (i ) 

f/4-wia: = 0. (ii) 

Suppose that + 2/y + c = 0 (iii) 

is any one of the circles. Then the equation 

A (y* - m*a:-) = a?* -f y^ + 2y.T + 2/y + e (iv) 


is satisfied by the coordinates of the four points common to (i), (ii), and (iii), 
and hence represents a locus passing through the four points. For some 
values of A this equation represents two stiaight lines through the four 
points, and we are given that these straight lines intersect in a fixed point, 
say (p, q). 

The equation (iv) can be written 

a?®(l +m^.4) + y®(l — Jl) + 2yic + 2/y + c = 0, 
and (Chap. Ill, § 11), if this represents two straight lines through (p, g), 
we have (1 + = 0, 

(l-^)S+/=0. 

Hence, eliminating Ay we have 

g(p+y) + m*p(g4/) = 0. 

But the centi^ of the circle is (-y, ~/) ; it therefore lies on the straight 
^^*^6 q (x -p) 4 m*p (y - y) = 0. 

Examples V m. 

1. Find the equation of the other two pairs of straight lines which pass 
through the intersections of a;* — 2xy 4y*—4 «= 0, and the circle 

x*4y*-2x-2y-2 = 0. 

2. A circle touches the straight line 3a:44y 0 at the origin and cuts 

the straight lines 7a:* 4 11 ay 4 3y* «= 0 at the points Pand Q. 

If FQ passes through the point (1, — 3j, find its equation. 

3. The common chord of a given circle and any other circle of given 
radius a passes through a fixed point. Find the locus of the centre of the 
circle of radius a. 

4. Show analytically that if a parallelogram is inscribed in a circle it 
must be a rectangle. 

5. Show that the two pairs of straight lines 

aj* — 4ay 43y*4 lOx — 6y— 24 «= 0, 
3a:*44a:y4y*~26ap~18y 456 «= 0 
form a cyclic quadrilateral. 

Find the equation, centre, and radius of the circumscribing circle. 
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6. Circles are described through the intersections of 

+ wy + n «« 0, (i) 

and a«* + 2/wpy + 5y* ** 0. (ii) 

Show that the other chord of intersection with (ii) is fixed in direction, and 
find its equation in a form containing one arbitrary constant. 

7. Find the equation of a circle touching the a?-axis and passing through 
the points of intersection of the circles 

31? + 14y -68 = 0, 

+ — 6a? — 22y + 30 = 0. 

8. The circles a?* + y*— 2Ara:-d**=0, 

ii?* + y*— 2A:'a? — = 0 

intersect in A and B, Through A a line is drawn perpendicular to AB 
meeting the circles in C and D respectively. Find the equation of the 
circle circumscribing the triangle BCD. 

9. Write down the equation to the circle which passes through the point 
(2, 1) and the points common to the circles 

2a?* + 2y*-8a?+5y + l = 0, 
iP* + y* = 1 . 

10. Find the equation of the circle whose diameter is the portion of the 
line 3a? + 4y *= 12 intercepted by the lines 5a?*-7xy + 2y* = 0. 

11. The points of intersection of the circles 

x^ + i/ + 2gx + c = 0 , 
a:® + y^ + 2/y-c = 0 

subtend a right angle at the origin. Prove that — 2c. 

12. Find the area of the triangle formed by the three points where the 
circle a?* + y^ = 2aa? + 26y is cut by the pair of straight lines 

/a?* + 2ma?y + ny® = 0. 

13. Find the equation of the circle which passes through the intersection 
of the circles a:* + y*-3a:-2y-6 = 0, a?® + y®-5a? + Ay + 2 = 0, and has 
its centre on the straight line x^ y. 

14. Show that the equation of the circle whose diameter is the portion 
of the line /a?+my = l intercepted by the lines aa?* + 2 ^a?y + 6y* « 0 is 
(a?^ + y^) (am*-2Wm + fcr) + 2a:(^/n-W) + 2y(^/-am) + a + 6 = 0. If a + & *= 0, 
this passes through the origin : to what geometrical fact does this corre- 
spond ? 

15. If aa?® + 2^y + 5y* + 2ya? + 2^ + c 0 

and Aa? + 2 Hxy + By? + 2 Ox + 2 FV + C « 0 

are the equations of the pairs of opposite sides of a quadrilateral inscribed 
in a circle, show that R(fc-a) = hifi-A). 

16. The straight line a?cos0( + ysina=sp being called the line (Ot, p), 
find the equation of the circle circumscribing the triangle formed by the 
lines (OLyf) (/3, $) (y, r), and show it passes through the origin if 

qrsinO-y) + ?y sin (y-a)+|)g8in(0(-^) « 0. 
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17. Find the equation of the circuincircle of the triangle formed by the 
lines 6a? -f cy + a = 0, ca? + ay + 6 = 0, aa? + 6y 4- c = 0, and show that it passes 
through the origin if (6* + c*) (c* + a*) (a^ + 6*) = abc (h + c) (c + a) (a + 6). 

18. Prove that the equations of the common tangents of the circle 
0 ?* + y* = 289 and the circle whose diameter is the chord x cos a + y sin a = 15 
of the first circle are 3 (a? cos a + y sin a) + 4(y cos (X —a? sin a) »= 85. 

19. If uv ^ is a circle, where w •= 0, i? = 0, w ^0 are straight lines, 
show that any point on the circle is the point of intersection of two lines of 
the form \u = tv^ i? = 

Indicating any point on the circle by the parameter X, show that the 
chord joining two points whose parameters are Xj and Xj is 

XjXjti-f-f? — (Xj + Xj)«? = 0. 

20. Show that the equation of the tangent to the circle in Question 19 at 
the point whose parameter is X is X*u + t?-2Xi^; = 0. Show also that the 
tangent at the points X and fi intersect at a point whose coordinates satisfy 
the equation 

u/2 = t?/2 Xfx = w/{\ + fi). 

21. Use the notation in Question 20 to solve the following : — 

OA, OB are tangents to a circle, P is any point on the circle, and the 
lines PAf FB meet any line through 0 at U and />. Find the locus of the 
intersection of BC and AD, 

22. OA and OB are tangents to a circle, a line through 0 meets the circle 
at P, and AB at P. 

If K = 0, i; ~ 0 are the tangents OA and OP, and the equation of the 
circle is uv = find the equations of the lines APy AQy and thus show that 

0, Ey P, Q form a harmonic range. 

23. Show that the pole of the line /w + mt? + nw? = 0, with respect to 
a circle nv = w?*, is the intersection of the lines uu’¥2mtv = 0, mi? + 2/m? = 0, 

1. e. is given by u/2m = v/2l == w/'-n, 

24. The coordinates of a point make u, Vy and w equal to u', v\ and w' 
respectively. Show that the polar of this point with respect to a circle 
whose equation is uv *= is uv' + u'v ~ 2 unv\ 

25. Show that the triangle whose sides are = 0, w + « 0, w = 0 

is self-conjugate with respect to the circle uv = u^. 

26. OA (u = 0), OP (v s= 0) are tangents to the circle uv =* and any 
other tangent to the circle meets them in A' and P'. Show that the locus 
of the intersection of AB' and A'B is uv = 4?^*. 

§ 16. The * circular points at infinity 

If Cl = 0, C 2 = 0 are the equations of two circles, then for 
all values of X except unity the equation Ci = X C 2 represents 
a circle. When the circles Ci, intersect in two i*eal points, 
all the circles represented by Ci = X C 2 pass through these two 
points. In order to obtain complete generality we introduced in 
Chap. IV the ideas of imaginary points and coincident points ; so 
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that we may say that all the circles represented by the equation 
Cl = X (72 pass through the two points of intersection of the circles 
Cl = 0 and C 2 = 0. Now any other type of locus might pass 
through these two points of intersection ; this property is not 
therefore a geometrical explanation of the algebraical result that 
Cl = XC 2 always represents a circle. 

Again, if w = 0, v = 0 are the equations of two straight lines, the 
locus Cl = kuv passes through the four points of intersection of 
the straight lines w, v with the circle Ci* This locus is not a circle 
except in the special case when X is zero. On the other hand, the 
equation Ci = Xtf always represents a circle ; this circle passes 
through the two points of intersection of the line w = 0 and the 
circle Ci = 0, but this property evidently does not correspond to 
the fact that the locus is a circle. We have seen in Chap. IV that 
in order to obtain complete generality we had to adopt the ideas 
of ‘ points at infinity ’ and ‘ the line at infinity *. Also we saw that 
the properties of a locus with respect to the line at infinity could 
only be satisfactorily examined by using homogeneous coordinates. 
Euclidean Geometry fails to explain the facts given above; we 
proceed to examine, by the use of homogeneous coordinates, whether 
projective geometry offers an explanation. 

The general equation of a circle in homogeneous coordinates is 
+ y ^ + + 2 fyz + 2 gzx = 0. The points of intersection of the circle 
and the line at infinity, = 0, are therefore given by x' + = 0 and 

jer = 0. The homogeneous coordinates of these points are therefore 
(1, i, 0), (1, — i, 0), i. e. a pair of imaginary points. Now the co- 
ordinates of these points are independent of the coefficients / 
and c ; hence, all circles intersect the line at infinity in the same pair 
of imaginary points. These points are called ‘ the circular points 
at infinity', and will be referred to as 12'. 

Hotei. Ci-C 2 = 0. 

This equation becomes in homogeneous coordinates 
(x^ + y^ + c^z"^ -f 2fyz + 2g^zx) - (x "^ + + c^z"^ f 2f^z + 2 ^ 2 ^a:) = 0, 
i.e. »{^( 9 \- 9 i)x^ 2 (f-f^y‘^(Ci-c^)z} =0. 

The equation represents two straight lines, viz. the straight line 
at infinity and the radical axis. Thus in projective geometry we 
may say that one common chord of every pair of circles is the 
straight line at infinity. 

Note ii. Cl — Xu = 0. 

This equation becomes in homogeneous coordinates (7i— X^i/ = 0; 
it therefore represents a locus passing through the points of inter- 
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section of the straight lines m = 0, ^ = 0, and the circle Ci = 0. If 
the straight line w = 0 cuts the circle in the points A and B, then 
Ci — \U’=0 represents a locus circumscribing the quadrilateral 

Asmr, 

Note iii. Ci — XC 2 = 0. 

In the same way, since the circles Cj, C2 intersect in two finite 
points (real and distinct, real and coincident, or imaginary and 
distinct), say A and B, and also in the points 12, the equation 

— A02 = 0 represents a locus circumscribing the quadrilateral 
ABiUr. 

The general equation of the second degree 

ax^ + -f + 2 fyz + 2 gzx + 2 luy = 0 

contains Jive independent constants ; if we know Jive points on the 
locus we can therefore find its equation, and the locus is completely 
determined 

We have seen that both the equations Ci — ^zn = 0 and 
(71 — AC2 = 0 imply by their form that the loci they represent pass 
through four given points ; only one more point on the locus is 
required then in order to determine its equation completely ; it 
follows, therefore, that the equations — = 0 and Ci — A62 = 

should contain only one undetermined constant ; this constant is A. 

Note iv. The centre of the circle in relation to the line at 
infinity. 

The polar of a point P, with respect to a circle, was defined as 
the locus of the points of intersection of tangents to the circle 
at the pairs of points in which chords, passing through 1\ cut the 
circle. Now chords which pass through the centre of the circle 
cut the circle in pairs of points the tangents at which are parallel 
In Euclidean Geometry, therefore, the centre of the circle has no 
polar with respect to the circle. In projective geometry we say 
that pairs of parallel straight lines meet in * points at infinity and 
that the locus of these ‘ points at infinity ' is the straight line at 
infinity. Thus Hhe polar of the centre of a circle with resj^ect 
to the circle is the line at infinity % and conversely ^ the pole of the 
line at infinity with respect to a circle is its centre *. 

In homogeneous coordinates the equation of the polar of the 
point {Xi^ yij ibIi) with respect to the circle 

x'^+y^-\-cz^-\‘2fye'{’2gzx = 0 
is X {Xi + gzi) + y {yi + A) z (gx^ + /yi + c^i) = 0. 

The homogeneous coordinates of the centre of the circle are {g, / — 1), 
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and the polar of the centra is therefore c) = 0, or, what 

is the same thing, =r 0, which is the line at infinity. 

Note V. The equation of any circle, by a proper choice of axes, 
can be written in homogeneous coordinates. 

This equation may be written + ly) = which is in 

the form uv = Tcw^j and represents a locus touching the imaginary 
straight lines ic + iy = 0, rr — = 0, the line at infinity ^ = 0 being 
the chord of contact. 

We have seen that every circle passes through the two fixed 
imaginary points ii. Of on the line at infinity. Conversely, every 
locus of the second degree which passes through 12 and X2' is a circle. 
The points 12, X2' are determined by the equations = 0 and 

je? = 0 ; i. e. are the points of intersection of the line = 0 and the 
lines = 0, a;— = 0 respectively. 

Now we showed in Chap. IV that, having adopted the ideas 

there explained, we could state that every 
straight line meets a locus of the second 
degree in two points. If, then, a locus 
of the second degree passes through il 
and it meets each of the straight lines 
= 0, a?— iy = 0 in one other point, 
say A and B, Let ax^^hy^cz ■=^ 0 be 
the equation of the straight line AB. 

Since the locus circumscribes the quadrilateral -451212', its equation 
is of the form (x -f iy) (x — iy) + z {ax + fry + cz] = 0, 

i.e. x^+y^-hcz^ + byZ’haxz = 0, 

which is a circle. 

We may therefore define a circle in projective geometry as a locus 
of the second degree passing through 12 and 12^ Thus, if the locus 
represented by the general equation of the second degree 
ax^ + hy^ + cz^ + 2fyz ‘\-2gzx + 2hxy = 0 
passes through the points 12 and 12', then a = & and A = 0 ; and 
this locus is called a circle. 

§ 17. Polar Coordinates. 

Let the centre of a circle be the point (c, a) and R the radius : 
then if P(r, 0) be any point on the circle we have 

P0‘^ + OC2-20P. OCcos Z COP = PG\ 
i.e. r^ + 0 ^— 2ro cos (6 — a) = 

which is the general polar equation of a circle. 
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The equation of the circle takes the following simple forms in 
special cases : — 



(i) The origin at the centre of the circle 

r= R. 

(ii) The origin on the circumference 

r = 222cos(fl— a). 

(iii) The origin on the circumference and the initial line passing 
through the centre r = 2 A* cos 0. 

Polar coordinates can be used with advantage in certain types 
of problems ; the following examples illustrate the method. 

Ex. i. A triangle given in species lias one vertex fixedj and a second 
moves on a given circle ; find the locus of the third. 



Let the fixed vertex be at the origin and let the initial line pass 
through the centre of the given circle. The equation of this circle is 

r2 + c2-2n;co80=R^ (i) 

Suppose that OPQ is one position of the triangle, and let the 
given angles of this triangle be a, and y. Let the coordinates 
of the point P be (r, 0) and those of Q (/, 0^ ; then, since the triangle 
is given in species, the ratio r : r' is fixed, let r^h, r\ 

It is evident from the figure that 0 = 0'— a. Now the coordinates 
of P, r and 0, satisfy equation (i) ; substituting r = W and 0 = 0'— a 
in this equation, we obtain 

;fc2/2^^_2ifcr'ccos(0'-.a) = EK 
Hence, the equation of the locus of Q is the circle 
+ 2Atcco 8(0— a) = 

Note. In general, if P lies on the locus r =/(0), then the locus 
of Q is = /(0— a). 
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If O^Oi or —OLf the corresponding value of r is given by (>* - a cos « 0 ; 
thus 6 = oc and 6 = ^(X meet the first, and similarly the second, circle in 
coincident points, i.e. are tangents : this is otherwise evident. 

The centres of similitude lie on the initial line ; one is at the origin and 
the radius vector of the other is 

asin a.6 + 5sina. a ^ 2ab 
a sin OL'k-h sin (X a *f ^ 

Thus, if P(r, 6) is any point on the circle of similitude, since OFS is 
a semicircle and hence L OPS a right angle, 

OP= OS COB 0, 

2 ah . 

i.e. — ;C0B^, 

n + 0 

or ( a + Z>) r = 2 a5 cos d. 

Let PT be a tangent from this point to the first circle, then 

a=» — 2arcosd — a*sin*a, 

= ~ 2 ar cos d + o'* cos^ a. 

But (a + 1) /• = 2ab cos d, 

i.e. ar= — 6 (r— 2 a cos d). 

PP* = - ^ + a* cos^ a ^ (o6 cos* X ~ >•*). 

So if PP'* is a tangent to the second circle, 

PT' * cos* (X — r*), 

rT^:PT'2^a^:h\ 

or PT : PT' = a : 6 « a sin X : b sin X. 

Ex. iv. Prove that the polar equation 

^Tcos(d— + = 0, 

where k is variable^ represents a system of coaxal circles^ and find the polar 
coordinates of the limiting points. 

Any two circles of the system are 

/** — ki r cos (d — Oi) + ki d « 0, 
i^~^*jrco8(d — 0() + 4*2rf = 0. 

The equation 

r* — ^•^/•cos(d — a) +A;xd— {#•* — A’a^cos (d~0K)4-A;3d} = 0, 
i.e. — {rcos(d-a) -rf} =0, 

i.e. rco8(d-a)-d = 0 

represents a straight lino through the real or imaginary points of inter- 
section of the circles. 

This is therefore the radical axis of the two circles and, since the equation 
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does not contain or A;,, every pair of circles in the System have the same 
radical axis^ Le. the system is coaxal. 

The equation of the circle can be written 

r*— Arrcos (d — 0t) + *= \k^--kd ; 

thus the radius is ^\k^--kd and the centre a). 

The circle is a point-circle when ^k^-^-kd = 0, 

i.e. A; 0 or 4d. 

Hence the coordinates of the point-circles are (0, a) and (2d, a), i.e. the 
origin and (2d, a). 


Examples Vn. 

1. Find the polar eq lation of the circle on the line joining the points 
(^j» ^i) (^2> ^9) Q'S diameter. 

2. Find the equation of the tangent to the circle r = /? at the point 
whose vectorial angle is a. 

3. The equation of the chord joining two points on the circle r= 2i?co8^, 

whose vectorial angles are $ 1 , d,, is r cos (^i -f = 2 i? cos cos ^2 . 

Deduce the equation of the tangent at the point 0 ^ . 

4. Show that the vectorial angles of the points of contact of tangents 
from the point (r^, $^) to the circle r = 21i cos B are given by 

r^cos B ^ , tan*d-2ri8ind . tan 2R cosdj «= 0. 

5. The polar of (r^ , B^) with respect to r ^ 2R cosB is 

rt\ cos {B - ^1) = JK (r cos B -f cos dj). 

6. Show that r*~2 a>*cosd-3a^ = 0 is the polar equation of a circle 
whose centre lies on the initial line. If OF is any radius vector of this 
circle and a point Q is taken on OF so that OP. OQ = 6a^ find the equation 
of the locus of Q and show it is a circle whose radius is double the radius of 
the given circle. 

7. OA is a diameter of a cijcle, Q any point on the polar of P, E the 
mid-point of PQ\ EL is perpendicular to OA and QM is perpendicular 
to OF. Show that A, L, P, M lie on a circle. 

8. If FQ is a chord of r *= 26 cosd which touches r = 2a cos d at P, then 
OR bisects the angle POQ. 

9. If P, Q are two points on the circle r«2Pcosd whose vectorial 
angles have (i) their sum, (ii) their difference constant, find the locus of the 
centroid of the triangle OFQ. 

10. PQ is a chord of the circle r=26co8d which touches the circle 
r = 2a cos d. Show that the locus of a point R on PQ^ such that OP. OQ are 
harmonic conjugates of OR and the tangent at the origin, is 

r {6 * -(a - 6;* sin* d} =2a6*cosd, 

11. A straight line OP meets the circle r = 2Pco8 B at P and a point Q 
is taken on OP such that OP .OQ^k*\ find the locus of Q. 

12. Show that the equation V^-2(a— X)rco 8d + 2\d = 0 for different 
values of X represents a system of coaxal circles, and find the i*adical axis 
and limiting points. 
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13. From a fixed point 0 a line is drawn to meet a fixed circle at P. 

A line PQ is drawn equal to and perpendicular to OP. Find the locus of Q. 

14. OP is the radius vector from a fixed point 0 to a given circle, the 
angle POQ is constant and equal to oc, and the area of the triangle POQ is 
fixed. Show that Q lies on a circle. 

15. Show that 2lr^ 4 sin d — 3 cos d is a common tangent of r® 2 cos d 

and 12 rco8d + 20 = 0. 

16. The equation of the pair of tangents at points on the circle 

rHd*-2nico8(d-CX) = IP, 
whose vectorial angles are </>, is 

— JK®)* -f (d* — 12^) {»‘®co8^(d—<^) — 2 rd cos (d — a) — d*co8* — 

= r*d*C 08 (d— a) {2 cos (0 — Oc) cos ((/) — d) — cos (d — Ot)} 

- 2 rd* cos (d-a) cos* 

and show that when (f) = (X this reduces to 

r* cos* (d-a)-2dr cos (d— a) + d*“12* = 0. 

17. u,^ is the line r cos (d — dj cos d„ = a, and circles are drawn about 
triangles formed by the lines Mj, tij, Mj, U 4 , teg,, taken three at a time: 
circles are then drawn through the centres of these circles taken four at 
a time : show that the five centres of these circles lie on the circle 

4rcos djcos djcos djcos d 4 C 08 dg = a cos (d — di-d 8 ~ds-d 4 -dg). 

§ 18. We conclude this chapter with the solution of some 
important and typical problems. 

Ex. i. Find the condition that the four points 2tni), (^ 2 ^ ^mg), 
(nif, 2 m 3 ), (m 4 ^, 2 m 4 ) should lie on a circle. 

Show that (0-25, 1), (2*25,3), (1*69, —2*6), (0*49, —1*4) lie on a circle, 
and find its equation. 

The equation of any circle is of the form 

x^'\-y^2gx^2fy^c = 0. 

A point of the type 2 m) lies on this, provided that m satisfies 
the equation m^ -f 4 m- *f 2gm^ + 4/m + c = 0 , 
i.e. m^-f 2 (^+ 2 ) m^-f 4/m -hc = 0 . 

This is of the fourth degree, and for any given values of g, f and 
c gives four values of m, the corresponding points to which lie on 
the circle. 

On the other hand, four chosen points of the type will lie on 
a circle provided that we can find values of g, /, and c such that the 
four given values of m are roots of an equation of this type. 

If the roots of the above equation are m^, m^, m 3 , m 4 , then 
2m = 0, 2 mim 2 = 2jf + 4, 2 mim 2 m 3 =— 4/, c. 

Hence, provided that 

w»i + m2 + m8 4-W4 = 0, 

o 2 
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values of g,f, and c can be found from the remaining thi-ee conditions. 
This, then, is the necessary and sufficient condition that the given 
points should lie on a circle. 

In the numerical example 

»ij = 0-5 ; m» 2 = 1*5 ; Mij = — l-S ; m* = — O-?. 
wtj JW2 "i" ^^3 ^^^4 “ fl'b *i" 1*5 — * 1*3 —0*7 — 0, 
i.e. the points lie on a circle. 

Now 

4 = 2 Mil Wj = {mi + »»2) (Wj + fM2 -f »»4 
= - 4 + 0*76 .f 0*91 = -2*34. 

2if=-6*34. 

Again, 

4/= 2mi)«2M»3 = (mi + iW2)m3m4 + {»»3 + »»4)mi»M2 
= 2x091-2x0*76 = 0 32. 

2/=0*16, 

c = mim.^m^m^ = 0*6825. 

The equation of the circle is then 

*^ + 2^2- 6-34 a: + 0*16^ + 0*6826 = 0. 

Ex. ii. Show that all circles of the family 

X- + y^ +2Xx + 2 yy + V = 0, 

tvltere AA + 2) = 0, have a common orthogonal circle, and find 
its equation. 

Suppose that the circle 

x^+y^ + 2gx-i-2fy + c = 0 (i) 

cuts the circle x'^+y- + 2\x+2fiy+v = O&t right angles; then 

2g\ + 2fif—c—v = 0. (ii) 

We are given that AA + jBfi + Cv+2) = 0. (iii) 

Eliminating p from equations (ii) and (iii), we obtain 
\{A + 2Cg) + y{B + 2Cf) + D-Cc=:0. 

In this equation \ and g. are independent ; hence, if the circle 
(i) cuts every circle of the family at right angles, this equation must 
be true for all values of A and g : that 

A + 2Cg = 0, Ji+2Cf=0, D^Cc^Q. 




2 ) 

C' 


Hence 
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and the circle (i) becomes 
+ 1/ 


Ax B D - 

c--cr*' + « = ®’ 


or C{o(^-\-y^)’^Ax — By + D = 0. 

This circle cuts all the circles of the family at right angles. 


Ex. iii. A triangle eircuwscnhes the circle 

^r^-f 7/2 = 7-2^ 

ami tiro of its vertices lie on the circle 

+ 7 ^ 2 ; 

slmv that if dr = 27?r, the third vcrtcjc also lies on this circle. 

Let P, Qj It be the points of con- 
tact of the sides with the circle 

= (i) 

and By C be the two vertices on 
{x^d)^^i/^nK (ii) 

Let P, Qy R be the points ex, /i, y ; 
then, since B is the point of inter- 
section of tangents at P and P, its 
coordinates are 

j rcos + y) h y) ) 

|cosX(a — y) ’ cosi(0( — y) 
and since this lies on the circle (ii), 

Ircos }. + y) — d cos i ((X--y)] 2 -|_ 7'2 gj ^2 ^ R^cos‘^}r{ot^y), 

i. e. r- — 2 dr cos i (o( + >) cos I (a — y)-f (d-— P^) cos- i ((3< — y) = 0, 
i.e. 7*2_2drcos \ (oi^ + y) cos }, (OK — y) j 2Prcos^ i (^ — >) = 0, 
i e. r—2dcos^(a-f y)cos J (ot — y)-i- 2Pcos^ i (a — y) = 0 ; 

/. r— d (cos OK + cosy) + /?(! + cos 3( — y) = 0 ; 

cosok(Pcos y — d)-hPsin y sin OK-f P-f- r— (/ cos y = 0. 
Similarly, since C lies on the circle (ii), 

cos oc (P cos /i — d) -f- P sin /:J sin OK + P + r — d cos /i ~ 0. 

Hence, by cross multiplication 

cos y . sin ok 

(7^-^ + Pr) (sin y — sin/:^) — Pdsin(y--/:^) (P^ -f Pr— d^) (cos/i — cos y) 

^ 1 

P^sin (/J — y) — 7W(sin sin y) 
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Put (i* =R* + 2Rr, and multiply each fraction by 2J?8in i(y—)8); 
then 

cos <x _ sin a 

(jR + r)cos + t/co8|(y— /d) ~ rsin^(/J + y) 

1 

“ dcos(^/i + y)— Rcos^{/J— y) 

Now the coordinates of A are 

— (;i + y) _ r sin + . 

cos^(d— y) ’ cosJ(^ — y)’ 

hence 

cos a _ sin oc _ 1 

{R + r)x — dr~ ry dx—llr' 

Thus {(R r)x — (lr]'^-^r^y- = {dx—Jtr)-, 

i.e. x^{ItH2Rr+t^-d^} +}^y'^-2d?^x+(d^-E^)r’^ = 0. 

Substituting for d^ in the coefficient of x^, this becomes, after 
dividing through by r®, + 2f?x + d®— R® = 0, or 

(x-d)2+2/® = R®,’ 
i. e. A also lies on the circle (ii). 

Note. Since we have chosen the point P in any position, any 
number of triangles can be drawn circumscribed to the one circle 
and inscribed in the other, if d® = R® + 2Rn 

Ex. iv. Show that the equations of any two non-intersecting circles can 
be written in the forms 

{(x-a)®+y®} = X {{x+o)®+y*], 

{(x-a)® + y®} = IX {(x + a)® + y®}, 

and find the equation of the polar reciprocal of the first tvHh respect to the 
second. 

Note. The polar reciprocal is the envelope of the polars of points 
on the first circle with respect to the second. 

Since the circles are non-intersecting, their limiting points are real; 
let the limiting points of the two circles be (a, 0) (—a, 0), then the 
equation of either circle is of the form 

x^’\-y^-\-2gX‘\-a^ = 0 . 

Put g = ^ 3 ^ ; then the equation becomes 

(A — 1) {x^’^y^^a^)-\-2(X-irl)ax = 0, 
i.e. (a?— a)2-f j/2 = A 

This proves the first part of the question. 
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Let {si', y') be any point on the first circle, then 

(^'_a)2 + /2 = X|(rc' + a)2 + y'2}, (i) 

and the polar of (x', y') with respect to the second circle is 

{x-a){x'-a) + yy' = jx [(x+a)(x' + a) + yy'}. (ii) 

Hence, from (ii) 

(x-a){x'-a)-tM{x + a){x' + a) = (/x— l)y/, 
and from (i) {xf — a)^ — A {x' + o)^ = (A — 1) y'^. 

Eliminating j/ so as to get the equation of the polar with only one 
variable x', 

' (x— a) (x'— a)— jm (x + rt) (x' + a)} (A — 1) 

^ ^ 

Now let the fraction — = P ; then 
X +a 

\P{x-a)-tJi{x + a)]^\-l) = yHlx-lf 
or 

p2[(A-l)(x-a)2-(M-l)2y2] 

-2,x (A - 1) (x2- a2) P+ ^2 (X _ 1) (x+ a)2 + A (^ - 1)^ = 0. 

The envelope of this line for different values of P is (cf. Chap. II, 

§ 12 ) 

(A — 1)2 (x*— a®)2 

= [(A - 1) (X - fl)2 - (m - 1 )2 ^2] |- ^2 (X - 1 ) (X + a)2 + A (m - 1)2 J/2] , 

w'hich reduces to 

A(/x— 1)2;/2 = (A— 1) {A (x — rt)2— jx2 (x+a)^}. 

Ex. V. Show (hat the Joa(S of (he point fivm which the pairs of 
tangents to the two circles 

C, = x2 + j/2 + 2iriX + 2/,y + c, = 0, 

C-i = x2 + y2 + 2 <7.^x + 2/.^ + C.2 = 0 

are harmonically conjugate to one another is 

{ftx^+A^-c,)C, + {g,'^+ff-c,)C, 

= {x{fi-f2)-y i(ii-g2)+A92-f29\V- 
If the pencil formed by the tangents from a point (x', y') is 
harmonic, so will a pencil of lines through the origin parallel to the 
tangents be harmonic. 

We shall use the usual notation. 

Cl' =a;'® + y'® + 2«)rix' + 2/jy' + Ci, 

C./= x'2 + y'2 + 2i72x'+2/jf/' + Cj. 
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The equation of the pair of tangents from the point (x', j/) to the 
circle Cj = 0 is 

CiC/= + + + + 

and lines parallel to them through the origin (retaining only terms 
of the second degree in x and y) are 

+ C,' = {x{x+g,)-^y{y’^f,)\\ 

i.e. \C^'-{x' ■^g.Y] -2(a;'+^,)(.v'+/,) xyJ,y‘^ {0/ -(/+/,)*} = 0. 
So the tangents from {ct\ y') to = 0 are parallel to 
^•2 [G/-{x'+^,)2}-2(ir'fi;2)(/+/2)a-y + y\^C/-(/+/2)2} =0. 
These pairs of lines are harmonic conjugates if 

, ,,, =n^’+9Mx'-¥g,W+fxW+A) 

(see Chap. III. § 6). 

If we omit the accents, the resulting equation therefore gives the 
locus of x' y’. 

This equation is 

2CxC<i—Ci {(^ + <7»)" + f^+/,)-J — C, {(j'+Sfi)* + (y+/,)^} 

+ {{^ + Pi) {p +/ 2 ) - (* + g^) (?/+/,)! 2 = 0 , 

i.e. 2C\C.x — Ci [C '2 + <72^+/2^— Cji — I Cl + Cl ( 

+ {^{A-f\)-yip'i-9i)-<rAgi-figi\^ = 0 , 

or Cl {<7./4-//-C2] +C, [.7,^+/i^-Ci} 

= (/i -/2) -y{Pi- P-.) +/i <72 -A i/i P • 

Definition. If a radius vector OT is drawn from a fixed point 0 
to meet a given curve at J', then the locus of a point P' on OP such 
that 

OP. OP' = constant 

is c.alled the inverse of the given curve with respect to tlie point 0. 


(a) To find the inverse of a straight line with regard to any point. 

Let the origin of coordinates (0) ))e tlie centre of inveraion, and 
let the e(piation of the straight line ho 

yla-+P^+C= 0. 

The equation of any sti’aight line tlirough the origin is 

-- = = r. 

cos 0 sin 0 

The distance from 0 of the point P, in which this line intersects 
the given line, is given by the equation 

r(A cosd + Rsin0)+ C — 0, 
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Suppose that P' is the point on the inverse corresponding to P 
and let OP' = then substituting for r it follows that 
(A cos 0 -f J? sin 0) + / C = 0. 

Now, since the point P' is on the straight line OP, its coordinates 
are r' cos r' sin 6 ; hence the equation of the inverse is 
F (Ax -h By) + 0 (:r2 + 2 /") = 0. 

This equation represents a circle passing through the centre of 
inversion, whose centre lies on the line Bx — Ay^ 0 drawn through 
the centre of inversion perpendicular to the given line. 

(b) To prove analytically that the inverse of a system of coaxal circles 
with respect to a limiting point is a system of co^icentric circles. 

Let + = 0 be any one of the system of coaxal 

circles, whose limiting points are ( ± d, 0). Any line through 

a limiting point is - — = -f-z = r. 

cos d sin d 

This line meets the circle at points whose distances from the 
centre of inversion are given by the quadratic equation 

(r cos 0 sin^ 6-\-2g{r cos ^ ± d) -f = (), 

i.e. r^-\-2rcos0(g±d)-\r2(l (d + g) = 0. 

The equation connecting the distances of corresponding points on 
the inverse from the centre of inversion is accordingly 

— - + 2]cKr'.coHd + 2d.r'- = 0. 

Hence the equation of the inverse curve is 

+ 2]c%x + (l) + 2d\{x + d)‘^ + f} = 0, 
which represents a circle whose centre is the fixed point 


Miscellaneous Harder Examples on the Circle. 

(For Revision.) 

1. Tf the chord of contact of tangents from (h^ A ) to the circle + 
subtends a right angle at {h\ J/), prove that 

(n '2 ^ 4/2 _ ,.2 j ^ ;^2 _ 2 r* (hh' -f kk' - 7^). 

2. Show that the equation of the circle circumscribing the triangle 

formed by the linos y = ro/q + y = aaq y = + is 

+ 2m,m3) ax — + + a*2wq»a3 =» 0, 

and find the points where it cuts the .r-axis. 
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3. A variable circle is drawn through the origin and is such that the 
tangent at the origin makes a constant angle with the line joining the points 
of intersection of the circle with the coordinates axes. Show that the circle 
belongs to one or another of two coaxal systems. 

4. Points P, Q are taken, one on each of the two circles 

y*±2a(a;*f r) = 0, 

so that they subtend a right angle at the origin. Show that the locus of 
the point of intersection of the tangents at P and Q is the circle 
c {x^ 4 y^) 4- a® (a? 4 c) = 0. 

5. Prove that the coordinates of the centre of the circle which passes 

through the points (a cos O, h sin 0() (a cos jS, h sin (a cos y, b sin y) are 
given by _ 2)*) cos 1 0 4 y) cos \ (y 4 Of) cos j (Of 4 ^), 

by ^ - (a* - 5*) sin | (0 4 y) sin Hy 4 Of) sin |(Of 4 ^). 

6. Through the origin pass two circles which cut the rectangular axes of 
coordinates in the points (a, 0), (0, a) and ( — n, 0), (0, a) respectively. Prove 
that, if straight lines be drawn through the origin to cut both circles, the 
locus of the intersection of the tangents to the two circles at the correspond- 
ing points where they are cut by these lines is 

(x^ 4 a^) - = 0 . 

7. Show that the locus of a point, such that tangents from it to two equal 
circles are at right angles, consists of two cuives of the fourth degree placed 
symmetrically with respect to the line of centres. 

8. If IS^ == 0 is the equation of a circle orthogonal to =« 0, 

=r 0, then the tangents from its centre to 5, are in the ratio 

2 ^ 
n ) ’ ’ 

9. If the axes of x and y are conjugate lines with respect to a circle, show 
that the general equation of such a circle is 

ic^ + y®4co8a>[2ary — 2ri?— 4^1?] = 0. 

10. ABC is a triangle, AB, .4 Care axes of x and y. A point P is taken on 
the circle 

a?* 4 y* 4 2 rry cos ^ — 2 (c 4 ft cos .4)ar~2(ft4c cos .4) y 4 4 ftc cos A « 0, 
and PJ/, PM are drawn parallel to the axes to meet AB,AC\x\ L, 3f. On 4P, 
AC points L\ M' are taken such that BL' = PL, CM' CM, Prove that 
LM'^ L'M are perpendicular. 

11. Find the coordinates of the centre and the length of the radius of 
the circle which is the inverse of (a?-a)®4 f^y-ft)® = c* with respect to the 
origin, being the constant of inversion. 

12. Show that the envelope of chords of the circle 

4 y® 4 2ya? 4 2/y 4 c = 0 
which subtend a right angle at the origin is 

(2c-y®-/») (fr*4y®) + ^ya;4/y + c;® = 0. 

What does this become when the origin lies on the circle ? 
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13. Show that the system of circles C-A:C'=»0 c&n be obtained by 
inverting a system of concentric circles, jf C and C' do not intersect in real 
points. 

14. The axes AB^ AC are inclined at an angle of 60®. A circle touches 
AB Bit P and intercepts on a chord whose length is equal to AP. Show 
that the locus of the centre is a straight line and give the equation of th.e 
circle when AP ^ c, 

15. If at any point P of a circle chords PQ, PR are drawn making given 
angles with the tangent at P, show that the locus of the intersection of QR 
with the radius at P is a circle. 

16. If each of three circles touches two parallel straight lines, prove that 
their three angles of intersection 2 Of, 2^, 2y are connected by the equation 
sinOf + 8in0 + 8in7 = 0. 

17. Two fixed circles intersect in A, B; P is a variable point on one of 
them, PA meets the other circle in X, and PB meets it in Y. Pi-ove that BX 
and .A F intersect on a fixed circle. 

Discuss the case when the given circles are orthogonal. 

18. Two circles touch one another at 0; on their common diameter fixed 
points A and B are taken and a variable straight line through 0 cuts the 
circles at Pand Q, Prove that the locus of the intersection of .4Pand BQ 
is a circle which becomes a straight line if OA/OB — rj/rj. 

19. Find the equation of a circle through the origin cutting the axis of x 

at right angles and the circle + = a* at an angle of 45®. 

20. If a circle cuts two given circles orthogonally, show that the locus of 
its centre is a straight line. 

21. The three segments of the radical axis of the circles rc®+y* = 2c* 

16 + 14 c* = 0 made by the circles and their common tangents 

are equal. 

22. If P is the point (p, q) and Q, R are the feet of the perpendiculars 
from Pto the straight lines o.r^-f + = 0, find the equation of the 
circle PQR and show that the length of QR is 

I (h^-ab) (p- + g°) \ i . 

1 (a-b)^ + Ah'^ ) 

23. Show that the locus of a point, such that the square of the tangents 
drawn from it to three given circles arc in A. P., is a straight line which 
forms a harmonic pencil with the radical axes of the circles taken in pairs. 

24. If A^ B, C are the respective centres of three circles 

S = 2^a: + 2/y + c = 0, 

S’ « y* + 2^'a:-f 2/'y + c' = 0, 

= a:> + y> + 2/x + 2/^y-f c" « 0, 

and 0 the centre and p the radius of the circle which cuts each of them at 
right angles, show that the equation of the latter may be written 
OBC . OCA . S' + OAB , 5^ « 2p* . ABC, 

where OBC denotes the area of the triangle OBC, &c. 

Show how to find the coordinates of 0 and the value of p. 
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25. Given a circle and a point P in its plane, show that there is in the 
same plane a straight line L such that the square of the distance of any 
point on the circle from P is equal to the distance of the same point from L 
multiplied by a constant length, and find the position of L. 

26. Find the equation of the tangent at any point of the circle 

a?^ + y* + 2ga? + 2/f/ + c = 0. 

Prove that the polar with respect to the circle a?* -f y* =*= c* of any point on 
the circle + (y + 5)* = always touches the curve 
( ax -f- hy + = k'^ + y*). 

27. If one of the external common tangents to two circles meet their 
radical axis in P and a perpendicular drawn to it from the internal centre 
of similitude S in T, and if ST produced meet the radical axis in P', then 
V, the middle point of PP', will be such that VR is equal to the tangent 
from V to either circle. 

28. Tangents to a circle from a point P cut a fixed diameter of the circle 
at A and B. If the mid-point of the segment AB is fixed, find an equation 
for the locus of P 

29. Show that four points of the type (a cos^, 6sin^), where a and h are 
constants, lie on any given circle ; and if four given points of this type lie on 
a circle, then 2d = 2n7r. Interpret when a = 6. 

30. How many points of the type (X^ X) lie on a given circle ? If four do, 

then + = 1, where 5,. = sum of the X*8 taken rat a time. 

31. A point C is taken in the diameter AB of a circle: on ACy CP as 
diameters circles are described ; PQ is a common tangent to these latter 
circles; show that APy BQ and the common tangent at.C meet on the first 
circle. 

32. A point P moves in the plane of a triangle ABC so that 

PA» . PC» = PP* . C^» + PC* . AB ^ ; 

prove that the locus of P is the circle which passes through P, C and cuts 
the circle ABC orthogonally. 

33. Show that the circle through the three points (aX, aX"*), {apy 
(avy passes through the point (a/'KfxVf a\pp), 

34. Prove that the difference of the squares of the tangents drawn from 
any point to two circles is proportional to the distance of the point from the 
radical axis of the circles. 

Two circles are such that the sums of the squares of the tangents drawn 
to them from the vertices of a triangle are the same for each circle ; prove 
that the radical axis of the circles passes through the centroid of the 
triangle. 

35. Show that a homogeneous equation in x and y of degree n represents 
n straight lines through the origin, and find the equation giving the six 
straight lines joining to the origin the points where the curve 

-f 3xy* + 5y*-f 6a? =■ 7 

cuts the circle a?* + y’ == 1. 

36. Given three non-intersecting coaxal circles, prove that the lengths of 
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the tangents drawn from any point of one of them to the other two are in 
a fixed ratio. 

37. Prove that the locus of the middle points of chords of a fixed circle 
which subtend a right angle at a uAeu point is a circle, and that the fixed 
point is a limiting point of the two circles. 

88. Find the locus of a point the tangent from which to a fixed circle 
bears a constant ratio to its distance from a fixed point. 

If Si 2 denotes the circle coaxal with the circles and having its 

centre at their external centre of similitude, and are the circles 

obtained in the same way from and ^ 2 , prove that ^1%* ®8l are 

coaxal. 

39. Form the equation of a system of coaxal circles of which the points 
(±a, 0) are the limiting points. 

Prove that, if log {{x + ly + a) /(x + ly - a) } = w + tc, the curves u =» constant 
and V ^ constant are two families of coaxal circles. 

40. A, 0, J9 are three collinear points ; circles are described with centres 
A and B to cut orthogonally a circle of variable radius r, whose centre is 0. 
Prove that the product of the perpendiculars from 0 on all common tangents 
to the first-named circles is in a constant ratio to H. 

41. Show that a circle can bo dmwn to touch the four circles 

a;* + y*-2ax *= 0, x* + y*-26x 0, 

x’ + y’-2cy = 0, a:^ + y’-2(iy 0, 

if (l/a-l/6)*-(l/c-l/d)*. 



CHAPTER VI 


THE LOCUS EEPRESENTED BY THE GENERAL EQUATION 
OF THE SECOND DEGREE, S=axH 2hxy + 6/ + 2gx + 2fy + c. 

§ 1. Preliminary. In the following discussion it is assumed 
that neither a nor b is zero : this involves no loss of generality, for 
if either or both of these coefficients is zero, by a simple change 
of axes the equation can be transformed into one in which a and b 
are not zero. Now,^if any value of x is substituted in the equation 
S = 0, we obtain a quadratic equation giving two values of y ; these 
may be real and distinct, equal, or imaginary. Thus, to every value 

of * there correspond two real, 
two coincident, or two imaginary 
points on the locus. Similarly, to 
every value of y there correspond 
two points on the locus. As the 
value of X is increased continuously 
from — oc to + 00 , the two corre- 
sponding points move across the 
plane of the coordinate axes and 
trace out the complete locus ; as, 
for example, PjQi, P^Q^, P3Q3 ... 
in the figure. 

We propose to investigate by 
elementary algebra the values of y as « increases from — oo to + oo , 
and the values of a; as y increases from — 00 to -f 00 , and to classify 
the loci by their principal graphical properties so found. 

The equa tion S = 0 can be written 

^^ + 2{hy+g)x + by^ + 2fy + c = 0, 
or by'+2'{Jix+f)y + ax^ + 2gx+c = 0. 

Hence ax = —(hy+g) ± -/ {{hy+gf-a(by- + 2/y+c)} 

= -(%+5f)± \^{-{ab-h^)y''-+2y(hg~af)-{ac-g")] 
= -{hy+g)±^{-Cy^+2Fy-B}, 
which for convenience of reference we will write 

= -{hy+g)± Vl. 
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Similarly, 6^ = — (to +f) — Cx^ + 2 G:r — -A } 

= — (to-h/)± v^jE. 

(For the notation refer back to Chap. Ill, § 10.) 

The values of x and y will be real only when D and E respectively 
are positive. 

Now (vide Hall and Knight’s Higher Algebra^ § 120) D has the 
same sign as — C for all real values of y except when the equation 

Cr-2fV + B = 0 

has real distinct roots (say y and 6), in which case 2> has the opposite 
sign to — C when y lies between y and 8, but otherwise has the same 
sign as — C. 

The condition that the equation 

C/^2J>-h2^=r 0 (i) 

should have real and distinct roots is that F^ — BC should be positive, 
i. e. that A . a should be negative. 

Thus D has the same sign as — C except when A. a is negative 
and y has a value between y and 8. 

In the same way E has the same sign as — C except when A . 8 is 
negative and x has a value between the roots of the equation 

CV--2Gx + ^ =0, 
which we will call oc and /I 

I. C positive, i. e. ab > KK 

Since is essentially positive, ah is positive, and consequently 
a and h have the same sign. 

Hence A . a and A . h have also the same sign. 

(a) A . a and A . b positive. 

Now D and E have the same sign as — C, i. e. are both negative. 
In this case the locus is wholly imaginary ; e. g. 

+ 2x~4y + 6 = 0. 

(b) A . a and A . b negative. 

Now 2> and E are negative, except when y lies between y and 8, 
and X lies between (X and /3 respectively. Hence x is only real when 
y > y and < 8, and y is only real when x > (X and < Thus 
the I'eal part of the locus lies inside the parallelogram whose sides 
are = a, x = /3, y = y, y = 8. 

When y has either of the values y or. 6, then D is zero and the 
corresponding values of x are equal: the paths of the two points 
which correspond to those two values of y meet each other (vide P4Q4, 
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Fig. p. 222), and the lines y = y, y = h touch the curve. So with the 
lines X = (X, x = Hence the locus in this case is a closed curve 
inscribed in the above parallelogram. 



The locus is in this case called an Ellipse; the whole curve is 
at a finite distance from the origin. A particular case is the oirole. 

II. C negative, L e. ab<h'‘. 

(a) A . a and A . b positive : then D and E are positive, therefore 
X and y are real for all values of y and x respectively. 



(b) A. a positive, A.b negative. 

As in (a) x is real for all values of y. E has the same sign as — C, 
i. e. positive, except when x lies between Oi and /3. Hence y is I’eal 
for all values of x except those lying between ot and /3. 

As before, when x = <X or x = values oty become coincident, 
and the locus touches the lines x=:(X and x ^ 

The curve thus consists of two branches which extend in opposite 
directions from x s= (X and x = respectively to infinity. 
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A . a negative and A . b positive gives a similar result 
(c) A. a and A.b negative. 

In the same way it can be seen that x and y are always real 



except when x > OL and < /3 and y > y and < 5 respectively. 
The curve touches the four lines a: = a, x = /i, ?/ = y, t/ = 6, but 
no part of it lies within the parallelogram formed by these lines. 



In each case the curve consists of two branches extending in 
opposite directions to infinity : the curve is called an Hyperbola, 
a special case being a pair of straight lines, viz. when A = 0. 

Note, It must be borne in mind throughout that no straight line 
can meet the curve in more than two points. 

12«7 


P 
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HI. C = 0, i. e. ab = A®. 

In this case D and E are both linear: all cases give a similar 
result. As an example E = 2Gx—A. If G and A are both positive, 

A 

E will be positive for all values of x greater than , and negative 

A 

for all values of x less than • 


The values of y are coincident when x = 

iiijr 

Thus the curve consists of a single branch extending on one side 
A 

only of the line x = to infinity. 

The locus in this case is called a Parabola, a special case when 
A is zero being a pair of parallel straight lines. 



Summary. 


If 

C positive, A ^ 0, 
C positive, A = 0 , 
C negative, A 9^: 0, 

C negative, A = 0 , 
C zero, ^ ^ 0, 

C zero, A = 0 , 


5 = 0 is 

an Ellipse which is a finite closed curve, 
a pair of imaginary straight lines, 
an Hyperbola which has two branches ex- 
tending to infinity, 
a pair of straight lines. 

a Parabola which has one branch extending 
to infinity. 

a pair of parallel straight lines. 
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Examples Via. 

1. Classify the following curves : — 

(i) -f 3.ry -f -f 2r + 5y + 6 ~ 0 ; 

(ii) + — 21y^4 6a;-5y + 4 = 0 ; 

(iii) + a:y 4 y® — 6 X — 3 = 0 ; 

(iv) a?® — 4a?y-f 4y* + 3a: — 6y-f 2 = 0 ; 

(v) 2x*- 4- ^-y — 21 y® -f 6 x — r)y -f 15 == 0 ; 

(vi) — 2a?y -f 2y® 4- 2.^; — 4y 4- 2 = 0. 

2. Show that the curve 4.i;® 4 - 12.ry + lOy- 4~ ^.r 4- 8y 4- 7 = 0 lies between 
the lines y = 1 and y = 3. 

Whore do these lines touoh the curve ? 

Find the equation of two lines parallel to the y-axis which touch the 
curve. 

3. Show that the line x — r cuts the curve .r® + 4.ry 4- 3y® — 1 = 0 in real 
points for all values of c. 

4. Prove that the curve 4(a;- 2) (y - 3) = (j: 4 y 4 bj® lies altogether on 
the same side of the lines a: = 2, y = 3 as the oiigin. 

5. Show that the curve 4a?’ — 8.ry 4- y* 4- 12y = 0 touches the sides of the 
parallelogram formed by the lines a: = 1, a? = 3, y = 0, y = 4, and that no 
part of the curve lies within the parallelogram. 

Find the points of contact of the sides and the chords of contact. 

6. Find the condition that the axis of y should meet the locus *9=0 
in (i) real, (ii) coincident, (iii) imaginary points. 

7. Prove that the tangents at the points where the straight line 
r/.r4-/iy4-y = 0 meets the curve *S' = 0 aie parallel to the a>axi8. 

8. Find the equation of the chord of contact of tangents to *9 = 0 which 
are parallel to the y-axis. 

9. Find an equal ion giving the ordinates of the points where the line 
a? - y = 0 cuts S = 0. 

If these are real, prove that 2ll> B. 

10. Prove that the line // - 0 touches the curve *9=0, provided that 
A 4 B f 2 /f = 0. 

§ 2. To find ihc luifs of ihe m iddle points of chords of the curve 

N = ( 7 ,/ - 4 - 2 Ju'j/ -f -f 2 y.r 4 - 2ft/ 4 - c = 0 

X ?y 

which (tre p)a rail el to (he straight line j ^ 

Suppose tliat the point M, whose coordinates are is the middle 

X tj 

point of a chord PQ : if the chord is parallel to [ = its equation is 

x-Xi _ y-t/j 
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The coordinates of any point on this line are (% + U, + mt) ; if this 

point lies on the curve 8=0, we have 

a (a?! + H)* + 2h + It) (j/i + mt) + 6 (yi + mt)^ 

+ 2g (xi + It) + 2/(y, + w() + c = 0, 
or <2 (oZ2 + 2hlm+ ftm*) + 2 1 (IX^ + mY{) + Si = 0, (i) 

where Si = OKi* + 2 hXiPi + hyi^ + 2gxi + 2^i + c. [Chap. Ill, § 1 0. ] 



This equation gives the two values of t which correspond to the 
points P and Q in which the chord cuts the curve. Since the point 
(a?!, yi) is the mid-point of PQ, the coordinates of P and Q are of the 
form (a:i-t-Z<, t/i + mt), {xi — lt, yi—mt)-, in other words, the values of 
t given by equation (i) are equal and opposite. Hence we have 

= 0 . 

This is the condition that the point (xj , y^) should be on the line 

ix-i-»»r=o. 

Thus, the middle points of all chords of the curve 8=0, which are 
parallel to mx—ly=0, lie on a straight line whose equation is 
IX-t-mY' = 0. Such a straight line is called a diameter. 

Now if the coordinates Xy, yy satisfy both the equations 

X = ax + hy+g = 0; Y = hx -f 0, (ii) 

the coefficient of t in equation (i) vanishes for all values of I and m, 
and the equation gives equal and opposite values of t. 

If ab—h^ is not zero, there is a finite point whose coordinates 
satisfy the equations X = 0, Y = 0. In this case any straight line 
through this point cuts the curve in two points which are equidistant 
from this point and on opposite sides of it. This point is called the 
centre of the curve. 
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If ab'-W ^ 0, there is no finite point whose coordinates satisfy 
the equations X == 0, Y = 0 ; in this case the curve has no centre. 

The loci, represented by S = 0, can be divided into two classes 
according as is or is not zero. They are called central and 

non-central curves. The reader, on referring back to the Figures in 
§ 1, will see that this is in accordance with the general shapes of 
these loci. It is convenient to examine the two classes wparately. 

1. Central curves, (a6— 

Since the centre is given by the equations X = 0, Y = 0, and the 
equation of a diameter is iX + m Y = 0, it is evident that all diameters 
pass through the centre. 

Conjugate Diameters. 

We have seen that all chords of the curve 5 = 0, which are 
parallel to mx—ly = 0, are bisected by the diameter ZX-fmY = 0 ; 
the equation of this diameter written in full is 

X {al 4- hm) + y(hl-^ bm) -f gl ^fm = 0. 

This is parallel to the straight line m'x-^Vy = 0 if 
all' 4- h (Im' 4* Vtn) 4- hmm' = 0. 

The complete symmetry of this result in the numbers I, pi and 
l\ m' shows that if the diameter which bisects chords parallel to 
mx—ly=:^0 is parallel to m'x— J'y = 0, then the diameter which 
bisects chords parallel to m'x — Vy = 0 is parallel to mx—ly = 0. 

Such a pair of diameters is called a pair of conjugate diameters. 

The pair of diameters IX ^mY = 0, rX4-m'Y = 0 are conjugate, 
therefore, if all' 4- h (hn 4- I'm) 4- bmm' = 0. 

Ex. The lines a V 4 2 « 0 are parallel to conjugate diameters 
of 5 = 0, provided that they are parallel to (>na:~/y)(m'a? — / y) = 0, where 
all' r h {Im' 4 Im) 4 hmm' = 0 ; that is, if ah' 4 a'b = 2hh', 

Axes of Symmetry. 

It has been shown that the diameters iX4-wiY = 0, Z'Xd-m'Y = 0 
are parallel to m'x—l'y = 0, nix^ly = 0, and are conjugate if 
a/r 4- ft (?w' 4- i'm) 4- bmm' = 0. If this condition is satisfied, these 
diameters are therefore perpendicular when the lines m'x—l'y = 0, 
mx--ly = 0 are perpendicular. 

1/ the coordinate axes are rectangular^ the condition for this is 
W'4-mm' = 0. 

Thus, if the ratios f/m, i'/m' are determined by the equations 

aK'4*A(im' + rm)4-6mm' = 0, K'4-wm' = 0, 
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the diameters = 0, TX + rn'T = 0 are both conjugate and 

at right angles. 

These equations give 

It (/2 — = (a — b) Im, 

from which we obtain two directions for the line mx = 0 ; these 
directions are at right angles, and therefore correspond to the 
directions of the two diameters IX ^mY = 0, VX-\-niY = 0, which 
are both perpendicular and conjugate. The equation of these dia- 
meters is therefore 

(?x+mr)(rx+?)i'r) = o, 

or h (X2 -- r^) = (a - X r. (iii) 

This, therefore, is the equation of the two diameters which are 
both conjugate and perpendicular ; the diameters are always real, 
for the condition that h (X^ — F-) — (a — b) X Y should have real 
factors is that (a — 6)^ + 4 should be positive; this is always 
true. Now, a straight line which bisects all chords perpendicular 
to itself clearly divides the curve symmetrically. There are then 
two straight lines, at right angles to each other, which divide the 
curve symmetrically. These are called the axes of symmetry, or 
simply the axes of the curve. 

Note. Since the axes are parallel to Ix^-my = 0, where 

their inclinations (9) to the a:-axis are given by tan 9 = — ~ * thus 

m 

h (cos - 9 - sin^ d) = (a — h) sin 9 cos d, 

2/i 

or tvvn2d = — T- 

a — b 

If d^, 9^ are the values of 9 given by this equation, the equations 
of the axes are X sin dj = Y cos dj and X sin d 2 = Y cos d 2 . 

Ex. If the axes of coordinates arc oblique and inclined at an angle 
show that the equation of the axes is 

h{X^- Y2j - (a-2^) XY = cos o) (6X*-aY'). 

II. Non-central curves. (ab—h^=0,) 

In this case both the lines X = 0, Y = 0 are parallel to ax + % = 0; 
hence every diameter IX + mY = 0 is parallel to this straight line. 

The diameter aX + Z^Y = 0 is therefore parallel to ax+hy 0 and 
bisects all chords parallel to bx — hy = 0; hence, the diameter 
aX + AY=0 bisects all chords at right angles to itself. A non- 
central curve has therefore one axis of symmetry. 

Ex. If the coordinate axes are oblique, show that the equation of the 
axis of a non-central locus, S = 0, is {a - cos o)) X + - a cos w) Y «= 0. 
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§ 3 . The graph of S = 0 . 

Since the equations of the axes of the locus are of the form 
0, the axes pass through the intersection of the lines 
X = 0 and 0: this point of intersection is the centre. 

Let CAf CB be the axes of 
symmetry, then if is any point 
on the locus 5 = 0, the points 
P^j P3, P4 are also by symmetry 
on the locus. 

A, A, -P3, P4 form a rectangle 
whose sides are parallel to the 
axes and are bisected by the axes. 

Incidentally, we see that if a 
point Pi on the locus and the centre of symmetry C are known, 
a second point on the locus P^ can be constructed, since CPi = CP^* 

We have seen that the line ZX-hnir =0 bisects all chords 
parallel to x y 

I m 

Two important special cases arise when I and m are respectively 
zero. 

Thus the line X = 0 bisects all chords pamllel to = 0 , i.e. parallel 
to the .r-axis. 

So also F = 0 bisects all chords parallel to the y-axis. 

This is of practical importance when drawing the graph of a given 
equation ; the following general rules will be useful; the student will 
discover with practice their relative utility. 

To draw the graph of a curve 5 = 0 . 

(a) Draw the graphs of the lines X = 0 , F = 0 ; these intersect at 
the centre C, 

(b) If /tX2-(a~6)XF-AF2 has simple Victors such as 

(X + A F) (X-f draw the axes X-rAF=0, X + ftF= 0 . 

A single point on each is sufficient for this purpose, since we know 
the axes pass through C. Even if the above factors ai*e inconvenient, 
as when A and ju involve surds, it is often possible to find convenient 
points on the axes, e.g. the points of intersection of 

ftX2~(a-6)XF-AF2 = 0 
and the x*2kxis ; these points can be joined to G. 

(c) Try to discover a point P on the curve : it is generally con- 
venient to try the intersections of 5 = 0 with a: = 0, ^ = 0, .r = ^, 
or X = — y. 
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Having found one point P, other poitits can be found thus : 

(i) Construct a chord PQi parallel to the ;r-axis and bisected 
by X = 0. 

(ii) Construct a chord PQ^ parallel to the j/-axis and bisected 
by r = 0. 

(iii) Construct a chord PCQ^ such that PC = 

(iv) Construct points which are symmetrical with P with respect 
to the axes. 

The last method involves drawing perpendiculars to the axes, 
but is useful when (as in the case of the hyperbola) the points 
Qi} Q 2 off the paper. 

It will be helpful to the student at this stage to draw a few curves and 
thus to acquire a knowledge of their shapes and to become familiar 
with the notation we have employed. (See also Chap. VIII, § 9.) 

Illustrative Examples. 

(i) 16y-— 44iC*f 108y— 124 = 0. 
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Here C = 9 x 16 — 12* = 0 ; the curve is a parabola. 

X = 9a; + 12^-22 = 0. 
r= 12x+16y + 54 = 0. 

The axis of symmetry hX-\ is 3a?-f~4y + 6 = 0. 

X = 0, F = 0, and the axis are parallel. 

The points ( — 2, 0), (2, —3) lie on the axis, draw this line. 

X = 0 passes through (2*45, 0) and is parallel to the axis. 

F = 0 passes through ( — 4*5, 0) and is parallel to the axis. 

The point P(~2, 0) is on the curve. 

The other points shown in the figure are found by (i), (ii), or 
(iv) above. 

(ii) + + lOjj-f 20y-f 5 = 0. 

Since = 54 — 4 = 50, i. e. is -\-ve, the curve is an ellipse. 

X= 9x4-2^ — 5 = 0. Points on this line are (1, —2), (0, 2*5). 

F~ 2a; + 6y + 10 = 0. Points on this line are (1, —2), ( — 2, — 1). 

The axes are 2X4- F = 0, X— 2F = 0, which give 
2ir4-y = 0, a: — 2y = 5. 

Point on curve P (0, -3*06). 

The curve does not cut either y = 0 or x = y in real points. 
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(iii) 2:r2+6a;^+2^2_0^_0y_8 — q 

Since C = 4-^, i.e. is — ve, the curve is an hyperbola. 
X=2ir4|y-3 = 0. Points on this line are (1*5, 0), (-1, 2). 

Y= + = 0. Points on this line are (0, 1*5), (2, -1). 

The axes are X- r= 0, F = 0, i.e. x-y = 0, and a; + y = ^. 
Points on the curve are (0, 4), (0, -1), (4, 0), (-1, 0). 
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Examples VI b. 

Classify the following curves and draw their graphs : — 

1. + — 6a;— 3f/ + 8 e= 0. 

2. a;^-f 4a;y + — 2a; + 2y-f 6 = 0. 

3. (a:-l) (a; + 2j + (y-2j (f/ + 4j = 0. 

4. 3a;^ + a;y-"4y’+ 18a; + lOy + 24 = 0. 

5. 2a;’ + 5a*y + 2y'’ — 6a; — 6y — 8 = 0. 

6. a;^ + 9y^ + 6x1/ — 5a; — 9y + 1 =0. 

7. (x + 3y)* — 4 (3x — y;® = 5. 

8. 3x^- 5xy + 3y‘^ — X — y = 0. 

9. 9x® — 24xy + 16y^ + 21x — 28y + 6 = 0. 

10. 2x- + xy — y* — x + 2y = 0. 

11. x'^-xy + 2y^ — 2x-6y + 4 = 0. 

12. Draw with the same axes of reference x* + xy + y^ = c, when c = 1, 4, 

9, 16 respectively. 

§ 4. Ill this section we propose to find the equations of certain 
lines relative to the general curve S =-0; this will prevent repetition 
in the following chapters when special forms of the equation are 
considered. 

(I) To find the equation of the chord of the cu^e^ 

S = ax^-f 2hxy-hby2 + 2gx + 2fy + c = 0, 
whose middle point is (x^ , yj). 

Let the equation of the chord be = ~ > then the coordi- 

nates of any point on this line are (x^ -f + f^t)- As in § 2, the 
values of t corresponding to the points of intersection of the line and 
the curve are given by 

(a/2 4 - 2 him + hn^) (IX^ -f m f -f = 0, 
and since (Xj, y^) is the mid-point of the chord, 

Thus the equation of the chord is 

(x-Xi)Xi + (y-yi)ri = 0, 

i. e. ^Xi + y Tj = ^ i + 2/i i'n 

or '^'xXi-hyri -f Zj = Si. (A) 

(II) To find the equation of the tangent to S = 0 at the 
point (x', y'). 

When the two points of intersection P, Q of a line and the curve 
become coincident, the mid-point of the chord evidently coincides 
with this point : hence wo can deduce the equation of the tangent 
at (x', y') from (A) by writing = x', yi = y^ ; remembering that 
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(«', y') is on the curve and therefore 8' = 0, the equation of the 
tangent at (x', becomes 

+ = (B) 

]!fote. If the axes are rectangular the norm^ ^ (y', t/') is therefo re 
Cx-x')T -(y-ij')X' = ^ x’Y' -y’X\ 

(III) To fin d the equation of the chord of contact of tangents 
from ( x^ y') to the curve 8 = 0. 

Let the points of contact of the tangents be (Xi, ^i), {x^ y^. 

The tangents at these points are 

= 0 ; xX^+yY^ + Z^ — O’, 

and since by hypothesis each of these passes through {x' , y') 
we have 

a:'Zi+/ri + Zi=0; x'X^+y' Y^ + Z^ = 0. 

But these are the conditions that the points {x^, y^) (x^, y^) should 
lie on the line 

x'X + y'Y+Z = 0, 

which is therefore the equation of the line joining (Xj , yi), (x^ , y^, 
i. e. of the chord of contact. 

This equation is equivalent to 

x’{ax-\-hy-\-g)-\-y' (hx + hy-¥f)-\-gx-\-fy-\-c = 0, 
i.e. to x(axf + A/+flr)+i/(/w!'+6/+/)+Sfx' +fy'-\-c = 0, 
i.e. xX'+yY'-\-Z' = 0. (C) 

(TV) To And the equation of the polar of the point (z', y') 
with respect to S = 0. 

Suppose that PQ is any chord passing through {oc', yf) and that 
the tangents at P and Q meet at (xi, yj ) ; the locus of (xi, is the 
polar of (x'f y'). Since PQ is the chord of contact of tangents from 
(«!, yi) its equation is (vide (0) above) 

xX^ “j~ yYj*}^ Zj^ — 0. 

This line therefore passes through (x', y'), hence 

x'Xi+y'Yi + Zi = 0, 

which is algebraically equivalent to 

XiX'+yiY'+Z' = 0. 

Now this is the condition that (Xi, y^) should lie on the line 

xX'-hyY'+Z' = 0, (D) 

which is consequently the polar of (x', y'). 

ISTote. If (x', y') is the centre, then X'—O and Y' = 0, so that the 
centre has no polar ; we shall see later that, as in the case of the circle, 
the polar of the centre is * the straight line at infinity’. 
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(Y) To And the ooordinateB of the points where the straight 
line joining the points (x^, yj), (X 2 , yg) cuts the curve S = 0. 

Let P be the point and Q the point 1/2)9 the coordinates 

of any point on the straight line FQ are 

{ ^ “f fny 2 ) ^ 

\ l + m } 

If this point lies on S = 0 , we have 
a {Ixi -f mx^) 2 -f 2 (^ 1 4 - mx^) {Ipi + my 2) + h (ly^ + my 2) ^ 

+ 2 {g {Ixi 4- mx 2 ) 4-/(2yi 4- my 2 ) } (? 4- m) + c (? 4- m) 2 = 0, 
which may be written 

4- 2lm {^ 2 ^ 1 4-^2 S 2 = 0. (E) 

This equation gives the two values of I : m corresponding to the 
two points Lj M in which PQ cuts the curve. 

Cor. i. If the points of intersection, L and 3f, are coincident, then PQ is 
a tangent to the curve. In this case the two values of / : m given by (E) are 
equal, hence S^.S^ — {x ^ Xj + yj 

Thus, if PQ is a tangent to the curve from the point P{x^y yj, the locus 
of <3 is 5^, {xX^^yY^-\-Z^Y. (F) 

This equation, therefore, is that of the pair of tangents from {x^, y^) to the 
curve. 

Cor. ii. If {x ^ , yi) lies on the curve, then = 0 ; the locus of Q then 
reduces to ajXj + yFi-f s= 0, which is the tangent to the curve at (oti, y^). 

Cor. iii. Again, suppose that Q lies on the polar of P, so that a straight 
line through P cuts the curve at L, M and the polar of P at Q. The polar of 
P(xi, yi) is xXj + yFi + Zi = 0, so that, if Q{x^y y^ lies on it, we have 

ajjXj 4- y2 Fj + Xj = 0 

The equation (E) now becomes 

so that the two values of / ; m are equal and opposite : hence the points L, M 
are harmonic conjugates of P and Q, 

Thus any chord of the curve 5 = 0 through P is divided harmonically by 
P and the polar of P. 

Cor. iv. In the equation (F) of the tangents from (x', y') to the curve 
5 = 0, omit all except the terms of the second degree in x and y ; we find 
then that the tangents from (Xj, y^ to the curve 5 = 0 are parallel to the 
pair of Ijnes through the origin whose equation is 

(ax*42;ixy + V)^'= {xX' + yY'\\ 

which reduces to 

x® (Cy '* -2 Fy+ B) - 2xy (Cx'y' - Fx' - 6?y' + ^) 4 y* ( Cx'* - 2 Gx' + ^) = 0. 

These are perpendicular (the axes of coordinates being rectangular) if 
Ox'* + Cy'» - 2 (?x' - 2Fy' 4 ^ 4 B = 0, 
i. e. if (x', y') lies on the circle 

CxHay‘'-2(?x-2Py4^4B = 0. (G) 
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Hence the locus of points the tangents from which to the curve ^ = 0 are 
perpendicular is a circle ; this circle is called the Director Circle ; its 
centre is the centre of the curve 5=0. 

Note. If 5=0 is a parabola, i.e. if C = 0, this locus is a straight line ; 
its equation is 2Gx + 2Fy-A-B = 0. (H) 

This straight line is called the Directrix of the parabola ; its other 
properties will be discussed later. 

Ex. Find the equations of the director circle of a central curve and the 
directrix of a parabola when the coordinate axes are oblique. 

The student is advised to read the remainder of this chapter 
carefully through so as to maintain a logical sequence : as a study 
it may be postponed until the end of Chap. VIII. 

§ 6. To find the lengths of the axes of a central curve. 

Definition. If the axes of symmetry meet the curve at the points 
A, A', B, B' respectively, then AA' and BB' are called the axes of 
the curve. 

Using rectangular coordinates, if the centre of the curve is (.r^, ?/i) 
and either axis makes an angle d with the .r-axis, the equation of 
this axis is 

cosd ”” sind 

Hence, if r is the length of the semi-axis, the point 
-f- r cos d, y I -f r sin 6) 

lies on the curve. This gives us, by substituting in the equation 5 = 0, 
[a cos^ d + 2 A cos d sin d + A sin^ d) 

+ 2r (X|Cosd-h Yi8in6) + Si = 0. (i) 

But since y^) is the centre, 0 and = 0, so that this 

equation becomes 

{a cos-^ d -f 2 A cos d sin 6 + h sin- d) -f = 0. 

A.lso, x^Xi + iji -f- Zi = = gx^ -f + c. 

Thus axj^ + hy^ q. ^ = 0, 

A.ri -h hy^ +/ = 0, 

+ =r 0. 

Eliminating Xi and y^ we have 
aha 
n i f 
g f c-Si 

i.e. Si = -pji when (xi , gi) is the centre. 

G 


= 0 , 
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The length of the semi-axis in the direction 6 is therefore given by 


r^{a cos^d + 2/( sin flcos d-t-6 sin^ d) — = 0. 

G 

Now, we showed (§ 2, p. 230) that the values of 0 are given by 
A(cos-0 — sin^ 6) = (a — ?>) cos 0sin 0 , 
a cos 0-\-h sin 0 h cos 0 + h sin 0 


so that 
therefore 


cos 0 sin 0 

a cos 0 4- ft sin 0 = ft cos 0^ 
ft cos 0-\-l) sin 0 = ft sin 0, 


ft, say ; 


Hence 

a cos^ 0 + 2ft cos 0sin0-{-h sin^ d = ft (cos^ 0 4 - sin^ 0) = ft. 

A 

A \ 


Thus 

We now have 
and 


Jc = 

(a 4* ^ 2 ^ cos 0 + h sin 0 = 0 
sin 0 4 - ft cos 0 = 0; 

This equation gives the squares of the semi- axes of the curve. 


Note i. If rj is one of the semi-axes, we have 

^a-f cos0-f ft 8in0 = 0. 

But we showed in § 2 that the equation of the axis, whose inclination to 
the ar-axis is 0, is Xsin0 = Fcos0. 

Hence the equation of the semi-axis of length r, is 

(«+ 

and that of length is similarly 

Note ii. Since, when {x^y y^) is the centre, we have = 0, Fj = 0 and 

5'i = ~, if the coordinate axes are changed to parallel axes through the 
C 

centre the equation S = 0 becomes 

a (a^-f ari)’4-2ft(a: + a-,) (j/ + f/i)4-h(y4“yi)* + 25 r (a;4-Xi) +2/(j/ + f/j)4-c « 0, 
which at once reduces to 

ax*4 2fta?y4ftf/^4* ^ = 0* 
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§ 6. The Curve 8 = 0 at infinity. Asymptotes. 

The coordinates of the points of intersection of the straight line 
(x—x')fl = with 8=0 are x' It, y'-\-mt where t has the 

values given by the equation 

{aP + 2Mm+ bm^ P + 2 (IX' +mY')t + S' = 0. 

If aP+2hlm+bnP = 0, then in the Euclidean sense the straight line 
meets the curve in one point only ; as explained in Chap. V we can 
keep our results general by means of the conventional ‘points at 
infinity ’ and ‘ straight line at infinity thus we say every straight 
line meets the curve N = 0 in two points. In the present case, 
then, if aP + 2Mm + bnP = 0 (for the present db^lp), i. e. if the 
straight line is parallel to one of the lines ax^ + 2hxy+hy^ = 0, 
we say that the straight line meets the curve in one finite point 
and in one ‘point at infinity’. Again, if aV + 2hlm + hnP = 0 &ndi 
IX' + niY' =■ 0, then in the Euclidean sense the straight line does 
not meet the cui*ve at all ; in this case we say that the straight line 
meets the curve in two coincident ‘points at infinity’, or the 
straight line touches the curve at infinity. 

If therefore the point (a/, y') lies on a line which touches 8=0 
at infinity, its coordinates satisfy the equation IX+mY = 0, where 
al'^ + 2hlin+lm^ = 0. The equation of the locus of (x', y') is therefore 
hX‘^-2hXY+aY^ = 0-, 

this equation represents two straight lines passing through the 
centre of S = 0 ; these lines are called the 'Asymptotes of the curve, 
and may be regarded as the tangents to the curve from the centre. 

The equation of the asymptotes, written in full, is 

(ctb-h^)(ax^+2hxy + by^ + 2gx+2fy) + bg^-2fgh+ap = 0, • 
or C8—A = 0, which only differs from the equation of the curve 
in the term independent of x and y. 

The asymptotes are therefore straight lines through the centre 
parallel to the lines a3p + 2hxy + by^ = 0 ; if (Xq, y^) is the centre, 
their equation can also be written 

a{x-xoy+2h(x-xo)(y-yo) + b{i/-yof = 0, 

a form which is sometimes useful. 

The asymptotes are real or imaginary according as ah-W is 
negative or positive ; thus an ellipse has imaginary asymptotes, and 
an hyperbola has real asymptotes. When the asymptotes are real 
and at right angles, the curve is called a Bectangular Hyperbola ; 
the condition for this is a + 6 — 2A cos o) = 0. 

In the case of the parabola, when ab = the equation 

aV^ + 2hlm + = 0 
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gives (ai + hmY = 0 or {JH + hm)- = 0, i. e. two coincident directions 
in which a straight line can be drawn to meet the curve at infinity. 

There is no finite straight line which meets the parabola in two 
points at infinity ; for in this case, since al+hm = 0 and hl + bm = 0, 
the equation IX' + mY' = 0 reduces to gl-^fm = 0, so that o/= gh. 
When it is possible to satisfy simultaneously the equations al + hm = 0 
and IX' = 0, the equation of the parabola becomes 

+2</(^ + -|) + c = 0, 

which is not a proper parabola but a pair of coincident straight 
lines. The parabola meets the straight line at infinity in coincident 
points, i. e. touches the line at infinity. 

Application of Homogeneous Coordinates. 

The equation of the curve S = 0 in homogeneous coordinates is 

ae-\-hr]^ -f 2/uC+ 2 = 0 ; 

the points at infinity on it are given by its intersections with C = 
We have therefore for these points = 0 and 0. 

The points are real, coincident, or imaginary according as li^ — ah 
is positive, zero, or negative : hence an hyperbola meets the line 
at infinity in real distinct points, the ellipse meets it in imaginary 
points, the parabola meets it in coincident points or, in other words, 
the parabola touches the line at infinity. 

I. When the points are not coincklent, let their coordinates be 
(fi, 0) and (^21 ^21 0). then 

1) — 2A a 

The equations of the tangents at these points, i. e. of the asymp- 
totes, are fiX-f^ir = 0 and + their combined 

equation is therefore 

or 6X2-2AXr-f ar = 0, 

as previously shown. 

This equation can also be written CS— = 0, and if ?7, F are 
the linear factors of A^^/C, then Z7 = 0, F = 0 are the separate 
equations of the asymptotes. The equation of the curve can then 
be written in the form XJV + A^^/f? = 0, which indicates that Z7 = 0, 
F = 0 are tangents to the curve, = 0 being the chord of contact. 
If U and F are real, we can take the asymptotes as coordinate axes, 

1267 q 
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in which case the equation of the curve becomes or, in 

Cartesian coordinates, xy = 

Note i. It is evident from the form of the equation that the centre, in 
this case the origin, is the pole of the ‘line at infinity’. 

Note ii. It is evident from this form of the equation of an hyperbola that, 
if AOA\ BOB' are the asymptotes, the curve lies altogether within either 
the angles AOB, A' OB' or the angles AOB', A' OB ; also, that the distances 
from the centre of the points of intersection of the hyperbola and a diameter 
increase without limit as the diameter approaches the position of the 
asymptotes. 

The following important properties of central curves are left as 
exercises for the reader : — 

(i) The bisectors of the angles between the asymptotes are the 
axes of the curve. 

(ii) The asymptotes are harmonic conjugates of every pair of 
conjugate diameters. 

(iii) An asymptote, regarded as a diameter of the cuiwe, is its 
own conjugate. 

II. When the points are coincident, i.e. ah = V, we have a^-f /n] = 0 
and C ~ hence the coordinates of this point are (/;, —a, 0). 

The tangent at this point is 

h (a^ + hi]+gC) - « + ^'1 +/0 — 0 , 
which reduces to C = the line at infinity. 

To obtain the separate equations of the asymptotes of an hyperbola 
when its equation is given tvith numerical coefficients. 

The equation of the asymptotes in the form bX^ — 2ihXY + aY^ = 0 
may be used. 

When, however, ax'^ + 'ihxy + by'^ has rational factors, we may 
proceed as follows : — 

Let the equations of the asymptotes of S — 0 be Ix + my + n = 0 
and Vx + m'y + «' = 0 ; then 

S = (lx + my + n){l'x + m'y + n') + k, 
so that m'n + mn' = 2/, I'n + In' = 2 g, 

hence n {Im' — Vm) = 2(fl— gm). 

Thus the equation of one asymptote is 

(?»»' — Vm) (lx + jmy) + 2(fl— gm) = 0. 

Hence the following rule: Express ax^ + 2hxy + by^ + 2gx+2fy 
in the form {lx + my)(Vx + m'y) + 2gx + 2fy : in this expression put 
x = m and y = —I, except in the factor Ix+my. The resulting 
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expression equated to zero is the equation of the asymptote parallel 
to lx-\-my'=^0. Similarly, for the other asymptote, put x = ni, 

^ = — Z', except in the factor Vx’\-m'y. 

Ex. To find the asymptotes of the hyperbola 

2x^’--xy — ^y^-‘4:X~\-hy -{- 1 = 0. 

In the expression (2:r + 3iy) + put = 3, y — —2, except 

in (2iP + 3t/); this gives 7 (2rr-l-3y)~22 = 0. 

Again, put a? = 2, y = 1, except in (a? — 2y) ; this gives 7 (a? — 2y) — 3 = 0. 

The equation of the curve can then be written 

(7a:~14y-3) (14a? + 21y -22) = 17. 

To determine in tvhich quadrant the infinite part of a given parabola lies. 

Let (ocx-h l3y)'^ + 2gx+2fy-\-c = 0 be the equation of the parabola. 

Change the origin to the point of intersection of the lines 
(XX-\- fty ^ Oj 2gx -f 2fy -f c = 0, the equation then becomes 

+ i^yf ■^2gx-v2fy :=z 0. 

The position of the infinite part of the parabola relative to the 
coordinate axes is clearly not altered by a change of origin. 

Let = y/{^ — 0L)y where 6 is a very small number, be a straight 
line through the origin nearly parallel to the axis of the parabola. 
This will meet the parabola again at a point which is at a very great 
distance from the origin, and which lies in that quadrant in which 
the infinite part of the parabola lies. 

Substituting ^ = (^ — a) x//:^, we obtain for the rr-coordinate of 
the point 

= -2 {g +/(€ - o)/ft] = 2 (fa 

Since e is very small, x will have the same sign as [fOL — gji)/^, 
and therefore y will have the same sign as {gf^-~foc)^0(. 

Hence, if the equation of the parabola is 

(ax-{-^y)^-^2gx-^2fy + c = 0 , 

the signs of x and determined so that ocx-^fSy = 0 and gx-\-fy is 
negative, indicate the quadrant in which the infinite part of the 
parabola lies. 

Ex. (5rr-f + 8 = 0. 

Take 5a; + 2y = 0 and 7a: — 3y = a negative quantity; then y= —lx 
and (7 is negative, therefore x is negative and y is positive. 

The infinite part of the curve lies therefore in the second quadrant. 

This rule will be found useful when drawing a parabola from its equation. 

<i 2 
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§ 7. The foci and direotrioes. 

To find the locus of a point which moves so that its distance from 
a fixed point is proportional to its distance from a fixed straight line. 

Let the fixed point be S {x', y') and the fixed line be 
ajcosd+^sin d—p = 0, 
using rectangular coordinates. 

If P{x, y) is any point on the required locus, and PM the perpen- 
dicular from P to the fixed line, we have SP = e . PM where e is 
a constant ; hence SP^ — ^ . Pilf*, or 

{x—x'^-k-{y—y'f‘ — c*{a:cosd-|-ysind— p}*, (i) 

which is the equation of the locus. Now this equation contains five 
arbitrary constants, x\ y\ d, p, and e ; we may expect then that the 
equation S = -f- 2hxy -f Jy* -f 2gx -f- 2fy -f c = 0 can be put into this 
form, and we proceed to show that this is always so. 

The locus represented by the general equation of the second 
degree can therefore be described as the locus of a point which 
moves so that its distance from a fixed point <S is a constant (e) 
times its distance from a fixed straight line. 

The point S is a focus, the fixed line is the corresponding 
directrix, and the constant e is the eccentricity of the curve. 

Note. This is the fundamental property proved in geometrical conics for 
the various curves which are sections of a cone by a plane. The locus S= 0 
is therefore usually referred to as a conic section, or briefly, a conic. 

The equation (i) above will be referred to as the focus-directrix form 
of the equation of a conic. 

I. To express the equation S=0 in the focus-directrix form. 

Using Rectangular coordinates, suppose that the equations 


{x — x'Y + (y — y'f = (a: cos fl -f y sin 0 —p)^ (i) 

and 8 = ax^ + 2hxy +by^-i-2gx-i- 2'fy -f c = 0 (ii) 

are identical. 

Change the origin of coordinates to the point {x', y ') ; these equations 
then become 

x^+y"^ = e® (x cos 0 -J- y sin 0 —p'f' (iii) 

where p' ^p—x' cos 0— y' sin 0, 

and ax^ + 2hxy-\-l)y'^-i-2X'x-\-2Yy-\-8' ■=■ 0. (iv) 


Observe the way in which the terms containing x and y and the 
independent term occur in equation (iii) ; this suggests writing 
(iv) in the form 

(T^-a8') x^-i-2{X'T -h8')xy-\-{T‘^-l8')y'^ 

. ^{X'x-[-ry-i-8'f. (v) 
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This equation will be of the same form as equation (iii) provided 
that we can find a point {xf, y') whose coordinates satisfy the equations 
X^-aS»Y^-hS; XY= hS, (vi) 


or 


X^-Y^ 
a — b 


XY 

h 


= S. 


Note i. For a central conic, the equation h (X^ — T’) = {a — b)XY indicates 
that the foci (if any) lie on the axes of the conic. 

Note ii. For a parabola, the equation h {X^ — F’) = (■a—b) XY reduces to 
F(aX-¥h¥) = 0, which indicates that the foci of a parabola (if any) lie on 
its axis. 

Now, if we substitute the usual values of X, Y, and S in equa- 
tion (vi), we obtain 

C(x^-y^)-2Gx+2I]/ + A-B = 0) , ... 

and 

Thus, (1) If the conic is a parabola, i. e. 0= 0, we have the two 
linear equations 2Gx—2Fy—A-i-B = 0i 

Fx+Gy-H=o\' 

There is therefore a single solution ; hence the equation of a para- 
bola can bo put in the focus-directrix form in one way. We have 
now proved that a parabola has one focus, and that this focus lies on 
the axis. 

(2) If the conic is central, i. o. C ^ 0, equations (vii) can be written 
(Cx - Gf -(Cy-F)'^ = G^-F^ + BC- CA 
= A{a-b), 

and {Cx-G)(Cy-F) = FG-CH = Ah. 

If we write A for Cx—G and fx for Cy — F, these give 
\^ — y?=.A (a — b), hfx = Ah ; 
hence A* - A (a - 6) A^ - AH^ = 0, 

or 2A2 = A (o-6) ± A ^/{a-by^ + 4h;\ 

The expression under the radical is always positive ; we get 
therefore two real values of A^ ,- evidently one of these values is 
positive and one negative, hence A has two real and two imaginary 
values. We have now proved that a central conic has four foci, two 
real and two imaginary, and (hat these foci lie on the axes. 

II. To prove that two foci lie on each axis of the curve. 

Now, if (f, ?() are the coordinates of the centre of the conic, the 
equations for the foci may be written 

(x-&^-{if-r,f = A[a-b)/C\ 

(x-Oiy-ri)^ Ah/C\ 
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If, then, (ic — f) sin 0— ( 2 /— )|) cos 0 = 0 is the equation of one of the 
axes, the coordinates of the foci on that axis are (^±A;cos0, 
7] ± A; sin d), where cos 0 sin 0 = AJl 

The equation of the other axis is •^)cos0 + (^ — r?)sin0 = 0, 
so that the coordinates of the foci on this axis are 
7] + // cos 0) where cos 0 sin = —A/l Hence 7c^ + = 0 ; this 

shows that two foci lie on each axis, one pair being real and one 
pair imaginary. 


III. To find the distmice between the real foci. 

Let 2ri be the length of the axis which lies along 
(rr — ^)sind — r])cos6 = 0, 
and 2/2 be the length of the other axis. 

We showed (Chap. VI, § 5) that = A'^/C^, and that 
a cos 6 + /t sin 6 __ A 
cos 0 Cr^ ^ 


so that 


a cos 0-\-li sin 0 
cos 0 



Since the axes are perpendicular, substituting 77 / 24 -^ for 0, we get 
a sin 6 cos 0 __ 

sin 0 A 


Subtracting these equations we have 

— r2^)_ h 

A sin 0 cos 0 

Thus — evidently "k is real if /i>r 2 , so that in the 

case of the ellipse the real foci lie on the major axis, and the distance 
between them is 2 V 

If the ellipse is real, it is evident from the equation giving the 
lengths of the axes that A must be negative ; hence the foci lying 
on the axis (:r”-^)sin6 — (y--?])cos0 = 0 are real or imaginary 
according as h cos 0 sin 0 is negative or positive. 

In the case of the hyperbola the real foci must lie on the axis 
which meets the curve in real points. 


IV. To find the eccentricity of the conic S -= 0. 

Comparing coefficients in the equations 

(a‘2 -f 2hxy + hy^ + 2gx-\-2fy + c - 0 
and {x - x'f 4 [y—y'f = [x cob 0-\ y sin 0 —pf, 

we have 

l~e^cos^0 = Aa, l — e^sin^^ = At, c2costsint= — -AA, 
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so that 

and 

or 

thus 


2 — 

(1 — cos^ 6) (1 - sin^ 6) — cos**^ 6 sin^ 0 •=: K'^[ab — h% 
1 — = A^(a6 — /i^) ; 

(2~e2)2_(a + 6)2 


Note i. Since 1 - 6^^ = X* (ah - h^) ; 

(i) If the conic is an ellipsCy ah-h^ is +re, e < 1. 

(ii) If the conic is an /ii/pe/i6o/a, ab — h^ is —re, /. e>l. 

(iii) If the conic is aparaboluy ab — h^ is zero, e = 1. 

(iv) If the conic is a virchy a — b and h = 0, and e = 0. 

Note ii. This equation gives two values for e, one corresponding to the 
real and one to the imaginary foci. When the eccentricity of a conic is 
referred to the eccentricity corresponding to the real foci is meant. (Cf. 
the example given below, p. 249.) 


We have also from the above relations 

(cos^ sin^ 6) = — A (a — ?>), 
e^sin^cosfl = — AA, 

so that (a — b) sin 6 cos 6 = h (cos*^ 0 — sin’*^ 6 ) ; 

but this is the equation which gives the inclinations of the axes of 
the conic to the rr-axis of coordinates. Hence the directrices of the 
conic are parallel to the axes. 

The equations 1 — c^cos^^ = A a, e^cos0sin6^= — A/i give 
= h/cos 0 (h cos 6 — a sin ^) ; 

but, if 2ri is the length of the axis inclined at the angle 6 to the 
^c-axis, we have shown that 

asin0— /icos6 _ — h 

hence c- = 


V. To find the equations of the directrices of a conic. 

Referring back to equation (v) we see that the directrix 
Y'y-f /S'=:0 is the polar of tho origin with respect to the conic 
ax^-\-2hxy-\-by'^-\-2X^X‘\-2Y'}j'\-S' 0) we took the focus as the 

origin, hence the directrix corresponding to a focus is its polar. 

(a) Central Conics, 

The coordinates of the foci lying on the axis 

sin d — (y—7|) cos'd = 0 

are £+fccosd, r] ±Jc sin Oy where (f, tO is the centre and 

C'^k^ sin d cos d = Ah, 

The corresponding directrices, which are the polars of these points 
with respect to S' = 0, are therefore 

X^^Yq + Z±k{XcoB0+Y&m 0) == 0. 
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Now Xf-f Ttj + Z = A/C, therefore the equation of the pair of 
directrices is 

= C^kHXcoad+ rsind)^ 
or h{X cos 6+ Y sin 0)^ = A cos 6 sin 9. 

(b) The Parabola. 

The coordinates of the focus are given by the equations 
2Gx-2Fy-A + B^0, Gy + Fx-H=0, 
and the equation of the directrix may be found as the polar of 
this point. The case of the parabola is, however, practically and 
theoretically, most simply dealt with by reducing the equation to 
the focus-directrix form. 

Let the equation of the parabola be 

(cxir-f + c = 0, 

where we have written (x^, and ot.S for a, b, and h. The 
eccentricity of the parabola is 1, so that the focus-directrix form is 
{x~x')^ + {y—y')^ = (a: cos 0-)-?/sin0— 

Comparing coefficients of x^ and xy, we get tan 6 = — 0(//3, so that 
the directrix is perpendicular to ax + l3y = 0, and therefore to the 
axis of the parabola. We may write the equation of the parabola 
then in the form 

((x‘^ + l5'^){x—x'^+y—y'^) = (^x-Oiy+p)'^. 

Hence, comparing coefficients, we have 

{(x^ + li^)x'+jSp= -g, (i) 

{ofi + fi^)y'-OLp= -f, (ii) 

(0<2 + /32) (x'2 + ^ c, (iii) 

From these equations we find 

Op a gf a (ap -ff = (x' 2 -I- p' 2) = (a^ + /J^) (^a + c), 

or {a? -f ^ 2 (/3p - o(/)p -b — (a* -f -f (oi^ -f c ; 

2p(/3(7-o(/) = c(o( 2 -f /32)-()(2_y’2 

= c(a-ffc)-r/2_/2 = X-t-R. 

But ii Op-a/) = hg-hf= - G, 

Oi{fig-ocf) = lig-af= F, 

so that the equation of the directrix {i3x—(Xy+p = 0) may be written 
2Gx+2Fy-A-B = 0. 

Using this value of p in equations (i) and (ii), we can write down 
the coordinates of the focus ; thus 

{a + b)x' =zb(A + B)/2G-g; {a + b)y' = a{A + B)/2F-f. 
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It can be readily verified from equations (i) and (ii) that the 
coordinates of the focus also satisfy the equations 

(a-hfc)X+G = 0; {a + b)Y+F^0; 2{a + b)Z = A^B. 

VI. Methods of finding the foci and directrices of a central conic, 
ivhosc equation is given with numerical coefficients. 

The coordinates of the foci involve complicated surds unless the 
factors of — (a--6)XF are rational. If these factors are 

not rational the coordinates of the foci may be found as on p. 245, 

When the factors are rational the following method is useful. 

If ax^ -Y^hxy ^-by’^ '\-2gx^2 fy + c 

= h{{x--xy + (y--'ff}^l{xco^e-^y^mB—pf (i) 
identically, on considering the terms of the second degree, it is evident 
that ax^ •\‘2hxy -{-bifi —k (x^ + y^) is a perfect square. This is the case 
when (it — a)(fc — 6) = and this equation gives two values of k 
which are rational when the factors of Y^) — (a— fc) XY are 

rational. Take either of these values of k and then we have 


ax^ + 2hxy+by^—k{x^+y^) = l{x costf-f y sin dfy 
from which we can determine ?, cos 0, and sin 0. 

Comparing the coefficients of x and y and the independent terms 


in equation (i), we obtain ;ky^.z^eos^ = -g, 

(ii) 

kg' + Ip ainO=. —f, 

(iii) 

whence, k{x'‘^ +g'^) + lp^ = c, 

(iv) 


k (c — Ip^) = {x' -f f = (^ -f Zp cos BY + (/+ ii? sin Of. 

This gives a quadratic equation from which we can find p, and the 
corresponding values of x' and y' are given by (ii) and (iii). 

This gives the directrices, foci, and also the eccentricity which is 

s/ -Ilk. 

Ex. To find the foci and direcirices of the conic 

x^-\-4:Xy^y^ — 2x--Qy = 0 . 

If x^'h4:xy-\-f-k{x'^ + if) is a perfect square, we have = 4, i.e. 

A* = — 1 or 3. 

Thus 4- 4xy + + (a?*^ + y*) = 2 (a? + yf, 

^nd a?^ + 4a7y 4-y^ — 3 = — 2 (a 7 — y)*. 

(a) When A; = — 1, 

a?*4-4a?y + 2/*~2a7-6y = 2 (x + y+pf--{x-x'f-{y-i/f, 
a?' + 2p=~l, y' + 2p=-.3, :r'2 + y'*=2p’; 

2p^= (2p + l)2 + (2p43)*; 

3p*48p + 5-0; 
p = — 1 or — 5 . 


so that 
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If = —1, then 1, and the equation of the conic 

reduces to {x - 1)* + + 1)* = 2 (.r + y - 1)^ 



If then 0 ?' = == 2 ind the equation reduces to 

(b) When I- - 3, 

+ = 3(a;— a?')^ + 3(i/-t/')^~2 (a?-2/--i))^ 

so that 3ir' — 2jp = 1, 3y + 2 p = 3, 3 = 2 ; 

62>2=(2p4-l)^ + (2j?-3f; 

^’ — 42) + 5 = 0; 

^ = 2 + /. 

If 2> = 2 + 1 , then x = J{5 + 2/) and y — — equation 

can be written in either of the forms 

/ 5 + 2/\2 / l+2/\2 4 \x-y-{2^i)y 

(«- -s-j + (»4 - 8 l-^H! ' 

We have now the real and imaginary foci ; the equations of the real 
directrices are a?4-y ~1 = 0 and 3a*-f 3y-5 = 0, and the eccentricity corre- 
sponding to the real foci is 2. 

VIL The foci in relation to the circular points at infinity. 

The equation of a conic in the focus-directrix form 

{x—x'f ^-ip—y')^ = [a;cos0-t-?/sin^— 2 ?}^ 

may be written 

[{x-x') + i{y-y')'][{x-x')-i{y-y')] = e^ {xcosB + y s\\\6-p]- ] 
this is of the form iw = from which it appears that the conic 
touches the imaginary lines 

(x-x')^i{y-y') = 0, (x- x')-i{y-y') = 0, 

the chord of contact being the directrix 

ircos0-f ?/sin 6—p = 0. 

These imaginary lines intersect at the focus {x\ y') ; hence the 
directrix is the chord of contact of the imaginary tangents from the 
focus to the conic. 

These imaginary lines are parallel to x-\-iy = 0 and a: — ?V/ = 0, 
i. e. they pass through the circular points 12, 12' at infinity. 

This argument applies to each of the ways in which the equation 
of the conic S = 0 can be put in the focus-directrix form. 

Hence the foci are the points of intersection of tangents to the 
conic from the circular points 12, X2'. 

Since these points 12 and 12' are imaginary, we cannot properly 
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represent them in a figure ; the following diagram shows the relative 
properties of these points and lines. 



Si , S4 are foci ; di, d ,, are the corresponding directrices. 

Two of the foci are real and two are imaginary, and the conic 
is inscribed in the quadrilateral ^i, S^, 



When the conic is a parabola, since. il' touches it, we have only 
one focus, S> 
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NTote. Since the tangents from a focus to the curve are parallel to 
{x-^iy) (oj — ty) = 0, i.e. to + = 0, the equation of a pair of tangents to 

the curve from a focus satisfies the conditions for a circle. This gives us 
another method of finding the foci. 


§ 8. The equations of the various conics in their simplest 
forms. 


When the axes of symmetry are taken as coordinate axes, the 
equation 5 = 0 reduces to its simplest form. 

Two cases arise : (i) C is not zero, being positive for an ellipse 
and negative for an hyperbola ; there are then two finite axes of 
symmetry. 

(ii) (7=0, the curve being a parabola ; there is only one finite 
axis of symmetry. 

It has already been shown that when the coordinate axes are 
changed from one set of rectangular axes to another the quantity C 
is unaltered : this is also self-evident so far as sign is concerned, since 
a change of axes cannot affect the nature of the curve. 

(i) When the coordinate axes are the axes of symmetry, if the 
point (x, y) lies on the curve, so also do the points (r, — y), ( — a:, y), 
(—a?, — f/) ; hence the coefficients of xy, Xy and y in the equation of 
the curve must be zero. The equation is then of the form 

+ = 0 . 

(a) For an ellipse ah is positive, i.e. a and h have the same sign. 
If a and h are positive, c must be negative, otherwise no real values 
of X and y could satisfy the equation. 

We can thus write the equation of the ellipse referred to its axes 
of symmetry in the form 



where a, h are evidently the lengths of the semi-axes. 


(b) For the hyperbola ah is negative : hence the equation of an 
hyperbola referred to its axes of symmetry can be written in one of 
the forms 


^ 


1 or 


— 


Consider the first equation ; the a;- axis meets the curve at the 
points (-fa, 0), ( — a, 0), and a is the length of the corresponding 
axis. 
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The axis of y does not meet the curve in real points ; h is, however, 
usually called the length of the other semi-axis. 

(ii) Take the finite axis of symmetry as axis of a; ; if the point 
(x, y) lies on the curve, so does the point —y\ whatever value 
X may have, hence the coefficients of xy and y in the equation of the 
curve are zero. The equation is of the form 
ax"^ -[■'by*^’{-2gx-\’C = 0 . 

Now ah = 0, since the curve is a parabola, hence a = 0 or 6 = 0. 
We cannot have 6 = 0 unless the curve is a pair of straight lines 
parallel to the axis of y^ hence a = 0. 

The equation is then of the form 

6/-f2^^ + c = 0. 

Now take the origin at { — 0), i.e. on the curve ; the constant 

of the equation then becomes zero. 

The equation of the parabola now takes the form y^ = 2g'Xy or, as 
it is usually written, = 4 ax. 

The axes of coordinates are the axis of the parabola and a tangent 
to the parabola at the point where its axis intersects it. 

In the following chapters we propose to discover the properties of 
the parabola, the ellipse, and the hyperbola from their equations in 
these simple forms. 

§ 9. Envelopes, 

In Chapter II w^e showed how to find the equation of the 
envelope of a straight line whose equation contains an arbitrary 
constant in the first or second degree. It will be convenient to 
extend this method to the equation of any curve which contains an 
arbitrary constant, or the constants of which are connected by given 
relations which leave one of them undetermined. 

If P, R are three functions of the coordinates x and y, of the 
first or second degree, then 

A2p+AQ + P= 0 (i) 

is an equation of the first or second degree, and represents some 
straight line or curve whatever value X may have. 

Two of these lines pass through any proposed point {x\ y'), for if 
P', Q', P' are the values of the functions P, Q, R when x% y' are 
substituted for x and y, we have the condition 

A2P' + X^' + P'= 0 

to determine A for loci of the type which pass through (x\ y')* 
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These two lines will be tangents, straight or curved, from the 
point (x\ y') to the curve enveloped by the system. 

If {(xf, y') is on the envelope, then these tangents become coincident. 
The condition for this is 4 P'R' = 

Hence the equation of the envelope of loci represented by (i) is 
4 


Examples VI c. 

1. Write down the equation of 

(i) the tangent at {x\ y ) ; (ii) the normal at y') ; 

(hi) the polar of {x\ y ') ; (iv) a pair of tangents from (x'y y'), 

for the curves whose equations are given in Ex. Via, 1. 

2. Find the coordinates of the centre of these curves, and explain your 
results. 

B. Find the eccentricity of the curves in Ex. VI a, 1 (i), (iii). 

4. Find the focus-directrix form of the parabola (a: + 2 y)^ = 4;r + 2y + 1. 

5. Express the equation 15y®-f 24a?y + 2a? + 4y-5 = 0 in the focus- 

directrix form. 

6. Find the equations of the asymptotes of the hyperbolas in Exs. VI b. 

7. If the coordinate axes are oblique, show that the foci of the conic 

S = 0 are given by the equations = sec o) (XY-hS). 

8. Find the lengths of the axes of those curves in Exs. VI b which are 
ellipses or hyperbolas. 

9. Find the equations of the ellipses in Exs. VI b referred to their principal 
axes as axes of coordinates. 

10. If the coordinate axes are turned through an angle S, what does the 
equation of the conic ax^-{^2hxy + bi/ + c = 0 become ? 

For what values of 9 does the xy term in the result vanish ? Explain this 
result. 

11. Show that the equation of the axes of symmetry of the curve 
6iry-f 19y* — 2a?-26y + 3 = 0 are 3a?-y + l = 0 and cr + 3y-2 = 0. 

Determine p, g, and r so that p(3a;-y+ l)® + g (a:-f-8y--2)’*-!-r = 0 may be 
identical with the given curve, and hence show that the equation of the 
curve referred to its axes as coordinate axes is lOy* = 3. 

(Note. When the separate equations of the axes take a simple form, as in 
this example, this is the easiest method of finding the equation of the curve 
referred to its axes. Exs. VI a and VI b give other curves which can be 
similarly treated.) 

12. Where are the focus and directrix of a circle ? 

13. A A' is a given finite straight line and PN is perpendicular to it. If P 
moves so that PN^:AN,A'N is a constant ratio, show that its locus is 
a curve of the second degree. If the given mtio is X : 1, distinguish the 
cases of the circle, parabola, ellipse, and hyperbola. 

Find the eccentricity of the curve in terms of X. 
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14. Draw graphs of (i) if = 4.r ; (ii) if = -4rr ; (iii) x^-^Aif = 1 ; 

(iv) = 1 ; (v) x^-Aif = -1 ; (vi) xy^A; (vii) xy = ~4. 

15. Find axes, eccentricity, centre, foci, equations of axes, asymptotes, and 
directrices of 4a?y + y^-2a:-6y = 0. 

16. Draw the curve and find the foci and eccentricity of 

hx'^ ^-Axy ■{•^tf — \2x — \2y — 0. 

17. Find the condition that an asymptote of .S' = 0 may pass through the 
origin. 

18. Determine completely the position and nature of the curve 

2x’^ ■\^Axy — if -\-Ax — ^y -\-2 — 0, 

finding its centre, its eccentricity, and the equations to its axes. Sketch the 
curve. 

19. Find the condition that the line Ix-^-my = 1 should be (i) a tangent, 

(ii) a normal at a point on the curve ax"^ -^-^hxy = 1. 

20. Find the coordinates of the centre and of the foci, and the equations 
of the axes, asymptotes, and directrices of the conic whose equation is 

7a:;^-“48icy — 7f/® + 60a? + 80f/ — 50 = 0. 

21. Find the position and magnitude of the axes of the conic whose 
equation is aaP + 2hxy ■\-hy‘^ = 1. 

22. Find the asymptotes of the hyperbola 

6x^ — lxy-Sy'^ — 2x — Sy — ^ = 0 . 

23. Trace the conic whose equation is {x — AyY = 51y. 

Find the eccentricity of the conic whose equation is x^A-xyA-if == 1. 

24. Show that one focus of the conic x!^-\-if^-2 hxy + 2^ (a: + 1 /) + g'^/h = 0 
is the origin, and that the other is x — y — {-2g)/(l -^h). 

25. Trace the curve 81a;^-f 90a;y + 25y® + 59a: + 21f/ + 9 = 0, and find the 
coordinates of its focus and the equation of its directrix. 

26. Trace the curve + 8a:y — — 40a7 — 20y + 50 = 0, and find the 

equations of its directrices. 

27. Reduce to its simplest equation and draw the figure of the conic 

12x^ + 7xy-12if-x + 7y^26. 

28. Mark on a diagi’am the position of the focus and directrix of the 
parabola whose equation is a:®“2a;y + y® + ar— 3y + 3 = 0. 

29. Show that the equation (a — l/;’^)a: + /jy = 0 represents one of the 
axes of the conic + 2 hxy + by^ — 1, if r is a root of the equation 
(a- 1/7^} (5-1//^) = hK 

Trace the curve 3a?* + 4iry-fi/*-3a?-2t/ + 21 = 0, 

30. Show that the equation of the directrix of the parabola 

ax"^ + 2ya: + 2fy + c = 0 

is 2 afy A- ca-^-g'^ = 0. 

31. If the axes are so inclined that o(^ A- xy a if = is a circle, trace the 
conic x'^ — xy + y^ = and obtain the lengths and positions of its axes, 
the coordinates of its foci, and its eccentricity. 

32. If the straight line y = rrtan 6 is an axis of the conic 

ax^ + 2hxy Ahy"^ = 1, 

and the length of this axis is 2r, show that I//*® = + /^ tan ^ = 5 + ^ cot 0. 
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33. Show that the equations to the tangents to the ellipse 

17a::®- 12a?i/-l-8y® + 50;r— + 21 = 0 
at the extremities of its axes are 

(2a:-y + 3)®=:4, (a: + 2f/ + 1)® = 16. 

34. Prove that 

X {ax' -¥hy'-\r9)’¥y {hx' + &/+/)+ gx' -^fy' + c^ A/ {ah - j, 
where A is the discriminant, is the diameter parallel to the tangent at x' y\ 

35. When the coordinate axes are oblique, the eccentricity of the conic 
S' == 0 is given by {ah — V) (2 — e*)® sin® o) = (a + 5 — 2 cos o)® (1 — «®). 

36. If {x'f y') is a focus of the conic S = 0, and d its distance from the 
corresponding directrix a:cos d + ysin d— p = 0, show that X'sind = M, 
Y' cos 6 =: hd, and S' cos d sin d = hd\ 

37. Show that a pair of intersecting straight lines possesses the focus 
directrix property. Where is the focus ? 
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THE PARABOLA 

§ 1. The parabola referred to its axis of symmetry and the tangent at 
the vertex as coordinate axes = 4 ax). 

The equation y^ i ax (Chap. VI, § 8) can be put into the focus- 
directrix form 



{x-xy^-iy—yy = {a;cosa-h^sincx~|)}2 
in one way only : viz. 

— (:r-f a)2. 

Hence the Focus S of the parabola is the point (a, 0), and the 
Directrix XM is the line x+ a ^ 0, 

The following definitions are common to all the conics : — 

(i) The perpendicular (PN) from any point (P) on the curve to the 
axis is called the ordinate of the point P with respect to the axis. 

(ii) The double ordinate through the focus {LSL') is called the 
latus rectum. 

(iii) The length of the normal at a point (P) means the distance 
(PGr) measured along the normal to the axis, unless otherwise stated. 

(iv) The length NT is called the sub-tangent, and the length NG 
the sub-normal. 
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(a) Since the focus is the point (a, 0), we have AS = a, and the 
equation = 4a^ expressed geometrically is 

PN-^iAS.AN. 

When the point P is at the end L of the latus rectum 
SL^ = 4.AS'\ or SL = 2 AS ; 
thus the latus rectum LSV = 4 a. 

(b) The equation in the focus-directrix form 

(x-af + if = (.r + a)2 
expressed geometrically gives 

Sr-=^PM\ or sr = PM. 

Thus the focal distance of any point on a parabola is equal to its 
distance from the directrix. 

The focal distance of the point (Xj y) is :r + a. 


§ 2. Tangent, Normal, Diameter, Polar. 

The student should refer back to Chapter VI, § 4, and work out 
the equations given below for the case of the parabola = 4 ax. 

(1) The equation of the chord whose mid'point is (x', y') : — 

— 2ax + yy' — 2ax' = 7j'^ — iax', 

or y'(y — y') = 2a(x-x')‘ 

(2) The equation of the tangent at the point {x\ y ) : — 

— 2ax-f^/-“2ax' = 0, 
or yy' = 2a(x + x'), 

Example i. If the tangent at P meets the axis at 1\ then SP = ST 

Let P be the point (x', y'); then the tangent at P is yf = 2a {x-{-x') ; 
hence, jmtting y = Oj the point Pis (-x', 0), and since S is (a, 0) we have 
ST ^ a + x\ which is, § 1, the focal distance SP, 

Hence 8P=6T. 


Example ii. If the tangent at P meets the tangent at the vertex at T, 
SY is pe'ipendicular to the tangent. 

Let P be the point (x', y ') ; then the tangent at P is 

yy' = 2a (x + x'), (i) 


therefore the point 



4 ax', therefore the point Y 


is (0, \y'). 

SY is therefore the line 2atj •{ 1 / (x — a) = 0 which is perpendicular to (i). 


(3) nie equation of the normal at (x', y'). 

The normal being perpendicular to the tangent, its equation is 
y' {x-x')-^2a(y-y') = 0. 
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Example. If the normal at P meets the axis at G, SP = SG. 

Let P be the point (x'y y'), then the normal at P is 
f{x-x') + 2a(y-f) = 0; 
hence, putting y = 0, G h the point {(2a + x')^ 0}. 

Thus SG a + x = SP, 

(4) To find the locus of the mkhpoints of parallel chords of the parabolay 
i.e, the equation of a diameter. 

Let {x\ if) be the mid-point of any chord parallel to the fixed line 
y = mx. 

Since the equation of the chord is 

y'{y~y') - 

2« 

the condition that it should be parallel to the given line is ij = ; 

hence the locus of the mid-points of all chords parallel to y = mx is 
my = 2a, i.e. a line parallel to the axis. 

Hence all diameters of a parabola are parallel to the axis. 

Note. The diameter bisecting all chords parallel to the tangent at 
viz. Iff ^2a(x-tx') is the line y^fy which passes through the 
point of contact of the tangent. 

Thus the chords bisected by any diameter are parallel to the tangent at 
its extremity. 

Definition. If the chord through a point P on the parabola, 
drawn parallel to the tangent at Qy meets the diameter through V 
at Vy PF is called the ordinate of P with resi>ect to this diameter. 



(5) The equation of the polar of the point (u: ', f). 

This takes the same form as that of the tangent at a point {x'y y\ 
viz. yy' = 2a(x-{-x'), (Chap. VI, § 4, IV.) 

Note. If Q{x'y if) is a point on the parabola, the polar of any point 
T(/», f) on the diameter through Q is yif — 2a which is parallel to 

the tangent at Q and to the chords bisectea by the diameter : conversely, 
the pole of any chord lies on the diameter bisecting the chord. 

R 2 
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(6) The equation of a pair of tangents from a point [x\ y') to the 
parabola. 

This equation (Chap. VI, § 4) is 

(y*— 4cw:') = 2aa;-2ajc'}2. 

Retaining terms of the second degree only, we find that these 
tangents are parallel to the straight lines 

y2 - {yy'--2axYy 

i. e. x'y^ — y'xy + ax^ = 0. 

The angle 0 between the tangents is therefore given by 


tan 0 = 


rc'*fa 


Thus the locus of a point, the tangents from which include a 
constant angle 0, is 

- 4 ax = (a: + a)^ tan^ 0. 

The locus of the intersection of orthogonal tangents is rr+a = 0, 
i.e. the directrix. 


§ 3. (a) The equation of the parabola referred to the axis and latus 
rectum as coordinate axes. 

When the equation of the parabola is if = 4 or, the focus is (a, 0). 
Changing the axes to parallel axes through this point, we obtain 
the required equation as 

y2 = 4a(x-fa). 

(b) The equation of the parabola referred to any diameter and the 
tangent at its extremity as coordinate axes. 

Let the origin be 0, and let the axes of coordinates be the diameter 

Ox and the tangent Oy. Since all chords 
of the parabola parallel to Oy are bisected 
by the diameter Ox, the ordinates of 
points on the parabola, which have the 
same abscissa, are equal and of opposite 
sign. 

Hence the equation of the parabola 
must be of the form y^ = 4\x; we 
have then to find the value of A. 

Let the angle between the coordinate 
axes be to : draw the ordinate PV and 
PN, OB perpendicular to the axis of the parabola. 

If the coordinates of 0, referred to the principal axes of the 

2a 

parabola, are (h, k), then tan lo = -- • 

fc 
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Since = 4a7if, we have h = a cot'^ w and h = 2a cot w. 

Let P be the point (a?, y), then 

PN = PM -f OR = y sin co + A; = y sin o) -f 2tt cot w, 

Ai\r = AP-f 0F+ VM = /i-hic+y COSO) = a cot^w + x + y cosco. 

But PiV^ = 4a . AiV*; hence 

(y sina> + 2acot oj)^ = 4a(acot‘‘^a)-f ^ + y cosw), 
or y ^ = 4 aoj cosec^ o), 

and consequently A = a cosec^ w. 

This is then the equation of the parabola referred to a diameter 
and the tangent at its extremity ; it is of the same form as y^ = 4ax, 
consequently the equations of the tangent, polar, and diameter will 
be of the same form as those already found, but the normal which 
involves the condition for perpendicularity will not be the same, 
since the axes of coordinates are now oblique. 

The equation translated into geometrical notation gives 
PF2 =:4AScosec2ai.OF. 

Now 50= a + /* = a + a cot^ w = a cosec^ w ; 

hence P V ^ = 40S . O V. 

Example i. To find the coordinates of the focus of the parabola 

= 4 ax cosec^ a>. 

If the tangent at 0 (see Fig., p. 260) meets the axis at P, the x-coordinate 
of S is equal to ST. But ST = SO = a -{-h; 

— a -ha cot* o ) ; 

■= a cosec* «. 

The y-coordinate is equal to OT, hence 

y sin 0 ) = — OR — — A; = — 2 a cot o). 

The focus is therefore the point {a cosec* «, ~2a cosec*© cos w}. 

Example ii. On the diameter through a point 0 of a parabola are 
taken points Pj P' so that the rectangle OP. OP^ is constant : prove that 
the four points of intersection of the tangents drawn from P, P' lie on two 
fixed straight lines parcdlel to the tangent at 0 and equidistant from it 

Take the diameter and tangent at 0 for axes of coordinates and loo clie 
points P, F be ({, 0) (i', 0), where « c*. 

The equation of the pairs of tangents from P to the parabola is 
-4a$ (y*-4oa?) ~ (2aa? + 2a^)*, 

which reduces to a ^* + (y* - 2 au?) ^ + aoc* = 0. (i) 

The equation of the pair of tangents from F to the parabola is obtained 
by writing for 
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Thus, if (.r, y) is one point of intersection of the tangents from Panci P', 
^ and satisfy equation (i). 

The product of the roots of this equation is ; thus 

Hence the points of intersection of tangents from P, P' to the parabola 
lie on one or other of the lines a?4-c = 0, a? — c = 0; these lines are parallel 
to and equidistant from the tangent at 0, viz. a? = 0. 

Example iii. The lines joining the ivid-imnis of the sides of a 
triangle, tvhich is self conjugate with respect io a pciraldla, touch the 
parabola. 

Let the vertices A, B, C of the triangle be the points (a'l,;/,), {x^, 

2/s)* 

The conditions that the polar of each of these points should pass through 
the other two are ^ 2 a {x, + x,), 

VzVx == 2r/(ar3 4-.r,), 

2/i 2/2 = 2a(.r, + a'2). 

Now, the coordinates of the mid -points of and AC are 



{I (^1 + ‘^^ 2 ^ h ('/i + 2/2)} (*'^1 + I ivi + 2/3)} ; 

J. and M.V1 + .V3)}. 

The equation of the straight line joining these points is 
jo: y 1 I 

2/12/2 2 a(//,-f f/2) I = 0 , 

< 2 / 12/3 + 4 (f I 


i.e. 


.r y 
2/1^2 2 rt (7/1 4 2/2) 

2/1 



i.e. 2 yyj == 7/,^. 

This is the equation of the tangent to the parabola at the point 

(^’ 2/1^ » which proves the proposition. 
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Examples VII a. 

1. The tangent and diameter at a point are perpendicular only when the 
point is the vertex. 

2. The point (^, t]) lies outside, on, or inside the parabola 
according as — is positive, zero, or negative. 

3. Obtain the coordinates of a point the tangent at which makes an 
angle 0 with the diameter through the ])oint. 

4. If the ordinate of a point on the parabola is 2at, find the abscissa. 

5. Find the condition that the straight line /a’-f mtj = 1 should touch the 
parabola = iax. 

6. Find the equation of the pair of straight lines joining the intersec- 
tions of the straight line and the parabola = 4ax to the 

vertex. What are the conditions that they should be (a) perpendicular, 
(b) coincident? 

7. Show that the tangents at (x\ y'), (x'", y") inteisect on the diameter 

= y Find also the a^-coordinate of their point of intersection in 

terms of ij and y'\ 

8. The tangent at F meets the axis at T and the tangent at the vertex 
at Y. Prove that PY =■ YT. 

9. The subnormal of any point on a parabola is half the latus rectum. 

10. At what angle does the straight line mx-^ y - am^ -‘2am = 0 cut the 
parabola ? 

11. The tangent at P and the ordinate of P meet the axis at T and N: 
show that AN AT. 

12. Find the equation of a parabola, with latus rectum 4&, which touches 
the axis of x at the origin and has the axis of y for axis. 

13. PG is the normal at P] prove that the projection of PG on the 
focal radius of P is half the latus rectum. 

14. Show that the length of the focal chord bisected by the diameter at 
P is iSP. 

15. The j)erpendicular from the fociis .s' to the tangent at P meets it at 
Y : show that SY^==SA.SP, 

16. Find the vertex, axis, focus, and directrix of the following parabolas : — 

(i) (a; + 2)2 = 4y-f5; 

(ii) {y-lf = 2x-l; 

(iii) x'^-SxY2y = 0 ; 

(iv) (a?~-l)^-h(i/-"2)* = i(.r4 

and write down their equations when referred to their principal axes. 

17. The tangents at P and ^ to a parabola are at right angles : show that 
PQ passes through the focus. 

18. The tangent at P meets the directrix at 7? : show that the angle PSP 
is a right angle. 

19. Express the coordinates of a point on a parabola in terras of the 
angle which the normal at the point makes with the axis. 

20. Find the equation of the directrix of the parabola t/ = iax cosec’ w, 
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21. Find the coordinates of the points of intersection of the parabola 

cs 4a? with the straight line 3y — 4a? + 4 ^ 0. Find the equations of the 

tangents at these points, and show that they are perpendicular and meet on 
the directrix. 

22. Tangents are drawn to the circle + = o? from two points on the 

axis of X equidistant from the point (c, 0). Show that the locus of their 
intersections is the parabola cy^ = a®(c — a?)’. 

23. Show that the normals to the pambola = 4aa? at its points of inter- 
section with the line2ar'-3y + 4a = 0 ifitersect on the parabola. 

24. Prove that the distance between a tangent to a parabola and the 
parallel normal is a cosec 0 sec^(/), where 0 is the angle which either makes 
with the axis. 

25. Find the focus and directrix of the pai*abola (i/— 2a;)* = 5a; + l, and 
draw the curve. 

26. Two points are taken on the parabola t/* = 4aa?, on the same side 
of the axis, such that the product of their distances from the axis is 4a*. 
Show that the tangents at these points (i) intersect on the latus rectum ; 
(ii) intercept on the directrix a segment whose length is the difference of 
their distances from the axis. 

27. Obtain the conditions that the straight line Za?-f my + n = 0 should be 
(i) a tangent ; (ii) a normal to the parabola y* = 4flw?. Find the locus of 
the middle points of the portions of (i) a tangent ; (ii) a normal intercepted 
between the point of contact and the axis. 

28. Find the equation to the parabola whose vertex is the point (1,2) and 
directrix the straight line 3a; — 4y-fl0 = 0. 

Determine its focus and latus rectum. 

29. For the parabola y* = 4aa; show that the middle points of all chords 
parallel to 8a; + 4y — 2 = 0 lie on the straight line 3y-f 8a = 0; and that 
tangents at the extremities of any one of these chords intersect each other 
on that diameter. 

80. A point F is such that the line drawn through it perpendicular to its 
polar with respect to the parabola y* = 4aa; touches the parabola a?* = 4&y. 
Show that F lies on the line 2aa; + 5y + 4a* = 0. 

31. If the normal at a point F, on the parabola y* = 8a;, whose abscissa 
is 18, cuts the parabola again at show that OF^ = SO-y^lO. 

32. A tangent is drawn to a paiubola of latus rectum 4 a and makes an 
angle 0 with the axis ; prove that the sum of the radii of th6 two circles 
which pass through the focus and touch the tangent and the corresponding 
normal is 2 a cosec ^ (1 4- cot (/>). 

33. The tangent to a parabola at F meets the tangent at the vertex in T, 
the normal at F meets the axis in 6r, and the diameter through T meets 
the curve in Q. Prove that TG* = 45F. SQ, 

34. Through the vertex A of the parabola y* = 4aa; two chords -4F, AQ 

are drawn and the circles on AF, as diameters intersect in F. Prove 
that if ^ angles made with the axis by the tangents at 

F and 9 and by AR, then cot 0^ + cot d, -f 2 tan (/> = 0. 
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§ 4. Parametric coordinates. 

(i) When the equation of the parabola is in its simplest form, 

coordinates of any point on it can be expressed in the 
form (afij 2 at): for since t can have any value positive or negative, 
if the ordinate of any point on the parabola is^', we can find t so that 
t == y' /2a ; and since = 4 ax', we have by substitution x' = at^. 
Hence the coordinates of any point on the parabola ^^ = 4 ax can 
be expressed in the form (a<^, 2a^), and conversely it is manifest by 
substitution that any point whose coordinates are of this form lies 
on the parabola. The quantity t is called the parameter of the 
point. 

(ii) When the curve is referred to the axis and latus rectum as 
coordinate axes, ^^ = 4a(x4-«), any point on the curve can be 
represented by (a^‘^— a, 2at) for some value of /. 

(iii) When the curve is referred to a diameter and the tangent at 
its extremity as coordinate axes, we have = 4ax where 

a = a cosec^ co. 

We can then use (a < 2 , 2oLt) to denote any point on the curve. 

The following results apply equally to this case except when we 
assume the axes to be rectangular, e. g. when we are using the 
condition that two lines should be perpendicular or the condition 
that an equation should represent a circle. 


§ 5. I. To find the parameters of the points of. intersection of any 
straight line and the parabola y^ = 4 ax. 

Let the straight line be lx-\-my+\ = 0. 

If any point (a^^, 2a^) of the parabola lies on this we have 

lat^ + 2 mat +1 = 0. (i) 

This equation is quadratic in t and gives the two values of the 
parameters of the points where the straight line cuts the parabola. 


Cor. i. The points of intersection are real and distinct, coincident, or 
imaginary according as the roots of the equation (i) are real, coincident, or 
imaginary, i.e. as am* is >, =, or < I, 

In particular the line touches the parabola when = L 


Cor. ii. Let be the roots of the quadratic (i), then 


h ■*" 


2 m 

» 

I 


1 

aV 


thus 


1 

at I 


and m = ~ 


2a^, ^2 


If we substitute these values of I and m in the equation of the straight 
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line, we find thaf the equation of a chord of the parabola joining the 
points whose parameters are is 

^ 2ai^t^ (ii) 

Cor. ili. The direction of the chord joining the two points whose para- 
meters are depends only on the value of (^1 + ^ 2 )* 

When the axes are rectangular the angle xj/ which this chord makes with 
the a?-axis is given by cot\// = + 

Consequently, if the direction of a chord is constant, the sum of the 
parameters of its extremities is constant, or since the ordinates are 2ati and 
2a^2» sum of the ordinates of its extremities is constant. Hence the 
ordinate of its mid-point is constant : this gives us another proof of the 
property that the locus of the mid points of parallel chords is a line parallel 
to the axis. 

Cor. iv. The focus is the point (r/, 0) ; hence the chord joining the two 
points (ati% 2at^\ 2ai<^^ viz. y(t^-\-t^-2x- = 2atJ^ passes through the 

focus if -2a = 2 a/i^ 2 » t^t^ — —1. 

Hence, if is the pammeter of one end of a focal chord, - - is the 
parameter of the other end. 


II. The length of a chord hi terms of the parameters of its extremities. 
Length = V [{ati^—atff + [2ati--2at^'^] 

Thus the lengths of parallel chords {ti + t^ =-. constant) are propor- 
tional to the difference of the parameters (or ordinates) of their 
extremities. Also for a focal chord, since t^t.^^ = — we have 

length = a (f 1 — 

Example. To find the locus of the midpoints of chords of constant 
length. 

Let the constant length be c and let f,, be the parameters of the ends 
of any one of the chords. 

The coordinates of its mid-point are given by 

2^ = a(/i^ + ^2^), y = a (^1 + ^ 2 ), 

and by hypothesis = a* { (^ + ^ 2 )’* + ^ { • 

Now = + + 

__Ax if 

~ a 

Hence = {\ax-if) 4| , and the required locus is 
(4 ax - 1 /*) (y* + 4 a*) = a® c^. 
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III. To find ilie equation of the tangent to the parabola = iax at 
a point tvlme parameter is t. 

Tlie equation of a chord joining the points whose parameters are 
^1, <2 is ^(/i + f2)“-2x = points t^^ t^ are coincident 

with t (i.e. f j n= ^2 = 0 we get for the equation of the tangent 

ty’-x = afij 

or afi — ty-\-x = 0. 

Cor. i. Since the paraineoer t can have any value, it follows that any 
straight line whose equation is of the fonn x — — is a tangent to 

the parabola. (Chap. II, § 12.) 

The tangent to the parabola which is parallel to Ax-\^By-^C — ^ or 
^ .k ^ ^ - ^ ~ parameter of whose 

point of contact is { — B/A). 

This result is often useful when the middle point of a chord is required ; 
for the diameter through the point of contact of the parallel tangent 
bisects the chord: thus the chord whose equation is Ax-irBy^C=^0 is 
bisected by the diameter y == — ^uB/A, 

Cor. ii. The geometrical meaning of the parameter t follows from the 
form of the equation of a tangent; the tangent at the point (a^*, 2at) makes 
an angle 0 with the axis of y such that t = tan 

Evidently (t> is also the angle which the normal at 2at) makes with 
the axis of x. 

It is often convenient to take tan <f> as the parameter of a point ; the 
coordinates of this point are then (atan^<^, 2atan(/)). 

The equation of the tangent at this point can be put in the form 
X — ainn’^ (f) — 2atan(^ 

sin0 cos^ 

IV. Since the equation of the tangent at the point {ai\ 2 at) is 

at^'-ty-\-x = 0, 

the condition that this tangent should pass through some specified 
point (Xj, 2/i) is 

at^ — tyi-^-x^ — O, (i) 

Conversely, then, the parameters of the 
points of contact of tangents from the point 
}/i) to the parabola are given by this 
equation. If tiy t^ are the roots of equa- 
tion (i), then the tangents at the points 
whose parameters are t^ t^ pass through 
the point [x^^ y^. 

Cor. i. Since the equation (i) is quadratic, 
it furnishes a proof that two tangents can be 
drawn to a parabola from any point: these tangents are real, coincident, 
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or imaginary according as is positive, zero, or negative, i.e. as 

(a?|, lies outside, on, or inside the curve. 

Cor. il. If /i, ^2 are the roots of equation (i) we have 
^ * a * a 

i.e. the point y^) is a (^1 + ^2)}. 

This gives the coordinates of the point of intersection of tangents at the 
points fj, t^; they can also clearly be found by solving the equations of 
the tangents at these points. 

It follows also that y^) lies on the diameter bisecting the chord 
joining If,). 

Incidentally, if the points are the extremities of a focal chord we have 
shown that ~ L Hence, tangents at the extremities of a focal chord 

are at right angles, and intersect on the directrix a?-f a = 0 . 


V. To find the lengths of the tangents from any point 0{xi, to the 
parabola y^ = i^ax. 


A straight line through the point 0(xiy y^y making an angle 0 
with the axis of Xy is 


^ y-vi _ ^ 
cos 6 sin 0 


(i) 


Let this straight line meet the parabola in the points P, P ' ; then, 
if r has the value OP (or OP'), the point P (or P') has coordinates 
{rco8d+a;i, rsind+y,}; 

the condition that this should lie on the parabola gives 
(r sin 0 + y,)® = 4 a (r cos 0 + a:,), 
which is a quadratic equation whose roots are OP, OP'. 

If we write 4 aa;j, this equation becomes 

r®sin^0 + 2r(yisind— 2acos6) + Mi = 0 (ii) 

Now if the line (i) is a tangent to the parabola, P and P' coin- 
cide, and the roots of this equation are equal. 

In this case 

(^j sin d — 2 a cos 0)^ = sin® d (^i® _ 4 
which reduces to 

a cot® d — y, cot d -J- a;, = 0. (iii) 

This equation is quadratic and gives two values of d, viz. those 
corresponding to the directions of the two tangents OP, OQ, which 
can be drawn from 0 to the parabola. 

If d has either of these two values, then equation (ii) will have 
two roots each equal to the length of the corresponding tangent 
from 0. 
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Thus, if I is the length of the tangent, drawn from 0 to the 
parabola, whose direction is 6, we have 

= Wi(l -footed), i.e. cot^d = ^ 
sin* d ^ ' Wi 

But the values of cot 0 are given by 

a cot^ 0—yi cot d + Xi = 0. 

Hence, eliminating cot d, we get 

d^P—Ui{yy^--2aXi-\-2a^)l^ + Ui^{{Xi — af + yi^} = 0, 
which is a quadratic equation in P giving the squares of the lengths 
of the tangents which can be drawn from the point (Xi, yi) to the 
parabola. 

Since the roots of this equation are 0P% OQ^j we have 
a2 (OP2 + og2) == u,iy,^^2ax, + 2a^), 
and a^.OPKOQ^ = V + : 

the latter result can also be written 

a^.0P^.0Q^=^ui^.0S^ 
or a . OP. OQ = Wi . OS. 


Example i. 'Pwo tangents TP^ TP' to a parabola meet the tangent 
at the vertex in Q, Q\ Prove that the radius of the circle TQQ' is 
i/i^ ^here fu are the focal chords parallel to TP, TP\ 


Let P be the point whose parameter is fj, P' the point fj. 

Since the tangent at P is — ^ — *= 0, the parallel focal chord is 

y ~ a: + a = 0. 

Therefore if (aX*, 2aX) is either extremity of the focal chord we have by 
substitution X^--2fiX — 1 = 0, which gives the values Xj, X, of the para- 
meters of the ends of the chord. 

Hence Xj + X, = 2 ei,XiX 3 = -1 and 

Length of focal chord = a(Xj — X,)* == 4a(l 

Thus A = 4a(l -ffi®) ; and /^ = 4a(l 

Now the intersection Q of the tangent at P with the tangent at the 
vertex a: *= 0 is (0, afi), and Q' is (0, afj). 

If 6 is the angle between the tangents at the points P, P', 


tan 6 ■ 


hzh . 

1 -f ^ 


sin 6 ’ 


QQ' 


-/(l + (1 + #,») a 7(1 + h') (1 + C) 

But the radius of the circle TQQ' 

_ gg' ^ ff7(T+f;»)(i+t/) 

2 sin d 2 8 
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Example ii. Show that an infinite number of triangles can be 
inscribed in the conic 8g^ — Sax—12l3y + 9lj'^-~12aa. = 0, and circum- 
scribed to the parabola if — 4 ox. 

Also that, if P, Q, B are the points of contact of any such triangle, 
the centroid of PQR is (o(, /3). 

It is evident that a triangle can be circumscribed to the parabola g‘ = iax 
with two of its vertices on the conic 

8t/-8ax-l2fiy + 90‘-12aOi =0. 

Suppose that the vertices of such a triangle are 

{ap-, a (/! + v)}, {avX, « (v + X)}, {oXfi, o{X + ^)}. 

Let X+/i + «>= 6 and Xnv = p; then the point |^, o(s — 1)| lies on the 
conic when t is equal to X or fi. Hence 

8a^c-ty~ -l2aPis-t)^9fi‘.~l2aa = 0, 

or 8a*^^ + 4rt(3^~4as)^^ + 9/3*~12a0K-12ai3s)f-8a’^^> = 0. (i) 

Two of the roots of this cubic are therefore X and fx ; the product of the 
three roots is p (i.e. X/ij/), hence the third root of the cubic is v. This shows 
that, if a triangle circumscribes y* = iax^ and has two vertices on the given 
conic, then the third vertex also lies on the conic. 

Any number of such triangles can be drawn ; for if any tangent to the 
parabola cuts the conic at A and J5, and tangents from A and B to the 
parabola intersect in C, then we have shown that C also lies on the conic. 

The points of contact, P, P, of the sides are (a\\ 2aX). (ap^, 2ap)f 
(ap^f 2^ip). The centroid of the triangle FQB is 

{g(7,(X* + /4*-f- V*), §^(X fg-fv)}. 

Since X, /i, p are the roots of the cubic (i), 

^ o '^3 38 

s = X-fu + i/ = 25— = 

2 a 2 a 


Hence 


pp-^ v\-\~ \p = 




8a^^?2 + 9/3^~12a0(-12a8.v 
8 a* 

8«* 

(X + /X + 1')* — 2 (pp -f pX + X;t) 
3(X 


a 

The coordinates of the centroid are therefore (a, 8). 

VI. When the focus is the origin, the equation of the parabola is 

z=z 4a(a;+a). 

It can be shown, by a method similar to that used in I and II, 
that the equation of the chord joining the points {ati^ — a, 2a^i}, 
{a^ 2 ^ — a, 2a<a} is y (^i+^o) = 2(a;4*a) + 2 a^if 2 > and that the equation 
of the tangent at the point (a^^— a, 2a^) is yt = x-{-a + at'^. 

A modification is illustrated in the following example. 
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Example. Two parabolas of the systems 
where Ijund ^are variable^ touch one another; find the locus of their point 
of contact 

Let the parameters of the point of contact (r, y) for the two parabolas 
be t and s. 

Then the coordinates of this point are 

+ or {2as. ?2 “t 

Hence x — — 2as \ y = 2at — a$^. 

The equation of the tangents at the point to the two parabolas are 

fy —x + l^—at'^ = 0, 
ax — y 4 - ^2 — = 0 ; 

and, since these are identical, ta =. 1. 

Hence xy = 2 as .2at — = 4a^ i.e. the locus of the point of contact 

(x, y) is xy = 4al 


Examples VII b. 

1. In the parabola — chords are diawn through the fixed point 
^9, 5). Show that the locus of the mid points of these choixis is the parabola 
y^--5y-3x + 27 = 0. 

2. Show that the locus of the middle point of a chord of a parabola 
which subtends a right angle at the vertex is another parabola of half the 
latus rectum. 

3. Show that the angle between any two tangents to a parabola is 
COS”' (>* 2 /r,) where rj arc the respective distances of their point of 
intersection from the focus and directrix. 

4. From the point (Of, two tangents are drawn to the parabola 
if = 4aa:: show that the square of the area of the triangle formed by these 
tangents and their chord of contact is (,'b*-4aO()Y4a^ 

5. If the focus is taken for origin, show that the equation of a tangent 
to the parabola can be thrown into the form 

X cos 0( + y sin a + « sec 0( = 0. 

Two tangents, ii and are drawn to a parabola; h is the internal 
bisector of the angle between them and t the tangent parallel to h. Show 
that the product of the perpendiculars from the focus to and the 
same as that of those diuwn to t and A. 

6. Show that the envelope of the chords of the paiabola y^ i ax which 
subtend an angle of 45® at the vertex is 

— 24oa;+ 16a* ■= 0. 

7. The tangents at P, R of a parabola intersect at the points P', Q\ K ; 
find the ratio of the areas of the triangles PQR and F'Q'R'. 

8. The locus of the middle points of all chords of a i)arabola which pass 
through a fixed point is another parabola. 

9. Tangents to a parabola cut off a length on a fixed tangent which 
subtends a right angle at the vertex : show that their inteisections lie on 
a fixed straight line. 
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10. Two tangents to a parabola make angles , (J), with the axis : prove 
that their lengths measured from the points of contact to their point of 
intersection are a sin {(f>i <^3)/sin* </)j sin </>2 ; a sin {(p^ </>3)/8in (pi sin® fp ^ . 

11. Two tangents to the parabola ==iax make angles 6y </> respectively 
with the axis of y. Prove that the equation of their chord of conta-ct is 

y&m{0 + (p) = (x+a) cos{^— <^) + (aj-a) cos {6 + <p)- 

The envelope of chords of a parabola, the tangents at the ends of which 
include a constant angle, is in general an ellipse. 

What are the exceptions ? 

12. The envelope of the chords of the parabola whose mid-points lie on 
X 5= nty + c is (y + 2a?»)® = Sa(x — c), 

13. The locus of a point, the tangents from which to the parabola 
y® = iax make equal angles with y = x cot ^ -f c, is y = (a - a:) tan 20, 

14. Show that the ratio X of the lengths of the tangents drawn from any 
point on the latus rectum produced to a parabola is given by aX® — yX + a = 0, 
where y is the ordinate of the point. 

15. Tangents are drawn to the parabola y^ = 4ax at points whose 
abscissae are in the ratio /i : 1. Show that the locus of their intersection is 
the parabola y* == (fii + fTifax, 

16. A triangle circumscribes y® = 4aa: and two of its vertices lie on 
y® == 4 a (a? + 0 ; find the locus of the other vertex. 

17. TFy TQ are tangents to a parabola and 0 is the orthocentre of the 
triangle TPQ, Prove that OT is bisected by the directrix of the parabola. 

18. An equilateral triangle circumscribes a parabola: show that the join 
of the focus to each vertex passes through the point of contact of the 
opposite side. 

§ 6. The equation of the normal. 

The equation of the tangent at the point {at^y ^at) i& 

ty^x—at^ = 0 . 

Since the normal is the perpendicular to this line through the 
point {at^y 2at)y its equation is 

t {x—at'^)+y — 2at = 0 , 

i. e. y-f tx--2at— at^ = O (i) 

or at^ -f t (2 a— x)~y = 0. (ii) 

Similarly, the equation to the normal at (a tan^ </>, 2 a tan (P) can be 
written 

a;— atan^^ y““2atan</) ,..., 

j 

cos 9 —sin 9 

Note i. The condition that the normal at the point (t) should pass 
through a particular point (x^y y^) is (see equation (ii) above) 

ae® + <(2a-'a:i)-yi = 0, 

and conversely this equation gives the parameters of the feet of the normals 
which pass through {x^y yj. Now, since this equation is a cubic in ty it 
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follows that from any point three normals can be drawn to a parabola ; 
these may be all real or one real and two imaginary. 

Note The condition that three normcde should be concurrent. 

If the normals at three points whose parameters are t^^t^, are con- 
current at the point then ^3 all satisfy the equation 

a/* + <(2a— «= 0, 
i.e. ^1, ^2, ^3 are the roots of this equation. 

W e have then 

2, a “^Xt 

^2 + ^2 ^3 *!■ ^3 ^1 = — — » 


Hence + = ^ necessary and sufficient condition that the 

normals at the points t^y t^t t^ should be concurrent: the remaining two 
conditions give the values of the coordinates of their point of intersection in 
terms of these parameters provided that the above condition is satisfied. 

Now if + =z 0, 

also 2 + 2 af^ -i-2at^ = 0, 

hence if the normals at three points on a parabola are concurrent the sum 
of the ordinates of these points is zero, and conversely. 

Note lii. To find the condition that the normals at two points should inter- 
sect on the parabola. 

Suppose the normals at two points whose parameters are t^y t^ intersect 
at a point P{x^j yj on the curve whose parameter is X. 

Put iCj s= rtX*, y, = 2 aX ; the parameters of the feet of the three normals 
meeting at P are given by 

at^ ’\-t(2a — a\^) — 2a \ = 0, 
or 4-^(2 — X*) — 2 X = 0 . 

Evidently one of these three normals is the normal at the point P itself ; 
the equation may be written (< — X)'(^* + fX + 2) = 0, so that t^ are given 
by ^®-f^X + 2 == 0, and the required condition is t^t^ = 2; thus the product 
of the ordinates of the two points is 8a^ ^nd, further, the chord joining 
them passes through the point (-’2 a, 0). 

Further, the values of t<^ are given by 
< = ^{-X+ 

and consequently the two normals which can be drawn from a point 
(aX®, 2 aX) on the parabola other than the normal at this point are real, 
coincident, or imaginary according as X® is >, =, or < 8, i.e. according as 
the abscissa of the point is >, ==, or < 8a. 

Note iv. To find the locus of a pointy two of the normals from which to 
a parabola are coincident 

If the point is y^), the parameters of the feet of the normals drawn 
from it to the curve are given by 

af*4- <(2a — a?i) — yi = 0. 

s 


1267 
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Now if two of the nomals are coincident, two roots of this equation are 
equal. Let the roots be #2 *> 

2 /j + ^2 ~ 

or 

i.e. the roots of the equation are —2t^. 

Hence -St^^ = or = 3(,‘, 

^ a a 

and — 

a 

Eliminating , we obtain 

27rtyi2 = 4(ri-2af : 
i.e. the equation of the locus required is 

21ay^ = 4{x-2a)\ 

This equation represents the locus of the intersections of consecutive 
normals and the curve is called the Evolute of the parabola. 

Now at a point (if any) where the evolute meets the parabola the two 
normals which can be drawn through it other than the normal at the 
point itself must be coincident : if this point of intersection is the point 
(aX^ 2aX) of the parabola we have shown (Note iii) that the parameters 
of the feet of the other two normals are given by 

^2 + a + 2 = 0. 

These are coincident when X® = 8: hence the points of intersection of 
the parabola and its evolute are (8a, 4\/2a) and (8a, — 4v^2a): the 



student can verify this by substitution in the equation of the evolute. 
The evolute meets the axis at (2a, 0); its graph is shown in the figure; 
PR, PR, PG are the normals meeting at P. 
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Cor. We have seen that the normals meeting at (.ri, //j) are given by 

af .Tj) - yj = 0. 

Now {vide Hall and Knight’s Higher Algebra^ § 579) there is always one 
real root of this equation ; the other two are real, coincident, or imaginary 
according as 

27a//i^ is >, =, or < ^{x^-2afy 

i.e. according as the point y^) lies inside, on, or outside the evolute : 
thus the evolute divides the plane of the parabola into two parts such that 
from any point (e.g. Q) in the one three real normals can be drawn to the 
parabola, and from any point in the other only one real normal can be 
drawn. 

Example i. A chord of the parabola passes through the 

point (\a, 0) ; prove that the normals at its extremities intersect on the 
curve y^ = K^a{x—Xa — 2a). 

Let the parameters of the extremities of any chord through (Xa, 0 ) be 

f^: the equation of the chord is 

(/i -rf^) y = 2x-\- 5 

hence 2\a + 2 af^f 2 = 0, 

or ^ 1^2 ““X. 

Now if the normals at f^y t^y meet at (a?, y), these parameters are given 
by at^-^ t(2a--x)-y = 0 . 

Thus + ^2 "1" ^3 ~ ^2 "t* ^ 2^3 ~ ^ 2^3 ~ * 

Hence, by substituting ^1 + ^2 — ""^3 have 

= X + and ?^=-X^ 3 . 
a a 

Eliminating ^ 3 , we get the equation of the locus required, viz. 

y^ = Xa(x^ — X a — 2 a). 

Example ii. Normals are dratvn to the parabola y- — 4air = 0 from 
the point (X, T) ; shoiv that the equation of the nine-point circle of the 
triangle formed by their feet is 

4(a;2+y2)^2(10a-3X);z;+rs/-f2(2a-X)(6a-X) = 0 . 

Let the feet of the normals be Ay By C and the parameters of these 
points be the nine-point circle passes through the mid-points of 

the sides of the triangle ABC. 

Since the normals at Ay By C meet at (X, F), t^y are given by 
at^ -f ^(2a — X) — F = 0, 

2a-X F 

thus “I" ^2 ^3 “ 9 J ^2 ^ 2^3 d* ^8 ^2 ^3 — — • 

a a 

The mid-point of BC is {Ja(^ 2 * + ^ 3 *), «(<2 + ^s)}* 

s 2 



276 


THE PARABOLA 


Now ^2 4* ) 8*w(i 


uu = • 


But ^,> + <j»+2<, 

hence V+ ^s* ~^i’i 

i.e. the mid-point of BC is 

{X—2a—\at^-, — a<,}, 

and the coordinates of the mid-points of CA, AB can be found sym- 
metrically by writing for respectively. 

Now let the nine-point circle be 

a!’ + y’ + 2^)^a!-^2/y-l-c = 0. 

Since each of the mid-points lies on this, and satisfy the equation 
{Jr-2a-Jo<*}’ + a’<*-i-2p {X-2a- Jot’} -2aft + c = 0, 
which reduces to 

o*<< + 4 f {3 o’ - oX - o</} - 8 o/t + 4 ( A- 2 o)’ -f 8 ^ ( a: - 2 o) -h 4 c = 0, 

Since the coefficient of t’ is zero, the sum of the four roots of this equation 
is zero ; but the sum of the three roots tj, t„ t, is zero, therefore the fourth 
root must be zero. 

Hence (X-2a)’ + 2^ (X-2o) + c = 0, (i) 

and the equation reduces to 

ot* + 4 {3o — X— p} #— 8/= 0, 
which, having roots t,, t,, t,, is Mentical with 

at»+(2a-X)#-r=0. 

Hence 12o-4X-4$i = 2a-X, 

4i)f = 10O-3X, 

and 8/= Y. 

But, substituting for g in (i), we have 

c = -{X-2a){X-2a + 2g) 

= -(X-2a)(X-2o + 5o-4X) 
=J(X-2o)(X-6o). 

Hence, substituting in the equation of the circle for g, /, and e, we get for 
the nine-point circle 

4(»»-fy’)-f2 (10o-3X)a:-(- ry-l-2(X-2a) (X-6a) = 0. 


§ 7. Relations between the coordinates of the points of inter- 
section of the tangents and normals at any two points on a 
parabola. 

Let {x, y) be the point of intersection of the tangents at two points 
and (f, 1 }) that of the normals. 

The parameters of the points' of contact of the tangents which 
meet at {x, y) are given by 

at^—yt+x=0, (i) 
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(iii) 


and the parameters of the feet of the normals which can be drawn 
from (f, rj) are given by 

a<® + {2a— f)<— rj = 0. (ii) 

Hence two of the roots of equation (ii) are the same as those of 
equation (i). These two roots therefore also satisfy 
+ + = 0 , 
i. e. — (®+^— 2o)<— T) = 0 ; 

this equation is therefore identical with (i), and we have 

y x + ^— 2a _ rj 
a~ y ~ X 
Suppose now that the points of intersection of two tangents under 
certain conditions lie on some locus / {x, y) = 0, the corresponding 
locus of the intersections of the normals at their points of contact 
will be »)) = 0, obtained by eliminating x and y from/(a:, y) = 0 
and the equations (iii). 

The converse proposition can be stated more directly ; thus we 
have from (iii) 

^ = ^ — a;+2a; tj = — — , 

Clt d 

and if the locus of the intersections of the normals at the ends of 
a chord moving under given conditions is /(f, t/) = 0, the equation 
of the locus of the intersections of tangents at the ends of the chord is 

-^1 = 0 . 

{a a) 


Example. To find the locus of the intersection of the normals at the 
ends of a focal chord. 


We know that the locus of the intersection of the tangents at the ends of 
a focal chord is the directrix + =» 0. 

The locus of the intersections of the normals is obtained by eliminating 
Xj y from this equation and 

y 0; + ^ — 2a__ rj 

a y ^ a? ‘ 


Hence -- 

a 

y ^ rj, and 

or the required locus is 


y ' 

»7» = a({-3a); 
= a(a:-3a). 


Examples VII c. 

1. Find the equation of the normal at the point 2at) of the 

parabola y* = 4a(a; + a). 

2. Find the parameter of the point where the normal at (at*, 2 at) meets 
the parabola if ^ i ax again. 
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3. Find the equation of the normal at the point 2 dt) on the parabola 

= idx^ where dsin^o) = a (oblique axes). 

4. Show that the normals to a parabola at the points {at^, 2 {at^, 

intersect at the point {2 a -v a ^ ^2 + ^2 + fg) } • 

5. Normals at pairs of points on the parabola if- = 4:ax meet on the line 
X s= h. Find the locus of the intersections of tangents at these pairs of 
points. Also when the normals meet on ?/ = k. 

6. Tangents are drawn to a parabola from points on a line parallel to the 
axis ; prove that the normals at their points of contact intersect on a fixed 
straight line. 

7. Show that, if a variable chord of the parabola if = 4:x touches the 
l)arabola if = x^ the tangents at its extremities meet on the parabola 

= 16.r, and find the locus of the meets of the normals at its extiemities. 

8. The normal at any point P of a parabola cuts the axis in G and meets 
the curve again in Q. If the normal makes an angle B with the axis, prove 
that 6r^ sin^d = 2^6r cos d. 

9. Show that the equation of any normal to the parabola if = 4& (a; + r) 
may be written in the form ij-hmx = (2fe — + 

10. Normals are drawn from the point 2 am) to the parabola if = iax. 
Show that the feet («^l^ 2a/i), {at^^, 2at.^ of these normals are given by 
P-\-mt'^2 = 0. Show also that the product of their lengths is 4o^(l H- 

11. Show that the middle points of the sides of a triangle formed by 
tangents at P, R to the parabola if = iax lie on the parabola 2y^ 4 - rt.r = 0 
if the normals at P, R are concurrent. 

12. If chords of the parabola f = 4a.r pass through the foot of the 
directrix, show that normals at their extremities meet on f = a{x — a). 

13. If the chord PQ of if = i ax passes through {-2a, 0), the normals at 
P, Q meet on the curve and contain an angle equal to PAQ, 

14. If the normals at P^ , Pg, Pg are concurrent, the centroid of the triangle 
PjPjPg lies on the axis. 

If Pj, P 2 coincide at {x\ f) the equation of i^jPg is xlx ^ y/if — 2. 

15. If the normals corresponding to the tangents drawn from T{h, k) 

meet at N, then : ST^ = + : a’^, 

16. If the tangents at P, Q meet at (xj, and the normals at {x^, y^, 
then X 2 — Xy ^SP'^-SQ and ay^ — 

17. A triangle is inscribed in a parabola and the normals at its vertices 
are concurrent : show that the perpendiculars to its sides at the points where 
they meet the axis intersect on the tangent at the vertex. 

18. TP, TQ are two tangents to a parabola; PAT, QN are the corre- 
sponding normals ; M is the mid-point of TN, 

Prove that TM subtends a right angle at the focus. 

19. If P, Qy R are the feet of the three normals from a point on the line 
x = 2a + Cy the intersections of the tangents at P, Q, R lie on if = a(a?-f c). 

20. If a tangent to if ^ Aia{x a) meets a normal to if ^ ^h{x-\-h) at 
right angles, the locus of their intersection is a parabola. 

21. Ay By C are the feet of the normals which meet at (Ot, ; prove that 
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the straight lines bisecting BCy CA^ AB at right angles are normals to the 
parabola = 8a(4a-f (X— a;) at the points whose ordinates are equal to 
those of A, C. 

22. The normals at P, Q, the ends of a focal chord, meet the curve again 
at P', Q\ Show that P'Q' is parallel and equal to 8P^. 

Show also that the envelope of P'Q' is a parabola whose latus rectum is 
eight times that of the given parabola. 

2S. Find the orthocentre of the triangle formed by the feet of the normals 
fiom (A^, y) to the parabola. 

24. The three normals from a point P to the parabola y’ = 4«jr and the 
line through P parallel to the axis form an harmonic pencil: show that P 
lies on 21 ay^ — 2{x — 2ay, 

§ 8. The parabola and the circle. 

We propose firstly to discuss the intersection of a circle and 
a parabola by means of parametric coordinates ; in the next 
section we shall discover the forras of the equations of circles 
and other curves which are variously related to the parabola. Some 
of the work overlaps ; the student will learn by experience which 
method is the more appropriate for a given problem. 

The general equation of a circle is 

+ + = 0. (i) 

If any point (a^-, 2 at) on the parabola lies also on this circle, the 
parameter t of the point must satisfy the equation obtained by 
substituting x = af', y = 2 at in (i), viz. 

( 4 a“-f fat-\-c = 0. fii) 

Since the parameter of amj point common to the circle and the 
parabola satisfies this equation, it is evident that this equation gives 
the values of the parameters of all the points of intersection of the 
circle and the parabola. 

Cor. i. The equation is a quartic inf; hence every circle meets the 
parabola in four points ; these may be all real, two real and two imaginary, 
or all imaginaiy. 

Cor. ii. If the four roots of equation (ii) are since the 

coefficient of P is zero, we have 

^ + ^2 + ^3 + /^ = 0 . 

Conversely, if the sum of the parameters (^i, fg, of four points on 
the parabola is zero, these four points lie on a circle ; for if we find and 
c so that 

2^ 4- 4a = a 2 
4j^ = — a 2 
C •“ (I 
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then , ^ 2 , ^8 » ^4 roots of the equation (ii) ; but the condition that 

ti should satisfy this equation is also the condition that the point (afj®, 2at^) 
should lie on the circle + + + + c = 0. 

Thus the necessary and sufficient condition that four points on the 
parabola should be concyclic is that the sum of the parameters, and there- 
fore the sum of the ordinates, of the points should be zero. 

Cor. iii. If the four points ABCD whose parameters are ^s> ^4 
concyclic, we have + <2 + ^3 ^4 ~ 

These four points can be joined in pairs in three ways, AB, DC ; AD^ BC ; 
ACy BD. The equations of the first pair are 

2/(^3 + ^) “2a? = 

But ^2 = ~ (^3 + ^ 4 )» hence these chords are equally inclined to the axis 
of the parabola. The same is true for the other pairs. 

Hence, The common chords of a circle and a parabola are in pairs 
equally inclined to the axis. 

Cor. iv. When two of the points of intersection coincide (e. g. C and D) 
the circle touches the parabola at C. Also AB and the common tangent 
at C, being a pair of common chords, are equally inclined to the axis. 

Cor. V. Three of the points (e.g. C, D) may coincide; in this case 
the circle both cuts and touches the parabola at B. The circle is then said 
to osculate the parabola, and is called the osculating circle or the circle 
of curvature at the point B. 

Since AB and the tangent at B are a pair of common chords, they are 
equally inclined to the axis of the parabola. 

The properties of the circle of curvature can be at once deduced from the 
equation (ii) -\~2ga)C 4:fat •\~ c — 0. 

Let B be the point and A the point ; then the roots of this equation 
are 

Thus (a) — 

or ^2 ~ 

BO that the circle of curvature at the point 2at^ meets the parabola 
again at the point (9a^i^, — 6a^j) ; the equation of the common chord of the 
parabola and the circle of curvature at the point is 

2q 

(b) The sum of the products of the roots two at a time = 4 + ; 

... ?£ +4 = + = = 

O' 

^ 2a. 

4 /- 

The sum of the products of the roots three at a time ~ J 

<,“ + 3 < 1 *<, = == - 8 < 1 » ; 
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The product of the roots == 

c === 

The centre of the circle, i.e. the centre of curvature, is therefore 
(3afi® + 2a ; --2afi^). The radius of curvature (p) is given by 

^>*=/* + S'--c = 4a»(l + <,T. i-e. p = 2a(l 

(c) If the length of the radius of curvature is given, the parameter of 
the point of contact of the corresponding circle of curvature is given by 



There is only one real cube root of hence there is only one real value 

of This value is positive provided that p >2a, in which case fi has two 
equal and opposite values. 

Thus the minimum length of the radius of curvature is 2a. 

Two circles of curvature, symmetrically placed with respect to the axis of 
the parabola, correspond to any value of the radius of curvature greater 
than 2 a. 

(d) It follows from the results found in (b) that the equation of the circle 
of curvature at the point 2a^) is 

+ — 2(3a^^ + 2a)a; + 4a^®y — = 0. 

(e) If Py Qy R are three of the points of intersection of a circle and 
a parabola, then, when P and R coincide with Q, each of the chords PQ, 
QR becomes a tangent to both the circle and the parabola. 

These two tangents are coincident, hence the corresponding normals are 
coincident. Since these coincident normals are normals to the circle, they 
intersect at the centre of curvature. 

Since they are consecutive normals of the parabola, they intersect on the 
evolute of the parabola. 

Hence the evolute is the locus of the centre of curvature. 

We have shown that the coordinates of the centre of curvature corre- 
sponding to the point (a^®, 2 at) are given by 

X = —g = 3a^*-f 2 a, 

y = c= -.2a<^ 

Eliminating f, the equation of the locus of the centre of curvature, i.e. 
of the evolute, is 21 ay^ *= 4(.r — 2 a)’* 

Cor. vi. If equation (ii) has two pairs of equal roots, the circle touches 
the parabola in two points and is said to have double contact. 

Let the two points be t^y t^; then the roots of the equation (ii) are 
2 f = 0 ; hence . 

The points of contact are therefore symmetrically placed with respect to 
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the axis, and the common chord of the circle and the parabola is perpen' 
dicular to the axis. 

The centre is evidently on the axis ; and, since in this case 2 
the abscissa of the centre is given by 

+ 2 a, 

and its minimum value is therefore 2rt. 

Example i. A circle cuts a parabola in four points : if the normals 
at fnrcc of these points are concurrent, prove that the circle 2 )clsscs through 
the vertex, and find its equation if the normals meet at (f, ?/). 

Let the parameters of the four points of intersection be ^3, 

Since the points are concyclic 

+ ^2 + ^3 + ^4 = 0 , 

and if the normals at are concurrent 

Hence = 0, i.e. the circle passes through the vertex. 

Since the normals meet at (|, ?;) the parameters of their teet (viz. <^3) 
are given by 

= 0. (i) 

Let the circle be a;‘ + t/^4'2^a;-f 2/y = 0, then the parameters of the 
points of intersection of this circle and the parabola are given by 

rte^ + (4a + 2^)^-f 4/= 0. (ii) 

Since these are by hypothesis ^3, equations (i) and (ii) are identical. 
Thus 2^ = ~(|-r2a), 

Hence the equation of the circle is 

Example ii. A straight line cuts the evolufc of a parabola in three 
real points, from each of tvhi eh the normal to the parabola, other than the 
radius of curvature, is drawn. Show that the centres of curvatures at 
the feet of these normals are collinear. 

If 1/ is any point on the e volute, two of the normals which can be drawn 
from L to the parabola coincide with each other. 

If P{at-^y is the foot of these coincident normals, then L is the 
centre of curvature of the parabola at P. If Q {at^, 2at^) is the foot of 
the third normal from L, since the normals at t^,ty^, are concurrent, 

H = 0, 

i.e. the parameter of Q is -2fj. 

We have therefore to show that if the centres ol curvature at three 
points whose parameters are t^,t^,t^ are collinear, then the centres of 
curvature at the three points whose parameters are -2t^, -^t^y —2t^ are 
also collinear. 
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The centre of curvature at the point t is {2a-f ; the centres 

of curvature at the point are collinear if /j, ^3 satisfy an 

equation of the form ^(2a + 3a/^) — 2a(/<^ + r = 0. 

The necessary condition for this is'that or 2 (1/0= and the 

condition is evidently sufficient. 

Similarly, the condition that the centre of curvature at the points 
~20, -“20, -2^3 should be collinear is 2 (-1/20 = ^ (VO = 

then obviously 2 ( — 1/20 = 0. 

Examples VII d. 

1. Find the radius, centre, and circle of curvature at the extremity of the 
latus rectum. 

2. A circle touches the parabola at the two points of intersection of the 
curve and a? = 3a ; find its equation. 

3. A circle is described on the chord of a parabola whose equation is 
Ax + Bi/ + a = 0 as diameter; find the equation of the other common chord 
of the circle and the parabola. 

4. The circle of curvature at the vertex meets the curve in four coincident 
points. 

5. The extremities of any two chords of a paiubola which are perpen- 
dicular to the axis are concyclic. 

6. Find the points at which the radius of curvature is 16a. 

7. The common chords of the circles of curvature at (x ^ , y,), I’espec- 

tively and the parabola intersect at the point (|, v) ; prove that 

^//i //'i + J = 0 and 3 {y^ 4 ^2) = 2 r}, 

8. The circle of curvature at a point P on a parabola meets the parabola 

again in Q. If radii of curvature at P and Q, prove that 

2 2 

^ P\ ^ Vi IS constant. 

9. If the roots of the equation 4 -t (/m + ;• = 0, 

show that the points (a/;q^, 2a777j), {am^y 2amo), (a/7/3^, 2a)n^) lie on the 
circle x"^ 4 ip 4 (q — 4) ax + I (>*— i>(/) o// — = 0, and deduce the length 

of the radius of curvature at any point of = 4aa;. 

10. A circle passes through the vertex and three other points P, Q, li of 
a parabola. The lines joining P, Qy R to the focus meet the curve again at 
P', Q\ R\ Prove that the centres of curvature at P', Q\ R' are collinear. 

§ 9. Forms of Equations. 

In this section we shall use the following abridged notation. 

P = 0, the equation of any parabola. 

li = 0, t; = 0, the equations of two chords of the parabola. 

^ = 0, = 0, the equations of any two tangents to the parabola. 

C = 0, the equation of a circle. 

Throughout Ic is used for an undetermined constant. 
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(i) P = kuv. 

Let w = 0, t; = 0 cut the parabola P = 0 in the points A, JB, C, P. 
Now the coordinates of any one of these points satisfy the equation 

P—Tcuv = 0. 

For the point A lies on P = 0 and w = 0 ; its coordinates, therefore, 
substituted in P and w, make these expressions zero : and con- 
sequently, when substituted in P— ittev, they make it zero. 



Now P is of the second degree, and since u and v are linear, 
uv is of the second degree. Hence P---Jcuv is of the second degree ; 
the equation P—hiv = 0 consequently represents a conic passing 
through the four points A, B, (7, D, The constant h is still at our 
disposal, so that the conic may be made to satisfy one other condition 
by giving Tc a suitable value. For example, it may be another 
parabola, or it may pass through some given fifth point. 

In two cases the equation P = huv represents a pair of straight 
lines, viz. A (7, BD ; AD, BC. The equation cannot in general 
represent a circle, since two conditions are necessary : we have seen 
that w = 0, t? = 0 must be equally inclined to the axis of P = 0. 

Example. To find the equation of the parabola which passes through 
the points of intersection of = ix and the straight lines 3a? + 4y = 6 
and = 3. 

The equation of the parabola must be of the form 

y*-4a? + A;(3ir + 4y~5) (a? + 2y-3) = 0. 

The condition that the curve which is the locus of this equation should 
be a parabola is 3A;(1 +8A:)~25P = 0, i.e. A; = 0 or 3. 

Hence the required equation is 

y*~4a? + 3 (3a: + 4y~5) (a? + 2y~3) = 0, 

9;r*'f30a?y + 25y*~46a7--66y + 45 = 0. 


i.e. 
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(ii) P— ku^ = 0. 

If the straight lines w = 0, t; = 0 coincide, the pairs of points 
AC, BD become coincident: the conic = 0 therefore touches 

the parabola at the points A and R. 



Thus P—ku^ = 0 is the general equation of a conic having double 
contact with the parabola, w = 0 being the chord of contact. 

The equation can only represent a circle when w = 0 is per- 
pendicular to the axis : for one value of k it represents a pair of 
straight lines, viz. the tangents A and B to the parabola. 

Example. A conic has double contact with a parabola, one of the 
points of contact being the vertex, and passes through its focus. Show 
that the locus of its centre is a parabola. 

Let the parabola be = ^ax. Since the chord of contact passes through 
the origin, its equation is of the form Ix-^-nty ^ 0. 

The equation of the conic is then 

— 4(w:) + (/a?4- wiy)* = 0, 
since it passes through the focus (a, 0) ; 

i.e. 

The equation of the conic is then 

p (y« — 4 ax) -I- 4(/a? + my)* = 0, 
or 4Pa?* + 8?ma:y + (4m* + P)y*-4aPa? = 0. 

Its centre is given by 

4Pa? + 4Imy-2a? = 0, or 2/a?-f 2my-a/ = 0, 
and 4/ma? + (4m*-f P)y = 0; 

2(te + »iy) = o?= 

I m ^lx'\^ my al 

2a — y ~ 2aa?-y* ~ 2(2aa:-y*j' 

and the required locus is y* « a(2a?-a), which is a parabola. 
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(iii) P — kut = 0. 


When the line = 0 is a tangent to the parabola (viz. t = 0), 
the points (7, D coincide and the conic touches the parabola 
at a 

Thus P—Jctit=0 represents a conic passing through the inter- 
sections of P = 0 and w = 0, and 
touching P = 0 at the point of contact 
of ^ = 0. 

It can only represent a circle when 
= 0, ^ = 0 are equally inclined to 
the axis of P = 0. 

For one value of k it will represent 
the pair of straight lines CLl, CP. 

Note that, if the line w = 0 is not 
given, the general equation of a conic 
touching the parabola P=0 at the 
point of contact of ^ = 0 is 

P—kt {lx -{’mu + 1) 0. 

We have now three undetermined constants, and the conic can 
therefore satisfy three other conditions. 



Example. Find the equation of the circle touching the parabola 
= 4 ^ 4-4 at the point (8, 6) which passes also through the focus. 

The tangent at the point (8, 6) is 

07 — + 10 = 0 . 

The equation of the circle is of the form 

— 4o 7 — 4) = (o7— 3y + 10) (/o7 4- wy-f 1). 

Since it passes through the focus (i.e. the origin) 

-4A? = 10 or k = 

Hence the equation becomes 

5(y^-4a7-4) + 2(o7-3y + 10) {Ix + mij+l) = 0. 

The conditions that this should represent a circle are 

5-6m==2Z, 

and m = SI; 

' / = m = |. 

The equation of the circle is therefore 

10(y*~4a?-4) + (o:-3y+10) (o7 4-3t/ + 4) = 0, 
i.e. o?*-f y^-26a7+ 18y = 0. 
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(iv) P — kut = 0, when u = o, t = 0 intersect on P = o. 

If three of the points, for example A, 0, D, coincide, the conic 
touches and cuts the parabola at A. The conic P—hut = 0 and the 
parabola P = 0 are then said to have ^ three-point contact ’ or ‘ con- 
tact of the second order 

Example. To find the equation of 
the circle of curvature at the point 
(aX^, 2a\) of the parabola = 4a:r. 

The taiigent at the point X is 

— — 0 , 

and any chord through the point of con- 
tact is 

u = ic-aX^-f m(y ~2aX) = 0, 
where m is a constant to be determined. 

The equation of the circle of curvature is therefore of the form 
+ A:(Xy — a; — aX^) {a* — aX^-f ~2aX)] == 0. 

The conditions that this should be a circle are 

— A; = 1 +k\n} 

and X - /?/ = 0 ; 

The equation of the circle is then 

(1 4-X*) — 4na) — (Xy — a — 4aX^) (a4-Xy — 3aX*) = 0, 

which reduces to 

y* — 2a(2 + 3X*)a + 4rtX^y-3a^X^ = 0. 

(v) P — kt^ = 0. 

When the four points A, P, (7, I> coincide, both the chords 
w = 0, V = 0 coincide with the tangent at A, viz. ^ = 0. The conic 



P— _ Q meets the parabola in four coincident points and 

is said to have * four-point contact ’ or ‘ contact of the third order 
The conic can only be a circle when ^ = 0 is the tangent at the vertex. 
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(vi) P-ktt' = 0. 

When the chords u = 0, v = 0 both become tangents, the pairs 
of points A, B and 0, B coincide, and we get another form of the 
equation of a conic having double contact with the parabola : the 
points of contact are those of the tangents. 



Thus y^—4iax=:h{{\ + iJ.)y—2x—2aXix}^, 

and y^—4cax — k {Ay— «— aX^} {/ny— «— a/**} ; 

both represent a conic having double contact with the parabola at 
the points (oA^, 2aA), (o/t* 2o/x.). 


(vii) P-kC = 0. 

By similar reasoning this represents a conic passing through the 
four points of intersection of the parabola P = 0 and the circle 
0=0. For certain values of k it will represent the common 
chords of the circle and parabola. 

Note. It is evident that the seven forms here discussed would give similar 
results if we used 5 = 0, the equation of any conic, parabola, ellipse, or 
hyperbola, instead of P = 0. It is therefore important to understand these 
forms : we have used the parabola because the student is now familiar with 
the form of its equation. 

Example. Prove that the elation of the parabola which passes 
through the origin and has contact of the second order with ax at 

the point (oya®, 2afi) is (4«— 8/iy)*+4a/** (8®— 2/*y) = 0. 

The required parabola is of the form P—kut = 0, where t = 0 is the 
tangent at {an*, 2 an) and u = 0 is the join of the origin to this point, i.e. 
^—iax—k{ny—x—an*) {—ny+2x) = 0. 



THE PARABOLA 


289 


Since the curve is to be a paxubola, 

i.e. 8 + 8Aj/i* = ; 

/. A: = 8/^«; 

the required equation is 

^2 (y^^4,ax)—S{^y-‘X-afi^) (2a7 — /xt/) = 0, 
i.e. lQx^--24;fixi/ + 9fi-y^ + 12afi‘x-8afjPi/ = 0, 

or {ix-^fxijY + 4ay!^ {8x — 2fjiij) ^ 0. 

Examples VII e. 

1. Find the equation of the other parabola which passes through the four 
points common to = 4 ax and x^-\-y^ + 2gx + 2fy + c = 0. 

2. Find the equation of a parabola which has contact of the second order 
with if ^4ax at the point (at^^ 2 at) and passes through an end of the 
latus rectum. 

3. Find the equation of the rectangular hyperbola which has contact of 
the third order with the parabola at the point {af, 2 at), 

4. For what values of X does the equation y^’-^ax + \ (x — 2a) {x^8a) = 0 
represent straight lines. Illustrate these lines in a diagram. 

5. TP, TQ are tangents to a parabola from any point T on the line x ^ 2a: 
show that the circle TPQ passes through the origin. 

6. A circle has double contact with the parabola if = 4o(ar + a), and the 
point whose abscissa is 8 a is one point of contact. Find its equation and 
its centre. 

7. Circles are described passing through the vertex of the parabola 
if == 4 ax and cutting the parabola orthogonally at the other point of inter- 
section. Show that their centres lie on the curve 

2y (2y^ -f — 12aa;) = ax [8x — 4aY, 

8. Find the equation of the circle which touches the parabola if ^ 4ax 
at the point (a/n*, 2 am) and passes through the focus. 

Prove that three such circles can be drawn to touch a given line at the 
focus and that the tangents at their points of contact form an equilateral 
triangle. 

9. From a point T {x\ y') tangents TF, TQ are drawn to a parabola : 
show that the other common chord of the parabola and the circle TFQ is 
the polar of (2 a — a:', -y')* 

10. From points on the line x tangents are drawn to the parabola 
if = 4 ax, and circles are described round the triangles formed by each pair 
and their chord of contact. Find the locus of their centres. 

11. A circle of variable radius whose centre is (0, h) meets the parabola 
y- == 4ax at F and Q. Show that the locus of the intersection of the 
tangents to the parabola at F and Q is y® — 2aa?y + 4a’y — 4a*6 = 0. 

12. FQ is a focal chord of a parabola. Two circles are diuwn through the 
focus to touch the parabola at P and Q respectively. Show that they cut 
one another orthogonally, and find the locus of their second point of 
intersection. 


1267 


T 
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13. Circles are drawn through the focus to touch tf- = iax. Find the en- 
velope of those common chords of the circles and the parabola which do 
not pass through the points of contact. 

14. The tangents to = 4ax at P and Q meet in and the centre 
of the circle TPQ lies on the parabola. 

Show that the locus of T is tf (a— a?)* = 16a*-f8a®y®. 


§ 10. Method of reducing the equation of a given parabola 
to its simplest form. 


When the general equation of the second degree 
ax^ -\‘2hxy -{-hi/ -\-2gx-\'2fy -\-c = 0 
represents a parabola, it takes the form 

{lx-\-myf^2gx + 2fy-\^c = 0. 
Then X = Z (/x + 

Y = milX’^tmy) +/ 


and the equation of its axis (aX-bAY = 0, Chap. VI, §7) becomes, 
since a = and h = Zm, 


lx my 




or lx + mg + « = 0, if we write n = 


7.9 -Hm/ 


The equation of the parabola can be written 

{Ix + mg + nf-\-2{g—ln)x + 2{f—mn)y + c — H^ = 0, 
which reduces at once to 


{lx + m + 2 ( ) (wa: - 7y) + c - w* = 0. 

^ V “7“ Wl ' 

If we take lx■\-my^^n = 0 and 

gm-fl 

as new axes of x and y, the equation becomes 

,.2^ 2(7/-w9) 

(7* + m2)« 


Example. Find the latus rectum and the equation of the axis and 
the tangent at the veHex of the parabola 

26a:^-f 120ary 4* 144^^7- 146a: -f89y — 25 = 0. 

In this case X == 25a: + 60y~73 = 5 (6a?4l2y) -73, 

r = 60x 4 144y + 44 J = 12 (5 a: 4 12y) + 44 J , 

also a css 25, A = 60 ; ^ * 
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The equation of the axis is therefore 

(5;?;;+ 12y)(25 + 144)-365 + 534 = 0, 

i.e. 5a;+12y + l s= 0. 

The equation of the parabola can be written 

(5;r + 12y -f 1)2 = 1 3 (12a; - 5 // + 2). 

If we take 5a;+12y+l = 0, 12a;~5y + 2 = 0 as axes of X and T, the 
equation becomes i/ = x, 

Renee the latus rectum is 1 , and the equations of the axis and the tangent 
at the vertex are bor-f 1 = 0, and 12a;~5y + 2 = 0. 

Examples VII f. 

1. Find the latus rectum of + 24a;y — 4y-a; + 7 = 0. 

2 . Reduce to their simplest form and draw the graphs of ; 

(i) (a; + 2 t/)" + 2 a;-i/ = 0 ; 

(ii) (a- + 2 /-.l)^ = y 2 (x-y); 

(iii) 9a;H16y2 + 24;ri/-34a;+38i^ + l = 0 ; 

(iv) 9a;^ + 6 a;i/-f i/’-4a; + y + 2 = 0 . 

3. Show that the parabola 

{fx-<jy)^-2x(hf-'K</)-2ij(hg-\f)-\^ + h^ = 0 
has the same axis and focus for all values of X, 

4. Prove that the two parabolas which can be drawn through the four 
common points of -f = 1 and + y* + 2 ^a; -t 2 /y + c = 0 have their axes 
perpendicular, and that their latera recta are equal if ^ = ag. 

5. Find the equation of the parabola which cuts the axes at the points 
(a, 0 ) and ( 0 , h) and has its tangents at these points parallel to the axes of y 
and X respectively. 

6 . A parabola has for focus the point (|, rj) and for directrix the line 
aa 7 + % + c = 0 . Show that the line Ax + By’¥C=0 is a tangent to the 
parabola if + (af + 67 + c) -~ 2 (^a + R 6 ) (A^-h C) = 0. 

7. Show that the locus of the intersection of normals to a parabola which 
are at right angles to each other is a parabola. 

Find its focus and vertex. 

8 . Find the focus of the parabola (aa;-f 61 /)* = 2y, and show that the 
equation of its latus rectum is 2 a(a* + l>*)( 6 a? — ay) -f a* — = 0 . 

9. If aa^’j-2hxy’i'by*i 2gx = 0 represents a parabola, find the coordi- 
nates of its vertex. 

§ 11. The equation of a parabola referred to any pair of tangents as 
coordinate axes* 

Let the parabola touch the coordinate axes at A (a, 0) and B (0, 6). 
The chord of contact is therefore 
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We have seen in § 9 that the equation of a pair of tangents whose 
chord of contact is M ■= 0 is of the form P—ku^ = 0. 

In the present case therefore 

or 

In order that 

rX 9J 





should be a parabola, k must equal 
— ]- ah : the equation of the parabola is therefore 


0 ' ah 


Parametric representation. The coordinates of any point on 
this parabola can be expressed in the form 6(X— 1)'^}, for 

these values of Xj y satisfy the equation of the parabola and they 
can have any positive value we please since A may have any value. 
This point will be referred to as the point A on the parabola. 

(i) To find the equation of the chord joining tlic points A, /x. 

Let the equation of the chord be 

then, since the points A, p are on it, 

AA‘‘i + l/(\-l)2+l = 0, 

A,xH-B(/ot-l)2 + l = 0. 

By cross multiplication 

A B 1 


hence 


(A— p)(A + ju— 2) /x^— A^ — 

A B 1 


A + p— ’2 — (A'^jx) A + ja““2Ajui 

therefore the equation of the chord is 

-(A + /X— 2) + = 2A/X— A— /X. 
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(ii) To find the equation of the tangent at the point A. 

This follows from that of the chord by putting p = A ; thus 
the tangent is 

|(A-1)-|a = A(A-1). 


(iii) To find the locus of the intersection of perpendicular tangents. 
Suppose that the tangents at X and /x are perpendicular ; their 


equations are 




their point of intersection is therefore given by 

| = Ap; | = Ap-(A + p) + l = (A~l)(p-l): 

^ ^ y -K 

A + ^ — - + 1. 

a h 

The condition that the tangents should be perpendicular is 


4. ' 4. 

^ ^ ah 


Hence 


a‘^6 ^ ah'^ 


2x X If ^ 

4^ -1 

a a 0 


cos (I) = 0, 


or the required locus is 

x{a + h cos (o) + (6 + a cos w) = ah cos w. 
This is therefore the equation of the directrix. 


(iv) To find the equation of the tangent at the vertex. 

If the tangent at X, 

^(A-1)-|a = A(A-1), 

is parallel to the directrix 

a;(aq-6cosaj) + ?/(6 + acos(o) = aftcosw, 

we have 

X-1 ^ X ^ 1 

a^ + a6cosco”’ --(&^ + a6cos(o) ~ — (a‘^ + 6‘^ + 2a. 
Hence, substituting for X in the equation of the ta 
X y ^ 

6 -f a cos a + b cos co a^ -f 6- 4 - 2 al 
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(v) To find the coordinates of the focus. 

The perpendiculars from the focus pn the coordinate axes lie on 
the tangent at the vertex, since the axes are tangents. If (f, rj) 
be the focus, the feet of these perpendiculars are 

rj cos o), 0), (0, T) + ^ cos co). 

Hence the equation of the tangent at the vertex is 

^ y 

1 ? ~ 1 . 

f-f^coS6D r/-ffcosco 


Comparing this with the equation already found in (iv), we get 
f + ry cos 0 ) ^ 7] 4- f cos a> ^ db 

6 + acosa) ”” a+ftcoso) 6^ + 2a6cosw 

whence immediately 

f _ ^ 

h a a‘^ -I- "f 2ab cos co 


(vi) The latus rectum is twice the perpendicular from the focus to 
the directrix. 


Its value is 


4 sin^ a> 

{a^ + &^ + 2a& cosa)}t 


(vii) To find the condition that + = 0 should touch the 

parabola. 

Any tangent to the parabola is of the form 

f(A_l)_^A = A(A-1). 
a 0 

Comparing this with the given equation 

A-1 ^ _ A(A-1 ) , 

al ~ —bm —n ' 


A 


n 

al’ 


A-1 


al bm 



+ 


n 

bm’ 


equation of the parabola can be written 
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It is often referred to in the form 




Evidently for points in different positions on the curve, different 
signs for the radicals must be taken. The equation is true with 
positive signs for the part of the curve between the points of contact 
A and B. For the rest of the curve we must use 


The equation of the tangent at the point (/, y') on the parabola 
+ \/f ~ ^ form 

^ 11 

a\Jx'^h\Jiy 

where \J \l\/' *^hose signs which satisfy 

^7 ^ Jl = 

It should be noted, however, that when (x\ does not lie on the 
parabola, this equation is not that of the polar of (x\ y% 

It is sometimes stated that {a cos^ 0, h sin^ 6) can be used to 
denote a point on the curve : this is only true, if 0 is real, for the 
portion between the points of contact, i.e. when x<a and y<h. 

The notation given above covers the whole curve and is to be 
preferred. 

Example i. A tmigcnt to the parabola = 1 meets the 

axes of coordinates in P, Q, and perpendiculars are drawn from P, Q 
to the opposite axes : prove that the locus of their points of intersection is 

x-\-y cos CO y-^x cos co 

^ ^ = cos CO. 

0 a 


Let the tangent be ^(X-l)~y ^ = X (X-1) ; this meets the axes at the 
points P(aX,0), $(0, 6(1~X)). 

Let PL, QM be the perpendiculars on the axes of y and x: then L is 
the point (0, aXcosw) and M the point [6 (1 -X) coso), 0]. 

The equation of PL is ~ + — — - = 1. 

aX rtXcoso) 
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The equation of QM is 

X _ y _ 1 
&(l-X)cos<» 

. af?co8a) + y . 1/008 6) + :*: .. 

i.e. = Xcos6); ^ — = (1— AJcoso); 

a ’ 6 ' ' 

their point of intersection lies on the straight line 

X cos 6) + y x-\-y cos 6) 

^ ^ = cos 6). 

a 0 


Example ii. A variable tangent to a given parabola meets ttvo fixed 
tangents, and on the intercepted segment as diameter a eircle is described : 
the envelope of the circles is a conic touching the two fixed tangents in the 
points where they are met by the directrix of the given parabola. 

Take the fixed tangents for axes, and let the parabola be 

\a h J ah 

Any tangent = X(X-l) meets the fixed tangents at the 

points P(aX, 0), ^(0, &-&X). 

If R (Xf y) be any point on the circle described on PQ as diameter, we 
have, since i?P^ + RQ^ = P$^ 

(a:-aX)* + t/* + 2y (a? — aX) C08 6) + a;2 + (y-6 + Z>X)® + 2a:(y~2) + h\) cos 6) 

= «*X* + &^ (1 -X)^+ 2«?)X (X — 1) COSO), 

which reduces to 

ah cos a)X* — X [x(l) cos w - a) + y (6 — a cos o)) + nh cos o)} 

— (a:* + y’* + 2 xy cos co — hy — hx cos a) — 0. 
Since X is an undetermined constant, the envelope of this circle is 
(Chap. VI, p. 253) 

{x (5 cos 6) — a) + y (5 — a cos 6)) + cos o)}® 

i ah cos (o{x^ 4 - 1 / + 2 xy cos (D — bxco^(o — by) => 0. 

This may also be written 

[x{a-\-h cos 6)) + y (5 + a cos w) — ah cos cd}* = Aahxy sin^o, 
which represents a conic (equation of second degree) touching the lines 
X = 0, y = 0, the chord of contact being 

ar (a + 6 cos 6)) + y (5 + a cos 6)) -aft cos 6) == 0, 
i.e. the directrix (because the form is uv = kw^). 


Examples Vll g. 

1. A variable tangent to a parabola meets two fixed tangents at the 
points P, Q. Find the locus of the mid-point of PQ, 

2. OAy OB are fixed tangents to a parabola and P any point on the curve. 
The harmonic conjugate of OP with respect to OA and OB meets the tan- 
gent at P in 9 : find the locus of Q. 
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3. A variable tangent to a parabola meets two fixed tangents TA, TB at 
P and Q, Find the locus of the centre of the circle TPQ, 

4. Show that the normal at X to the parabola {x/a-\'ylh— 1)* = Axyjah is 
X {a\'¥h\ — l cos o))4-y(aX cosw-f &X — 1) 

= «6X(X-l)(2X-l)cosa) + a5X3-fZ>2(X-l)^ 

5. Find the focus and directrix of the parabola {x/a + y/b-lf = (4xij/ah) 
by comparing the equation with 

{x - x')^ + (y- y'Y + 2 (ar - x') {y - y') cos co = (a? cos a + y cos ^ - p)*, 
where a + 0 == w. 

N.B. Use the identity 

{x cos 0 ) + y)’ + [y cos o + - 2 (a? cos &> -f y) (y cos a) + a?) cos o) 

= (pc^ + if -f 2 a;y cos 0 )) sin* o>. 

6. A parabola touches OA, OB in A and B : show that the portions of any 
chord, which has its middle point on AB^ intercepted between OA^ OB and 
the parabola are equal, 

7. Parabolas are drawn which touch the axes Oa?, Oy, inclined at an angle 
o), and whose directrices pass through a fixed point (?^, A:) : show that they all 
touch the line a:/(A-f-^*seca)) + y/(A; + ^6ecci>) = 1. 

8. AB, CD, two fixed segments of straight lines, are divided similarly at 
P and Q : prove that PQ envelopes a parabola which touches AB and CD. 

9. Show that if a and h are variable and h/a'\-klh = 1, the directrices 
of ^/xJa-\- s/yjh = 1 pass through a fixed point. 

10. A parabola touches two given straight lines OA, OB at given points 
and a variable tangent meets OA, OB at P, Q, Show that the circle OPQ 
passes through the focus. 

11. If the chords of contact of parabolas touching two fixed lines are 
concurrent, their directrices are also concurrent. 

12. The parallels through the origin to the tangents from {x\ y') to 
v/j?+>v/y== are the lines cxy 4* (a: — y) {xy' — x^y) = 0. 

13. The equation of the tangents from {x\ y') to the parabola is 

{x'y-xy') {{x'-x)/a-(y'-y)/b} + {x'-x){y'-y) = 0. 

14. A variable tangent to a parabola meets two fixed tangents, and 
another parabola is drawn touching the fixed tangents at these points : 
prove that the envelope of its directrix is a third parabola touching lines 
drawn at right angles to the fixed tangents through their intersection, in 
the points where they are met by the directrix of the given pambola. 

Illustrative Examples. 

(i) If the tangents at P and Q meet at T and the orthocentre of the 
tria 7 igle PTQ lies on the paraholay show that either' the orihocent7*e is at 
the vertex or the chord PQ is a 7iormal to the parabola. 

Let P be the point (aX*, 2aX), Q{aii\ 2an), then T is the point 

{aX/i, a(X'ffi)}. 
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The equation of TP is Xy — a? — aX* = 0, and that of the perpendicular from 
gonitis X(a:-a/Li®) -f y-2afi = 0, Le. 

Xit + y = aX/iA* + 2a^. (i) 

So the perpendicular from Pon TQ is 

fix + y — a/iX* + 2aX. (ii) 

Solving (i) and (ii) to obtain the coordinates of the orthocentre of the 
triangle TPQ, we have 

a; = — aX/i-2«, y = a (X + /u) (X/x + 2). 

Since this point lies on the parabola, 

a®(X + /i)* (X/x + 2)^ = --4a* (X/x-f 2). 

Hence either Xp-F2r=0, in which case the orthocentre is the vertex 
(0, 0), or 

(X -f fj.y (X^ -f 2) = — 4, (i) 

i. e. (X**}-A/x-f 2) fft* + /iX -f 2) = 0. 

Hence X* -f X/x + 2 ^ 0 or fx* + ^X -f 2 = 0. 

Therefore Q is the point where the normal at P cuts the parabola, or P is 
the point where the normal at Q cuts the pai-abola. 


(ii) Prove that the tangents of the angles at which y = m.r + n cuts 
the parabola = iax are given by 

tan2d(w + 2am + am®)±2tantf (a— mn) + m(mn— a) = 0, 
and deduce conditions that the line be (i) a tangent, (ii) a normal to the 
parabola. 


Suppose that the line y = wo; + n cuts the perabola at the point (a/*, 2at) : 
the condition for this is 

?/ia^*-2a^-f n = 0. (i) 

The tangent at Hs == a? + nf. 

Hence 

1 


m — 


tan 6 ’ 




t 

t -f m 


(ii) 


Hence 




1 -f m tan 0 


tan 6 - m 

Substituting this value in (i) we have 

ma (1 + w tan d)* + 2a (1 -f m tan 6) (tan 0 - m) + n (tan 0 - w)*. 
Thus tan*^ (am* -I- 2 am + n) + 2 tan ^ (a — m«) + m (ntn — a) = 0. 
In (ii) we could equally well take the supplementary angle, i.e. 

1 


— m 


tand = 




which gives the alternative sign. 
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(i) If the line touches the curve, both values of 6 must be zero, hence 
mn = a, 

(ii) If the line is a normal, one value of B is 90®. 
one value of tan 6 is infinite and 

am^ + 2aw + n= 0. 


Miscellaneous Exainples, VII. 

1. Prove that the orthocentres of the hiangles formed by three tangents 
and by the corresponding three normals are equidistant from the axis of 
the parabola. 

2. Prove that if a* >85^ a point can be found the two tangents from 
which to = 4aa; are normals to = 46y. 

3. Find the equation of the common tangent to the parabolas represented 
by y® = 4rtic and = 4ty. 

4. A system of chords is drawn so that their projections on a line inclined 
at an angle (X to the axis of a parabola are of constant length c : prove 
that the locus of their middle points is the cuive 

(if -iax) (y cos a -f 2 a sin 0)® + = 0. 

5. Prove that the locus of the intersections of the tangents at the points 
{asinh® (CX + /?), 2a8inh(CX t/'i)}, where 0( is variable and ^ constant, is 
a parabola having the same focus as if = iax, 

6. A is the vertex of = Aax P is any point on it, and the circle on 
AP as diameter meets the panibola again in Q and P, Show that the 
normals to the parabola at P, Q, R nujet at a point on the parabola 
y* == 16 a (a? + 2a). 

7. The normal at P meets the axis at G; the circle APG cuts the 
parabola again in Q, R. Show that the normals to the parabola at Q and 
R meet at P. 

8. If P is such that when PQR is drawn in a fixed direction to meet the 
parabola in Q, R the rectangle PQ . PR is constant, the locus of P is 
a parabola. 

9. Two parabolas touch at P and intersect at R, Prove that PQ, PR 
are harmonically conjugate to the diameUrs of the two curves at P. 

10. Prove that, if the normal at P meets the curve again in Q, and if the 
circle on PQ as diameter cuts the curve ih R, the locus of the middle point 
of QR is the curve y*(y*~4aa:) + 64a* = 0. 

11. The normal at P to a parabola, whose vertex is A, meets the curve 
again in Q : show that the locus of the centre of the circle circumscribed to 
APQ is a parabola. 

12. Through any point not on the axis of a parabola the two straight 
lines are drawn which are conjugate with regard to the parabola and 
pei’pendicular to one another. Prove that they meet tlte axis in two points 
equidistant from the focus. 
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13. If a circle is drawn to pass vertex of a parabola and to have 

its centre on a fixed diameter oft'.*® parabola, show that the orthocentre of 
the triangle formed by the tan^®®^® ^1*® parabola at the other three 

points where the circle cuts it is f 

14. Show in a diagram the V* — 8 <13; and a:* = ay, and prove 

that they cut each other at rig*!- angles at the origin and at an angle 
whose tangent is -6 at their other point of intersection. 

15. Find the locus of a point su'^* t^nt the angles between the connectors 

of the vertex of the parabola with the points of contact of the 

tangents from the point may have ^ giv®n pair of bisectors. 

16. Prove that the curves y’ = r> + y®- 3 a: + l = 0 touch at two points, 
and find the equations of their coon^on tangents. Show also that each of 
these curves touches in the sam * t'wo points any curve whose equation 
is a:Hy»-3a: + l+X(y’-a;) = 0 pr all values of 

17. Find the equations of the circles which touch the directrix of the 
parabola y’ = Ax, and pass throogi* ^i*® points of intersection with the 
parabola of the straight line y = r — 1. 

18. Normals are drawn to th< parabola y’ = 4aa? to touch the circle 

— _ ,.2 (jiffer^nt values of the radius of the circle the 

locus of their points of contact. 

19. If the normals at three poiii'® P, Q, R on a, parabola meet at a point 
whose abscissa is x, prove that t®® centroid of the triangle PQR is on the 
axis at a distance from the vertex i'® 

20. Show that the locus of the ntersections of equal chords of a parabola 
drawn in fixed directions is a stra'g^^ line. 

21. Tangents TP, TQ are drawn to the parabola y^ = Aax; find the equation 
of the circle TPQ. 

22. Find the envelope of the circle whose diameter is a chord of the 

parabola A ax passing throuft* point on the axis of x, and show 

that for one position of the po^t the envelope reduces to a circle and 
a sti'aight line. 

23. Three normals of which tlP lengths are w,, Mj, ji, and two tangents 
of which the lengths are ti, are‘l*^®'Wn from the same point to a parabola 
with parameter 4a. Show that 

24. Find the equation of that rectangular pair of conjugate lines with 
regard to the parabola y’ = 4a.t; whose intersection is the point (/t, !•)• 

(7 is a point on the latus rectun* and P a point not on the latus rectum 
such that PC is equally inclined to the rectangular conjugate lines which 
intersect at P. Prove that the 1/®“® of P is a circle. 

25. Tangents OP, OQ are draw? to the parabola y’ = 4aa; from a point 0 
lying on the straight line = show that the envelope of the circle 
OPQ is the curve y“ (4o + a:) x(i^Ax) (5a~x), 

26. A circle centre P, a point o» J/’ = 4ox, and radius 2SP cuts the 
diameter through P in Q, Q' : sh’w that the loci of Q and Q' arc 

y® + 4«a: + 8a’ = 0 3y’-4«x + 8a® = 0. 

27. Chords of ^/--^Aax pass tlfO“gl* o- H*®*! Polnt (a, 3) ; show that the 
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locus of the orthocentre of the triangle formed by any such chord and 
the tangents at its extremities is 

+ — 0 . 

28. If f)^t p 2 are the radii of curvature at the feet of the normals to 
a parabola from a point P on the curve, show pj *= ppQ where p and p^ 
are the radii of curvature at P and at the vertex. 

29. Tangents PP, 2'Q are drawn to a parabola such that PQ is the noimal 
at P. Show that the area of the triangle TPQ is 4a* sec^dcosec^^, where B 
is the acute angle which the normal makes with the axis. 

30. Prove that a circle whose diameter is a chord of a parabola such that 
the distance between the diameters through its extremities is double the 
latus rectum will touch the parabola. 

31. The circle of curvature at (a/*, 2 at) cuts the parabola again at the 
angle tan”^ 

32. If the normal at P makes an acute angle with the axis, and the 
normals at Q,R each make acute angles irr — yj/ with the axis, the three 
normals form a triangle of area a*(tan®^ — cot >//*). 

33. Through any point on a given line through the focus three normals 
are drawn to the parabola : show that the sum of the angles they make with 
any fixed direction is constant. 

34. If the normals to y* = 4 ax at the points (x^ y), (x] y'), (a?", y") form an 
equilateral triangle, prove that (By* --4a*) (3y'*-4a*) (3y"*-4a*)-l-64a® = 0. 

35. Four points on a parabola are coney die and the orthocentre of the 
triangle formed by three of the points is joined to the fourth : show that 
the mid-point of the joining line is the same whichever three points are 
chosen. Also the line joining this mid-point to the centre of the circle 
is bisected by the axis, and the length ot its projection on the axis is the 
latus rectum. 

36. are the lengths of the three normals drawn from a given 

point to a parabola, and are the lengths intercepted between the 

curve and the axis : prove that, with the usual convention as to signs, 

71 j 4- Nj / Ha Hg + 'h + 2 ( NJn j -f + iVg/ng) + 3=0. 

37. Show that the area of the triangle formed by a; cos a + y sin ^ 

and the tangents at its extremities to y* = 4aa: is 4a*^ (a tan*0( +jpseca)^. 

38. Show that the length of the normal (other than the radius of curvature 
p) drawn from the centre of curvature to the parabola is of length 

a{3-(p/2a)S} {4 (p/2a)^ -3}i 


39. A chord PQ of a parabola makes acute angles a and with the 
tangents at P and Q : show that it makes an acute angle 

. , /2sinO( sinfl \ 

( linO-w ) 

with the axis. 

40. Show that the locus of the poles of the axis of a parabola with respect 
to its circles of curvature is 

y*(a:-2a)® « 12a(a?*-aa; + a*)*. 
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41. The normal at P meets the axis in G, and 0 is the centre of curva- 
ture at P: show that no other normal intersects FG at a distance from G 
on the side opposite to 0 which is >^GO, 

42. In a parabola the normal at P meets the curve again at Q. If B i^ 
a point midway between the centres of curvature at P and Qy prove that 
P's distance from the tangent at the vertex is least when P’s distance from 
it is a -v/2. 

43. Show that chords of y* = which are divided by (x, y) in the 
lutio X : 1, have for their equation 

4X {i/ (y-y')-2a{x-x')}^'\'(y-i/)^ (y^-iax) (X~l)2 = 0. 

41. PGy the normal at P to a parabola, cuts the axis in (r, and is produced 
to Q so that GQ = ^PG: show that the other normals passing through Q 
interaect at right angles. 

45. Through a fixed point on the polar of (3a, 4 a), with respect to a para- 
bola = ^axy a chord of the parabola is drawn. Prove that its length will 
be either a maximum or a minimum when it is inclined at an angle Jtt 
to the axis of x. Is it a maximum or minimum ? 

46. Prove that the latus rectum of the parabola which touches the four 
common tangents of two circles whose radii are a, h, and the distance 
between whose centres is c, is 2(a^~5*)/c. 

47. The normal at P is produced outwards to K, Find the locus of K 
(i) when FK *= PG ; (ii) when PK = ^ the radius of curvature at P. 

48. Find the equation of the parabola which touches the four straight 
lines xla±ylh = 1, xja* ±ylh = 1. 

49. A chord of a parabola is drawn parallel to a fixed direction and on it 
as diameter a circle is described. Prove that the polar of the vertex with 
respect to this circle envelopes another fixed parabola. 

50. Find the locus of the foot of the perpendiculars from {hy Ic) to 
tangents to a parabola, and show that it lies inside an infinite strip perpen- 
dicular to the axis of width equal to the focal distance of {hy k). 

51. Show that five common normals can be drawn to y*==4aa7 and 
a?* « \hyy and that if they are inclined at angles 6^, 6^, to the axis 
of either parabola then 

tan(d, -f d 2 + dg + d 4 + d 5 ) = tandj . tandj . tan dg . tan d 4 . tan dg. 
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CENTKAL CONICS 

THE ELLIPSE AND THE HYPERBOLA 

§ 1. We have seen in Chapter VI that the equations of the ellipse 
and hyperbola, when referred to their axes of symmetry, take the 
forms y = 1 and x '-‘ The ellipse makes 

intercepts 2 a, 26 on the coordinate axes, and these are the lengths 
of the axes of the conic. It is conventional to take the major axis 
along the axis of so that we have a > h. 

The hyperbola does not meet the axis of y in real points ; its 
intersections are the imaginary points whose coordinates are 
(0, +6v/-i). It is, however, common to find 6 referred to as 
the length of the other or ‘conjugate’ axis; evidently 6 may be 
either greater or less than a. When a = 6, the hyperbola is called 
Equilateral or Rectangular. 

The central conics can, in many particulars, be conveniently 
studied together, and in this chapter we shall use the equation 
ax^-f = 1 to represent a central conic ; for an ellipse a = 1/a^ 
/3 = 1/6'^, for an hyperbola ol = 1/a', /3 = — 1/6-. 

§ 2. To find the foci and directrices of a central conic. 

If (x\ y) is a focus, and x cos0+y sin 0—2^ = 0 the corresponding 
directrix, then the equations 

+ ~ (a;— + — 6^(a;cos0-f y sin0— = 0 

are identical. 

Comparing coefficients we have 

1 — e'^cos^d _ 1 — e‘^sin2 0 _ 

_ _ -ep-x -y , 

6* sin Q cos 0 = 0, x' — cos 0, y' — sin 0. 

Since c is not zero, 0 is 0 or ^ ir. 

(a) If 0=0, then x' = c^jp, y’ = 0, and 

(1 — e*)/« = 1//^ = 6^2)*— o'*!)* = — c*). 
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Hence, since a = -j , we have j> = ± - and rf — + oc, where 

(I € 



The focus-directrix forms are then 

(x + ae)^ {x + a/ e)^. 

The foci and the corresponding directrices are (ae, 0), x—afc = 0, 
and (—ac, 0), x-i-a/e = 0, where, for the ellipse = (a^ — h^)/a‘^, and 
for the hyperbola e* = (a^ -H h^)/a^. In both cases e is real. 

(b) If 0 = J TT, then x' = 0, y' = e^p, and 

1/a = {l—e^)/i3 = e^p^—e*p^ = c^p^(l— e^). 

Hence p =+ 1/e ■v//3 ; y' — ±elVlS; and = 1 — i3/a. 

For the ellipse ^/a = o*/6® > 1, e is imaginary, and also y' 
and p. 

For the hyperbola, since /I is negative, y’ and p are imaginary. 
In this case e is I'eal. 

In any central conic, if e, tf are the two eccentricities, we have 
6-2 + 6'-=“= 1. 

Examples. 

(See Figures below.) 

Prove that 

(1) CS. CX= CA\ 

(2) AS.A’ti= CB^. 

(3) SX: CX= C^ -.CA\ 

(4) = CA‘’^CS‘. 

(5) CS=e\CX. 



§ 3. It is convenient to use definite letters to indicate the prin- 
cipal points of central conics ; the following should therefore be noted. 
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Foci S, S' ; directrices XM, X'M' : vertices A, A', B. B ' ; centre C ; 
tangent at P, BPR ' ; normal at P, BGg ; perpendiculars from the 
foci and centre on the tangent, SY, S'Y\ CK; ordinates of P to 
the axes, PX and Pn, the latter meeting the directrices in ilf, M\ 



We have already proved that CA = CA' = a ; CB = CB' = b ; 
CS = CS^ = ac ; CX = (7X' = ~ ; and from the focus-directrix form 

of the equation of the conic SP = ePM, S'P = ePM\ 

If P{x'y') is any point on the conic, 

Ellipse, Hyperbola, 

SP = ePM = e (CX - CX) SP = ePM = e (CX~ CX) 

— a—esf, 

S'P = ePM' = e (CX' + CN) S'P - ePM' = e {ON+ X'C) 

= K“ + ^) =<*' + 5 

= a 4* + a. 

Hence SP + S'P = 2 a. S'P - SP = 2 a. 

Note. If P lies on the left-hand branch of the hyperbola we have 
SP = a — and SP = — a — in which case SP’-SP ^ 2a. 

An ellipse can therefore be described as the locus of points the sum of 
whose distances from two fixed points is constant, and an hyperbola as the 
locus of points the difference of whose distances from two fixed points is 
constant. 


1207 
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§ 4. I. The equation of the chords whose mid-point is «/'), is 
(X xx' 4- = OLx'^ + 

(Chap. VI, § 4). 

II. The tangent. 

The equation of the tangent at the point (x\ y') is 

cxxx' + 0yy' = 1. 

(a) To find the condition that the straight line = 0 should 

touch the conic. 

Suppose this straight line touches the conic at the point (x', y\ 
then the equations + = 0 and olxx' j^yy' —1 0 are 

identical. Hence of ■=■ ---lln(X and y' —mfn^, but since {x\ f) 
lies on the conic we have + = 1. 

Thus, substituting for x' and y\ we have the required condition 

V^/<x + mV/3 = 

For the ellipse this is = n^, and for the hyperbola 

^ n\ 

If the perpendicular from the centre on a tangent makes an angle 
6 with the x-axis, the equation of the tangent is of the form 
ujcos d-f^/sin 0— p = 0. Apply the above condition that this line 
should be a tangent, and we have for the ellipse = a^cos^^ + h^sin^O, 
and for the hyperbola p^ = a^ cos^ d — b^ sin^ 6. 

Thus the straight line x cos 0-i-y sin 0 = a/ cos^ 0 -f b‘^ sin''^ 6 
touches the ellipse for all values of 0, 

Also X cos 0 + p sin 0 = V a^ cos^ 0 — sin'-^ 0 touches the hyperbola. 

Note. This form of the equation of a tangent is called the pedal equation ; 
the pedal of the ellipse with respect to any point (/^, k) is 
r « cos^ $ + h^ sin^ O — h cos $ — k sin 0, 

the point (h, k) being the pole and a line parallel to the ^r-axis being the 
initial line. 

Example i. To find the locus of the foot of the perpendicular SY 
from the focus S on a tangent to an ellipse^ i. e. the pedal of the ellipse 
with respect to the focus. 

The equation of a tangent is 

xcos^+ysin^ = v^a’co8*^ + 6*8in*d. 

If S is taken as the pole and SA as the initial line, the polar coordinates 
of Y are SY and 6. 

Hence r = SY = a* cos* ^ + 6* sin* d — ae cos (?, 

therefore (r + ae cos cos* ^ -f 5® sin® d, 

and since a*f* = a® -5®, this becomes 

+ 2 aer cos d -f a®^^ « a®. 

This is the circle on AA' as diameter ; it is called the Auxiliary Circle. 
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Example ii. If p is the length of the perpendicular from the focus S 
to the tangent at I of a central conic, and r is the length of SP, show 

that for an ellipse ^ ^ for an hyperbola ^ = 1 + ^ > or 

2 u 

1 5 according as P lies on the near or far branch of the curve. 


Let P be the point [x\ f ) ; the equation of the tangent at P is 

+ 1 , 

and we have the condition + = 1. 

Now, since e* = 1 - a/ft we have 

+ = Odx'^-apx'* + fi = ^{l-OCe*x'^) = / 9 ^ 1 - • 

Thus / ex'\* 

(l-aoexy „ ) 




hence 


1 

1 



1 _ 

a 

a + ex' 

1 

a --ex' 

) 


a — ex 
fi (a ex') * 


- 1 . 


For the ellipse, /^ = ^2 rr=za-ex'. 

For the hyperbola, ^ the near branch r = ex' — Ut for the 

far branch r = a — ex\ This gives the required results. 


Examples. 

1. Prove that SV, S' Y' = CB\ 

2. If the tangent at P meet the major axis at T and the minor axis at 
show that CN. CT== CA\ Cn . Ct = CB^. 

3. If T is any point of a tangent to a central conic at the point P, and 
TM, TN are drawn perpendicular to SP and the directrix corresponding to 
ft show that SM = eTN. 

Hence prove that the tangents from any point to a conic subtend equal 
angles at a focus. 

4. Prove that Z PSR - Z PS'E' = ^tt. 

5. Show that Cr= CY' = CA, 

III. The Normal. 

The equation of the normal at {x\ if) to the conic aa;^-f = 1 
is i3y'{x—x') = oca/ {y-y'). 

Note. If the normal at (x^ y') passes through a given point {Jt, k)j 
we have ^y'{h-x) = OCx'(k-if)y or 

{0C-rP)xy-(Xkx" + l3hy' = 0 ; 

hence the point (a?', y') lies on the rectangular hyperbola (Chap. VI, § 6j 
(a — ^) xy — 0(kx + (Shy = 0. 
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Since, in general, t wo curves of the second degree intersect in four points, 
four normals can be drawn from any point (/i, h) to a central conic and 
their feet lie on the above rectangular hyperbola. 

Examples. 

1. Show that the pedal equation of the normal to an ellipse is 

arcosd + ysin S = (a^ - ¥) sin B cos cos’^d -f 

2. Prove that SG — e . SP, 

3. Prove that PG.CK^CB^; Pg . CK ^ PG . Pg == SP . S'P. 

4. Show that NG : ON = CB ^ : CA\ 

5. Prove that SP : SP = SY: SY' = SG : SG, and hence show that 

ZSPY^ I SPY'. 

6. Show that S, S', P, t, g lie on a circle. 

7. Prove that CG ^ . CN, and a\GN=^b\ CK 


IV. Conjugate points and lines. 

(a) The polar of the point y') with respect to the conic 

+ = 1 is OLxx' -^fiyy' = 1. 

Hence the polar of {x\ y') passes through the point y") if 
ax'x^ + f^y'y" = 1. The symmetry of this result shows that if the 
polar of {x\ y') passes through (x", y"), then the polar of {x"y y") 
passes through (x\ y ') ; it is therefore the condition that these points 
should be conjugate. 

(b) To find the pole of the line lx-^my-\-n = 0 with reject to the 
conic Oix^ + Qy"^ = 1. 

Let the point {x', y') be the pole, then evidently the equations 
lx-\‘my-\-n — 0 and olxx' ^yy ^ 0 must be ‘identical. Hence 


I 


0 ?' = and 

(xn 


m 


The straight lines 


lx + my + n = 0, 

Vx -h m'y 4- n' = 0 are conjugate (i. e. the pole of each lies on the 
nn' = 0. 


^ IV mm' 

other) 


If one of the straight lines is a diameter te + my = 0, since n=0 it 
follows that the straight lines Ix^-my 0, Vx-^-m'y + n' = 0 are con- 
jugate whatever value w' may have. Hence the poles of all straight 
lines parallel to Vx-\-m'y = 0 lie on the diameter Ix-^my = 0 if 
iV/OL+mmy^^O. 


V. Conjugate Diameters. 

Two diameters are conjugate if each bisects all chords parallel to 
the other ; referring to the condition found in Chap. VI, § 2. I, we 
see that the two diameters te+wy = 0, Vx+m'y = 0 are conjugate 
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if IV /(X -f mm' 1^ = 0. This is also the condition that the poles of lines 
parallel to the one should lie on the other (see IV above). We can 
therefore define conjugate diameters either as in Chapter VI or by 
this polar property. 

In particular, the diameter^ ij = y = m'jo are conjugate for 
the ellipse if wm' = and are conjugate for the hyperbola if 

mm' = + w-" 

Note i. Since a dianietei bisects all choids parallel to its conjugate, the 
middle point of the choid whose equation is ^.r + wiy + n = 0 is its point of 
intersection with the diameter myx — l(iy ~ 0 

Note ii. A convenient general form for a pair of conjugate diameters of 
the ellipse Jir jv? = 1 is ay — \hx^^^ \ay'\‘hx — 0. 

Suppose that these diameters meet the ellipse at PP', DB respectively ; 
then for the abscissae of P and P' we have 

Hence, if P. P' aie the points {x^, y^), (-x^, -yi), 
x,^ = aV(l +X2), yi" = \V>V(1 4 -X 2 ) 
and CP2 == CP'2 = x,^ -f = (a^ + X2Z;2)/(1 + x-) . 

Similarly, if />, D' are the points yo), ( — ./v, -//p, 

.r./ =. X^r /(1 f X 2 ), ^Vll+X^),' 

and CIP = = (X^/2 ^ 62)/(l 4 X2). 

Hence CP^ -f CP“ = a^-f 6“, i. e. the sum of the squares of two conjugate 
diameters is constant. 

Now if CP ~ CD, wc have rt “4 X^6^ = + i.e. 

x = +l. 

The equations of these diameters are therefore x/a ±y/b = 0 ; they are 
called the equi-con jugate diameters. 

Note iii. A pair of conjugate diameters of the hyperbola x^ j — y“ jlP' = 1 
may be represented by 

(iy-\hx == 0 , Xay — hx ~ 0 . 

Proceeding as in Note ii, we find 

CP 2 = (^2 ^ X 2 y ^)/(1 -X 2 ), CP* _ (\2a2 ^ ^2) , , 1 ^X 2 ). 

Hence CP2 + CP^ _ evidently CP^ and CP’* are of diffeieni 

sign, hence either CP 01 CD is imagi- 
nary. Only one of two conjugate 
diameters meets the hy^ierbola in real 
points. 

If lengths CPj, CD^ are taken on 
the diameters which meet the conic 
in imaginary points so that 

OPj^ = CD/ 2 = ~ Ci)2, 
then CPj is often called the length 
of the semi-diameter conjugate to CP. 

In this case CP^'^CD^ = or, the difference of the square^ on 

conjugate diameters of the hyperbola is constant. 
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Note iv. If CFy CD are two conjugate diameters, the polar of any point 
on CP is parallel to CD and to the tangent* at P. Thus, in the Figure (see 
p, 309), V is the mid-point of TT, 

In particular, DD' is the polar of the ‘point at infinity’ on CP. 

Note V. To find the equation of a central conic 'inferred to a pair of 
conjugate diameters as axes of coordinates. 




Let FCP\ DCD' be any pair of conjugate diameters, and Q any point 
{Xf y) on the conic referred to these diameters as coordinate axes. 

If QQiy QQz are drawn parallel to CD and CP, they are bisected by 
CP and CD ; further, if is a chord parallel to CP, it is bisected 

by CP'; hence Q 1 Q 2 is both parallel and equal to therefore Q 2 Q 3 is 
also pamllel and equal to QQ^. Hence ^ 2^3 ‘^I^^ bisected by CP'. 

Thus, if the point (ar, ij) lies on the conic, so do the points ( — Xj y), 
(—a:, — y), (a?, — i.e. the equation of the conic is of the form 

+ = 1 . 

If CP = a'f CD = h' the equation of the ellipse is 

a:Va'2-ft/V6'2*=l; 

for the hyperbola CD is imaginary, and the equation is 

1 . 

It follows that all the results we find for the equation of a central conic 
referred to its principal axes are true also for the conic referred to any pair 
of conjugate diameters except when our results depend upon the axes being 
rectangular. 


Examples. 

1. Prove that (Fig., p. 309; CF. CQ = CP^. 

2. Show that TV^ : CP* ~ CF^ = CP* : CP*. 

8. Any pair of orthogonal lines through a focus are conjugate. 

4. Prove that a . PC = h . CD, and h . Py ^ a . CD^ where CD is the 
semi-diameter conjugate to CP. 
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VI, Pair of tangents. 

The equation of a pair of tangents from i/) to the conic 
+ is — 1) — 1)^ 

These are parallel to the pair of diameters 

{(Xx^ + fty^)(0Lx'‘^ + fiy'"-\) = {(xxx' 
i. e. <x {fty'^ — Vj x'^ ~2oi.fi x'y'xy + ^i {a. x'‘^ — \)y'^ — 0. 

If the tangents, and therefore the paiallel diameters, include 
an angle 0, ^hen 

2 y/ \a .'^ii‘‘x''\i/'^-Oiii{ocx '-^-l){ fiy'^-l)} 

~ Oc(tiy''^—l} + li(Oix’‘'^—i] 

The angle (t is a right angle if 

Hence the locus of point 1\ the tangents from which to the conic 
are at right angles, is the circle 

V . 1 

which is called the director circle. 

For the ellipse this becomes ^he hyperbola 

The latter is real only when a > h. When the hyperbola is 
rectangular the circle reduces to a point at the centre: the asymp- 
totes are the only real orthogonal tangents. 


Note. The equation 




represents {vide p. 284) a locus passing through the points of inler- 

iy 

section of the ellipse, and its directrices a?’ - ^2 = equation reduces 

i.e. -f 6^ since (de^ (d — 

It follows that the common chords of the ellipse and its director circle are 
the directrices. 
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Illustrative Examples. 

(i) The angles which the normals from (/, ( 7 ) to the ellipse 

= 0 

make toith the x-axis arc given by 

(/sin 6—g cos (a® cos* 6 + 6 * sin* 0) = (a* — 6 *)* sin* 6 cos* 6. 


The equation of the normal at the point (x'y') is 

and if this makes an angle B with the ic-axis, 

tan B : 

bO that 


«v 

y 


cos B sin B 

If the normal passes through the point (/, ^), we have 






or 


. tff 

x' _ »/'_ _ \ia^ 


(i) 


(/- o:; ) sin ^ == (^ “ y ) cos B, 

But since {x ij) lies on the curve, we have (i) 

n 

^ ^ 1 

«* cos d h* sin 6 sih*'^ y''? c^’T+h^'sin* 6 ' 

Substituting in (ii) for x' and i/\ we get 

(a^ — cos d sin ^ 


(ii) 


fsinB-gcosB = 


^/ a* cos® d + 6® sin® B 


i. e. (a® cos® d + 1® sin® B) (/sin B-g cos Bf = (a® ~ Z>®)® cos® B sin® B. 


(ii) Slioiv that if (^, ?/) is a point of intersection of the ellipses 
x^la^+y^^lh^ 1, + 1, the equations of their common 

tangents are ±x^/aa ±yy]/hh' = 1 ; and the product of the areas of 
the parallelograms fanned hy their four common points and their four 
common tangents is 8aa'W, 


The common points of 


~2 "t 
(r 





are given \^y 

_ y^a^a'^ «®&®a'®^'® 

"" ^V®-V®T®' 


(i) 


hence we gather that the points are symmetrically placed with respect to 
the principal axes : let their coordinates be (g, »;), (^, — r?), (-{,-»?),(--£» 7 ). 
The area of the parallelogram they form is 4^?;. 
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If lx + my = 1 is a tangent to both conics, 

+ = 0 , + = 0 . 

Hence 

I* _ _ 1 

Thus, combining (i), which is satisfied by (^, >;), and (ii), 

P ^ w" 1 

I = ±ilaa\ m = ±^}lhh\ 

Hence the common tangents are 

±oiilaa ±yy]lh}) = 1 . 

The corners of the parallelogram formed by these tangents are 
(««7f 0), (-aa'/f 0), (0,2>2>'M (0, 
and consequently the area of the parallelogram they form is 2aahh'l^r), 

The product of the areas of the two parallelograms in question is 
therefore Saa'hb', 

(iii) The tangents from any point to a central conic are equally inclined 
to the focal distances of the point. 

Let the point be (x\ /) : then the equations of the focal distances are 
y' (x -ae)-y {x' - ae) = 0, y' {x ■\-ae)-y {x' + ae) = 0 ; 
these are pai*allel to 

— y (vT — ae) — 0, xy' — y (x' -I- ae) = 0 ; 
i. e. to the lines (xy' — yx'y — if a'^e^ = 0, 

or ocfi (xtf - yxf - 0 - a) = 0, 

or y'^^x"^ -2(X^x y' xy-\-((X^x^ + (X-^)y’^ = 0. 

The bisectors of the angles between these lines are the same as those of 
the angles between the lines 

OL(^y'^-\)oP~20i^x'y'xy^f^((Xx^-l)if = 0 , 
which, we showed above, are parallel to the tangents from (x', y') to the 
conic. 

Hence the bisectoi-s of the angles between the tangents from a point to 
the conic and of the angles between the focal distances of the point are the 
same : this establishes the proposition. 

Examples VIII a. 

1. A circle on a diameter PP' of an ellipse as diameter meets the tangent 
at an end of the minor axis in Q and Q\ Show that QQ' is equal to the 
difference of the distances of P from the two foci. 

2. Find the equation of the pair of tangents from the point ((X, 0) to the 
hyperbola ^i^jeP-y^jlP = 1. 

For the case in which a «= 5, ^ == 3, a = 1, & = l/\/3, find the equation 
of each tangent separately. 
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3. If {hy k) is a point P on the ellipse tf and Ay A' the 

extremities of its major axis, show that cot^P^' = k -a})j2ay^. 

4. Prove that if (r, y) and {Xy y') are any two points on the ellipse 

+ = 1, then + + = a^feV(a:y'-f P?/). Deduce 

that the locus of the middle points of parallel chords is a straight line. 

5. Prove that the bisectors of the angles between the focal distances of 
a point P on an ellipse are the tangent and normal at P. 

6. The locus of points at which the ellipse subtends an angle 60® is 

3 {x^ + 1/2 ~ = 4 {x^y^ -f ~ a^y^). 

7. Prove that the rectangle under the perpendiculars drawn to a normal 
at P from the centre and the pole of the normal is equal to the rectangle 
under the focal distances of P. 

8. Tangents are drawn to the ellipse (^/, h) from the point 

show that the intercept made by them on the ordinate through the neaicr 
focus is equal to the major axis. 

9. A rod AB of length I moves with its extremities on two fixed lines 
which intersect each other at right angles. If P be the point which div ides 
AB in the ratio 2 to 3, show that the locus of P is an ellipse, and state its 
eccentricity. 

Find the points on AB which describe ellipses whose eccentricity is 

10. Find the coordinates of the intersections of 

cccosOt/a-y sin Oijh = cos 2 (X with x^/ar-\^ if/y = 1. 

Find also the locus of the projection of the centre of the ellipse on the 
above line. 

11. Find the locus of the point of intersection of tangents to an ellipse 
which meet at a given angle (X. 

Pairs of tangents to an ellipse intersect at right angles ; prove that their 
chords of contact touch a fixed concentric ellipse. 

12. Show that the points in which the straight line a: cos a 4 ysina = 2 
meets the hyperbola 2x* — y* = 4 subtend a right angle at the centre of 
the hyperbola. 

13. Find the coordinates of the foci and the length of the latus rectum 
of the conic Xa7^4-{1 4-X)y^ == X^ where X is positive. 

Find also the locus of the extremities of the latera recta as X varies. 

14. Show that the locus of the middle points of chords of the ellipse 

ar^x'^ + h~^i/ = 1, the tangents at the ends of which intersect on the circle 
iirH ^ a\ is {a-^x^ + = a-^(x^ 4- y^). 

15. All the chords of an ellipse whose middle points are on the same 
straight line touch a parabola. 

16. Tangents are drawn to the ellipse x^ j y ^ = 1 from aily point on 

the circle x® 4 - = a*^ 4 - 5^. 

Prove that 

(i) the tangents are at right angles ; 

(ii) the locus of the middle points of the chord of contact is given by 
the equation (x^ -f ]p) = (a® 4 - 5®) (x®/a® + 
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17. Find the coordinates of the extremities of the diameter of the ellipse 

= 1 which is conjugate to the diameters yx = xy. 

Two such conjugate diameters are' inclined at angles 6 and </> to the 
major axis of the ellipse: show that their lengths a'h' are connected by 
the relation a ® sin 2 d -{ b'^sin2(t) = 0. 

18. If S, H are the foci of an ellipse and P is any point on the curve, show 

that the locus of the centre of the inscribed circle of the triangle SPH is the 
ellipse — 

19. Chords of an ellipse which subtend a right angle at the centre are 

distant + from the centre. 

20. Find the equation to the locus of the foot of the perpendicular drawn 
to a tangent from one of the foci of ax^^-hy"^ = 1. 

21. Express the length of the perpendicular from the centre on the 
normal to an ellipse in terms of the perpendicular on the corresponding 
tangent. 

Show that the area of the rectangle formed by two parallel tangents and 
the corresponding normals is never greater than half the square on the line 
joining the foci. 

22. Chords BD^ BE of the ellipse j ^ y'^ jl? = 1 are drawn at angles tt/S 
to the x-axis to meet the ellipse again in D and E. Find the coordinates o^ 
the centre of the circle inscribed to the triangle BDE. 

23. If PQ is normal to tlie conics 

ax"^ -f = 1 , 
ax^^h'tf^ 1 

at P and Q, 

24. A diameter DD' of an ellipse is produced, meeting the director circle 
in 0, and two points P and Q are taken on the diameter produced such that 
the angle between the two tangents from Pis the supplement of that between 
the tangents from Q, Prove that PD . PD' . QD , QD' = OP* . OP'*. 

25. An ellipse has its centre at O, its axes lie on the coordinate axes OX 
and OF, and it passes through the points P(2, 7) and Q(4, B). Find the 
equation of the ellipse and give the positions of the foci. Show that the 
length of the semi-diameter conjugate to OP is v^841/30, and give its 
equation. 

26. A variable tangent is drawn to the hyperbola rr*-2/* = a* cutting 
the circle a;* -t t/* = a* in P and Q. 

Show that the locus of the middle point of PQ is 

(a;*-f //*)* = rt*(a:*~f/*). 

27. P and Q are extremities of two conjugate diameters of the ellipse 
6*a:* + a*y* = a*5*, and S is a focus. Prove that PQ^ - {SP SQ)^ « 25*. 

28. Show that a normal to an ellipse divides the distance between the 
two parallel tangents most unequally when it is equally inclined to the axes. 

29. Find the equation of a chord of the ellipse a;*/a* -f y*/5* == 1 in terms 
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of Xi^y^ the coordinates of its middle point, and show that the equation of 
the circle described on the chord as diameter is 

30. The points yj), {x 2 iy^y (x^, y^) are the vertices of a triangle ABC 
self-polar for the conic x^/a^ 4 - y'^/b^ -1 = 0. 

Prove that the points Ay By C are on the rectangular hyperbola 
(xia?,a;,)/(a’a!) + (y,y,y,)/(6-y) = i; 
and that the lines BC, CA, AB touch the parabola 

-v/xj^jjFjar + a’ ^ViViHsV = 

§ 6. Coordinates expressed in terms of a single parameter. 

I. The Ellipse 

1 

Since the equation of the ellipse gives us 

and y = ±hj\-^-^, 

it is evident that the coordinates x and y of real points on the ellipse 
lie in magnitude between -ha and —a, 4-6 and —h respectively. 
Now the point whose coordinates are (acosd, bmiO) lies on the 
ellipse for all values of 0, and further, since cos0 and sin0 can 
have any values between H- 1 and — 1, any point on the ellipse can 
be so represented. 

Geometrical interpretation when the coordinate axes are 
rectangular. 

The coordinates of any point p on the circle -h = a^ described 
on AA'^ as diameter can be represented by (acos0, asind) where 

d is the angle pCA : if the ordi- 
nate pN meet the ellipse at P, 
the o’-coordinate of P must then 
be acosOy and its ^-coordinate 
is consequently b sin 0 ; i. e. P 
is the point (a cos By h sin ^). The 
angle 0 corresponding to any 
point P on the ellipse is called 
its eccentric angle ; the points 
Py P are said to correspond, and 
the eccentric angle of P is that 
made with the ^r-axis by the 
radius- vector to the corresponding point j>. The circle ApA' is called 
the auxiliary circle. It is evident from the symmetry of the 
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figure that if P is the point 6, P', the other extremity of the diameter 
PC, is the point (7 t-|-0). Now the ordinates of corresponding points 
are in a fixed ratio, viz. 

PN : pN = b: a. 

Various properties of the ellipse can be deduced from properties of 
the circle as illustrated below. 

(i) If P, p and Q, q are two pairs of corresponding points, then 
ApCq:/\PCQ = a:h. 

For if P, Q have eccentric angles 9, (j>, the areas of the triangles 
pCq and PCQ are 

i {a^cos0sin(/) — a^cos(/)sin0} and J {afecos 0sin<^— abcos<^sin0} 
which are in the ratio a : fc. 

Hence it follows that if P, jp, Q, q, R, r are three pairs of corre- 
sponding points, A PQR : l^pqr = 5 : a, for 

APgjB = AP(7(2-f AQCP-f APCP, &c. 

Consequently, when the triangle pqr is a maximum, the triangle 
PQR is a maximum. But the maximum triangle which can be 
inscribed in the circle is equilateral, and its area is j(Q\^S)a^; 
hence the maximum triangle which can be inscribed in the ellipse 
has for the eccentric angles of its vertices 6, §71 + ^, and its 

area is { (3 ^3) ab, 

(ii) Conjugate diameters. 

Suppose P (a cos a, 6 sin a), 2>(acosy3, 6sin/3) are the extremities of 
two conjugate diameters CP, CD. 

The equaticfns of CP, CD are 

bx ^ bx . ,, 

V = — tan oc, y — — tan p, 

whence ^tan0(.tan/3 = — ^ j (Vide p. 309) 

or 1 + tan (X . tan /j = 0 ; 

Hence the eccentric angles of the ends of conjugate diameters are 
of the form a, cx + i7r. 

If p, d are the corresponding points on the auxiliary circle, it 
follows that the diameters cp, cd are at right angles, and are therefore 
conjugate diameters of the circle. 

If pCp', dCd' are diameters of the circle which are at right angles, 
pdp^d' is a square, and its area is 4jpCd = 2a^, 



818 


CENTRAL CONICS 


If POP', BCD' are conjugate diameters of the ellipse corresponding 
to these, PDP'D' is a parallelogram, its area is 

iPGl) = i-.pCd=2ab-, 
a ’ 

thus the parallelogram whose diagonals are a pair of conjugate 
diameters has a constant area. 

Since the tangents at P, P' are parallel to CD, and those at D, D' 
parallel to CP, the tangents at the extremities of a pair of conjugate 
diameters form a parallelogram ; its area is evidently twice that of 
the parallelogram PDP’D', i.e. 4a6. This is called the conjugate 
parallelogram. 

Incidentally, 

CP^ = a* cos* a + 6* sin*tx, 

CZ)* = o’*cos*(o( + iir) + 6*sin*((X±^Tr) ; 

CD* = a*sin*tx-j-b*cos* 0 (, 
and, as before shown, CP* + CD* = a*+b*. 
l)^ 

Since = 5 — , we can write these values in the convenient form 

CF^ =r (1 — sin^ oc) ; CD^ = (1 — cos^ a). 

(iii) The area of a sector of the auxiliary circle is J 

the area of the sector FCQ of the ellipse is iaZ>( 02 — ^i)* 

The student should now re-read Chapter V, §§ 5-7 ; by exactly 
similar methods to those there ilhistrated the following equations 
can be found : — 

(a) The equation of the chord joining the points whose eccentric 
angles are ff, <#>, is 

-cos + f sin|{^ + (/>) = cos (/)). 

fit 0 

(b) The tangent at the point, whose eccentric angle is 0, is 

- cos 0 + f sin 0 = 1. 
a 0 

(c) The point of intersection of tangents at the points whose 
eccentric angles are {6, <f>) is 

( aooa^(^+<^) 6 sin + 

(cosi(d— <^)* cosi(d— ^)) 

( 1— tan ^^tan . tan \0 + tan i </> ) 
r' 1 + tan J0tani<^>’ ‘ 1 + tan J^tan^c/)) 
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(d) The equation of the tangent at the point P, whose eccentric 
angle is Oy can be put in the form 

a:— acos 0 hsin 0 _ acos6>)^-f (^ — bsind)^} __ r 

asinS ~~ — fecosft A/Ja^sin^^-f fe^cos^^} ’“CD' 

where r is the distance of any point (x, y) on the tangent from the 
point of contact P and CD is the semi-diameter conjugate to CP. 


Example. To find the lengths of the tangents which can he drawn 
from any point to an ellipse. 

The equation of the tangent at the point P{S) is 
x-acosS ^y — b^in6 ^ r 
asin^ —^cos^ CD' 

and, if (a?, y) is the given point from which the tangents are drawn, r is the 
length of the tangent if the point S is the point of contact. 

Hence the elimination of 6 from equation (i) will give us an equation in r 
whose roots will be the lengths of the required tangents. 

X f* 

Now - = TTp: sin B -f cos By 

a CD 


Hence 

or 

where 

Thus 


1= --^^C08S + 8ind. 

<? ^ “ cifi ’ 

t^=f.CD\ 


f= + 


- 1 . 


or 

i.e. 


a* 6^ 

>•2 = sin® d + 6® cos® B)y 
r® (cos® B + sin® B) = /(a®sin®d -f h® cos® d), 
(r®~a®/) tan®d+ (r®~h®/) = 0. 


But the first of equations (i) gives us 


-cosd + ^ sind e= 1, 
a 0 


i.e. 


or 


-f r tan B 


I sec By 

a o 

^~+|tand^ *=l + tan*d; 


Eliminating B from this equation and (iii) we get 


(ii) 


(iii) 


+ f*Ux + aeY + y‘]Ux-afy + y'‘] = 0 . 


which is the required equation. 
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Cor. i. If P, P' are the points of contact of tangents from T{x, y) to 
the ellipse, CD, CD’ the diameters conjugate to CP, CF, we have from (ii) 
PP* =/. CP* and TP* =/. CD *. 

. TP : TF => CD CD'. 

Cor. il. The term independent of r represents the product of the 
squares of the distances of T from the foci S, S', 

Hence TP* .TF* .ST* .FT* 



or TP.TF ^ ji^.ST.FT. 

(e) The Normal. The normal at the point $ being perpendicular 

to the tangent, its equation is 

sin0, „ coa$, ..... . 

-j- (a;— o cose) (y— osin^) = 0, 

which is usually given in the form 

a® sec d— hy cosec d = a® — h*. 

It can also be put in the useful form 

acose _ y— 6sin0_ r 
b cos e ” a sin 0 ~ CD 

The normals which can be drawn from any point to an ellipse. 

If the normal at the point whose eccentric angle is 0 passes 
through the fixed point {h, k), then 

ah sec 0—bk cosec 6 = a*— b*, 

and, conversely, this equation must be satisfied by the eccentric angle 
of any point the normal at which passes through {h, k). 

The equation can be written in the following three forms, where 
c* = a^—b\ 

I. c* cos* 9—2c*ah cos® 0 + {a*h* + c*) cos® 0 

+ 2c®a/i cos 6— a'h* — 0. 

IL c* sin* d + 2 c^bk sin* 9 + (a*A* + — c*) sin* 6 

-2c®&A:smd-6»Jfc* = 0. 

III. 6A:tan*id+2(aft+c*)tan9 J0+2(a/»-c*)tan|f?-6t = 0. 
Each of the equations is quartic, and it follows that four normals 
can be drawn from any point to an ellipse, of which all may be real, 
two real and two imaginary, or all imaginary. 

It should be noted that one value of tan|d corresponds to one 
definite normal, for this value gives one value only for cos 9 and 
sin 
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To find the conditions that the noi'muls at four points on an ellipse, 
whose eccentric angles arc given, should be concurrent. 

If 6^, 6*2, ^ 3 , ^4 are the eccentric angles of the four points, then 
for some value of h and k these must satisfy equation III above. 
The coefficient of tan^ \ 0 is zero, and the coefficient of tan^ i ^ is 
equal and opposite to the absolute term ; hence we get the following 
conditions: — 

(a) tan 1 0i . tan i ^2 == 0 ; 

(b) tan ^ $1 . tan ^ O2 • tan \ 0-^ . tan 1 — 1 . 

Only two conditions are necessary in order that four straight lines 
should be concurrent, consequently these conditions are necessary 
and sufficient. 

From (a) and (b) it follows immediately that 

tan (i + 1 ^2 h ^ ^3 “f ^ ^4) = ^ j 
hence + + = (2n + l)Tr. 

To find the condition that the normals at three points on the ellipse 
should he concurrent. 

Equation (a) above gives us 

tan \ $1 tan i ^2 + h ^2 I ^3 + I ^3 h ^1 

= — tan h 0^ (tan i 4 * tan i ^2 + i ^3)* 
Hence, substituting for tan ^^4 from (b), 

tan 1 0i tan ^ ^2 + i ^2 i ^3 + h ^3 I 

= cot i 0i cot \ Bo-\- cot \ 62 cot i ^3 H“ cot 1 I • 

But cot \ 01 cot J i 02 ~ . 

* ^ ^ ^ ^ ^ sin0isiii6>2 

Hence ^ sin ^3 (cos 0 i -f cos ^2) = 0, 

or sin (O^ + 82) + sin ( 0 ^ -f O3) + sin (63 + Oi) = 0, 

which is the required condition. 

This condition can also be deduced from equations I and II. 

To find the conditions that the normals at the extremities of the 
chords tvhosc equations are 1 — 0 , 1 = 0 should 

he concurrent. 

The equation 

+ + = 0 (i) 

is satisfied by the coordinates of the points common to ?j; 4- w?/ — 1 = 0 , 
3/^—1 = 0 respectively, and the ellipse : it therefore represents 

1267 X 
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for different values of A the conics which can be drawn through the 
points of intersection of these chords and the ellipse. 

Now wo have shown in § 4 (iii) that if the normals at these points of 
intersection are concurrent at the point (/?, h), then these points lie 
on the rectangular hyperbola 

xy (a- — //-) — V^kx = 0 ; (ii) 

thus for some value of A the equations (i) and (ii) will be identical. 

Since the term independent of x and y in (ii) is zero, we have 
at once A = 1. 

Also equating the coefficients of and to zero, we get 

7, f Tir 1 

a“ Ir 

or cri L = V^Mni = ~ 1, 

which are the required conditions. 

The equations of two chords the normals at whose extremities are 
concurrent can then be put in either of the following forms : — 


a 0 

X V ^ 


or 


- cos 6 4- f sin = 0 
a 0 

X If 1 

- sec 0 + T cosec ^ -f = 0 
a 0 a 


])oth of which are quite general. 

The equation of the rectangular hyperbola passing through the 
ends of the chords then becomes 


y 


. (lx nvf 

i'- 




which at once reduces to 

xy{V‘'\-m'^)^al (1— m‘'^)3/4-i!>m — 1)^: = 0, 
and comparing this with (ii) we find that the coordinates of the 
point of intersection of the normals are 

a- — /(I — m(Z^— 1) 


To find the locus of the intersection of coincident normals. 

The chord joining the feet of coincident normals is then a tangent 
to the ellipse : if (a cos b sin d) is the point of contact and the foot 
of the normal, the chord is 

- cos ^ 4- f sin 0—1=0. 
a b 
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Hence the equation of the chord the normals at whose extremities 
are concurrent with the normal at (a cos 8, b sin 8) is 

X ff 

- sec 0 cosec ^+1 = 0. 
a h 


Hence, as in the last paragrapli, if [h^ k) is the point of intersection 
of these normals, the rectangular hyperbolas 
2 2 

~ ~ 1 ^ + fsiii^— l)(~sec6^ + f cosec6-fl) = 0 

and xy(p?‘-‘})^)--a~Uy\b'^kx = 0 

are identical. The former reduces to 

ry— 6 sin^ Q X— a cos^ ^ ^ = 0. 

Hence, comparing coefficients, 

a 0 

For different values of 0 the locus of this point is 


(a^r) ^ 4- (by) ^ = (a- — 6^) ^ , 

which curve, called the evolute of the ellipse, is the locus of the 
intersections of consecutive normals. Incidentally, we see that 


(“‘-'■‘cos*#, 

V a 




is the centre of curvature at the point (a cos 0, b sin 0), 



The form of the evolute is shown in the figure : from points 
within it four real normals can be drawn to the ellipse; from 
points on it the four normals are real but two coincident; from 
points outside it only two real normals can be drawn. 

X 2 
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Illustrative Examples. 

Example i. The normals at P,y, P, S meet in a point j and P', Q\ S' 
are the points on the auxiliary circle corresponding to P, P, S respectively. 
If straight lines are drawn through P, Q, R, S parallel to CP\ CQ\ CR' 
CS', they are concwrent. 

Let P be the point (a cos 6, b sin S)y then P' is (a cos B, a sin 0). 

The equation of CP' is x sin B — y cob B === 0 . 

Hence that of a line through P parallel to it is 

{X - a cos B) sin B — (j/ — b sin B) cos ^ = 0, 
or icsin^ — y cos^ — ((/~l>)8in^coB^ == 0. 

If this straight line passes through a given point (x\ if), 

X sin ^ — y' cos B- {f( — h)sinB cos ^ = 0. 

Write t for tan this equation becomes 

y' + 2 P (a?' + « — 5) + 2 ^ (a;' ~ a + ?>) — y 0. (i) 

Hence four lines of this type can be drawn which intersect at the point 
(x\ y) ; if dj, dj, ^ 3 , B^ are the eccentric angles of P, Q, P, 5, the corre- 
sponding lines of the above form are concurrent provided dj, dj, B^^ for 
some value of x and y\ satisfy equation (i). The conditions for this are 
2 tan I dj tan ^ dj = 0, tan I B ^ . tan ^ d, . tan J dg . tan J ^4 = - 1, 
and these are identical with the conditions that the four normals at 
Bi, B^t dg , B^ should be concurrent. 

Example ii. Lengths are measured off Jrom P on the normal at P 
in both directions equal to the semi-diameter perpendicular to the normal; 
prove that the loci of the two points thus obtained are circles. 

Let P be the point (a cos d, ftsind), the equation of the normal is 
x — a cos d _ y — 6 sin d _ r 
b cos d a sin d CD ' 

where CD is the semi-diameter conjugate to CP and therefore perpendicular 
to the normal at P. 

We have then to find the loci of points on the normal distant + CD from 
the point (acosd, ft sin d). 

Their coordinates are therefore given by 

a?-aco8d ^ y — 6sin d _ ^ 

h cos B a sin d ~ * 
i.c. x = (a±b)coBB, 

y = (ft + a) sin d. 

Eliminating d the loci are 

0?® -f y* = (a + ft)*, 

i.e. two circles. 
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The intersections of the ellipse and a circle. Application 
of parametric coordinates. 

The equation of any circle is of the form 

ic2-h^2^2^:r4-2/i/ + c = 0. 

The eccentric angles of the points of intersection of this circle and 
the ellipse are given by 

a* cos^ 0 + t2gjj^2 2^acos^-f 2/&sin 0 + c = 0, 
for this is the condition that the point (a cos 6 sin 0) of the ellipse 
should lie on the circle. 

Writing t = tan J this equation reduces to 

i.e. 

{a^ -^2 ga -i- c) 4fbt^ (46^— 2a^ + 2c) + 4/W-f a^-f 2^a*f c = 0. 

Hence a circle intersects an ellipse in four points and, if the 
eccentric angles of these points are 64, we have, since the 

coefficients of and t are equal, 

2 tan id = 2 tan ^ . tan \ 0 ^ . tan \ 6 -^ ; 
hence tan d^ -f ^-dg + i d3 4- J d4) = 0, 

i.e. di + d2 4-^3+^4 = 2w7r. 

Conversely, this is the condition that four points, whose eccentric 
angles are given, should be concyclic : one condition is sufficient 
since any three points lie on a circle. 

Note 1. The equations of the common chords of the circle and ellipse 
being 

- cos i (di + dj) + y sin \ (d^ + dj) = cos i (dj ~ dj), 

(t 0 

^ cos I (dj + dj +1 sin 1 (dg + d^) = cos \ (dg - d^), 

the condition 2d = 2n7r shows that common chords of a circle and an 
ellipse are equally inclined to the axes. 

The circle of curvature. Since the circle of curvature meets 
the ellipse (p. 280) in three coincident points, if the eccentric angle of 
these points is d and that of the other point of intersection d^, we 
have 3d -hdi = 2«7r, i.e. the circle of curvature at d cuts the ellipse 
again at the point 2?^77 — 3d. 

The common chord of the circle of curvature at d and the ellipse 

is therefore - cos d — r sin d = cos 2d. 
a b 
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The equation of the circle of curvatui’e is therefore of the form 
(p. 287) 

^ -f |o — 1 + A 4* f sind — l||-cos^ - - sin cos 2^1 = 0. 

tr (a o ) (a h ) 

Equating the coeflScients of and we get for A 

A cos^ 6 1 _ ^ sin^ 6 1 

02- + i'i’ 

X - 

sin'* 0 + ft** cos** 6 ’ 

i. e. the equation of the circle is 

2 2 

+ p l) 6 + 6^ cos^ 6 ) 

+ (a^— 6^)|^cos0 + ^sin0 — 1| |^cos6 — ^sin 6>— cos20| = 0. 


which reduces to 

^ ^ COS'^ 0 . X 

a 


^ sin^ Q . y 

0 

4- (a2- 2 6^) cos2 0 + (b^ ^2 a^) sin‘" 6-0, 


Cor. The radius of curvature at the point P(a cos 6, b sin 0) is 

{ a® sin* d + 6* cos* 6} ^ ^ 
ah 

CD^ 

or, if CD is the semi-diameter conjugate to CP, its length is • 

Note. The work throughout this paragraph can be considerably shortened 
by using ^ ^ instead of acosd, bsind. The method 

u u 1 

involves the use of imaginary quantities ; we leave it as an exercise for the 
student. 


Examples VIII b. 

1. If a circle touches and cuts an ellipse, the tangent at the point of 
contact and the common chord are equally inclined to the axis of the 
ellipse. 

2. The inclinations to the axis of the ellipse of tangents drawn to it from 
the point {x, y) are given by the equation 

tan*d — 2a;y tan d + y*-h* =0. 

3. If the normals at four points whose eccentric angles are ^,,^ 2 ,^ 3 , 6^ are 
concurrent, then 

2 sin 6^-hS sin 6^ sin ^2 sin 6^ = 0, 
and 2 cos ^,4 2 cos 6 ^ cos 6^ cos 63 = 0. 
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4. If from any point four normals are drawn to an ellipse meeting one of 

the axes in (r^, then S {l/CG) = ^j'lCG. 

5. Show that it is impossible for the normals at four concyclic points on 
an ellipse to be concurrent. 

6. The three points Qi such that their three circles of curva- 

ture intersect on the ellipse at the point whose eccentric angle is 6, Show 
that are the vertices of a triangle of maximum area inscribed in 

the ellipse. 

7. If four concurrent normals are OP, OQ, OR, OS and T, T' the poles of 
PQ, RS, then, if CT, CT' make angles (X, (i with the axis, show that 
tan OK tan 3 = h^/a^, 

8. The normal at any point P of an ellipse intersects the axes at M and 
N respectively ; prove that PM is to PN in a constant ratio. 

9. The tangent at a point on the ellipse + = (i^b^ meets the axes 

in T, t and the normal meets them in G, g \ prove that the locus of the 
intersection of Tg and tG is the curve (a*^4 t/Y / — Irf — 

10. From points on a line parallel to the axis of x normals are drawn to 
the ellipse ; show that, if OKj, OK2, OK3 , ok^ are the eccentric angles of the feet 
of the normals drawn from a point on the line, 2 (sin Oi) and 2 (oosec X) are 
both constant. 

11. Show that the equation of the chord of the ellipse x'ja'^ = 1 

joining points whose eccentric angles are is 

(x cos 0()/a -1- (y sin 0()/6 = cos /3. 

12. If CP and CQ are conjugate diameters, show that 

4fCP*-Cg^) - {SP-S'Pf - {SQ-S'Qy. 

13. Two tangents TP, TQ are diawn to the ellipse from the point T, 
whose coordinates are h,k] show that the area of the triangle TPQ is 

ah -f- - 1 } V + /cV^- J . 

14. Prove that the normals at the points where the line 

xliacoa X) f y/{bsin X) = I 

intersects the conic x'^/a'^ y^/h'^ = 1 meet at the point whose coordinates 
are - c* cos* X/a, -f sin* OK /h. (c^ = — b,) 

15. PP' is a double ordinate of an ellipse, and the normal at P meets 
CP' in Q. Show that the locus of a point which divides P () in a given 
ratio is an ellipse. 

16. A, P, C are the vertices of a triangle of maximum area inscribed 

in the ellipse ; P, <?, E the centres of curvature corre- 

sponding to A, B, C. Find the locus of the centroid of the triangle PQR, 

17. Find the equation of the tangent to the ellipse oir j cP \ y^ jl? ^ 1 in 
terms of the angle OK the perpendicular from the centre on it makes with 
the major axis. If this tangent and a perpendicular tangent-be taken as 
new coordinate axes, what will be the coordinates of the centre of the 
ellipse ? 

18. The tangent at {x\ y) meets the auxiliary circle at QQ\ Show that 
the lines CQ, CQ' are rei)resented by the equations xi/ = y [x' ± a e ) ; C being 
the centre of the ellipse. 
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19. Show that there is in general one conic of finite axes with given 
centre and direction of axes which has two given lines as normals. 

20. The locus of the intersection of perpendicular normals to an ellipse 

is (a^ + W) -f = (a* — 

21. The normal at P meets the tangent at Q on the minor axis; show 

that PQ touches x^/d^ (a® — 2h^) — == 1 - h'^). 

22. If the normals to an ellipse at ABCD are concurrent, and diameters 
are drawn parallel to AB and CD, their extremities are at the angular 
points of a parallelogram whose sides are paiullel to the equi-conjugate 
diameters. 

23. If the centres of curvature of an ellipse at the extremities of a pair of 
conjugate diameters are joined to the centre, the product of the tangents 
of the angles these lines make with the major axis is constant. 

24. The normal at any point P meets the axis in G, a point Q is taken in 
the tangent so that PQ = X . PG, where X is constant ; prove that the locus 
of Q is xya^-^yy¥ = 

25. The line joining the centre of an ellipse to the pole of the chord 
common to the ellipse and the circle of curvature at any point, and the line 
joining the centre of the ellipse to the point where the circle of curvature is 
drawn, make equal angles with the axes. 

26. If TP, TQ are the tangents from the point T{f,y) to the ellipse 

x^lar ^-y*^ jl? — \ = 0, whose centre is C, prove that the area of the quadri- 
lateral TPCQ is (i) \ (ii) I TTHanB, where TT' is the 

tangent from T to the director circle and 0 is the angle PTQ. 

27. PQ, PR are focal chords of an ellipse. Prove that the tangents at Q 
and R intersect on the normal at P. 

28. In an ellipse, if CP and CP are conjugate diameters, find the envelope 
of PD. 

29. A chord PQ of a conic passes through a fixed point. If the circle 
on PQ as diameter meets the conic again in P Q\ show that P'Q' also 
passes through a fixed point. 

30. Find the coordinates of the intersection of the normals at the points 
of contact of two tangents from (f, ?/) to the ellipse, and show that the 
normals at the points of contact of tangents from 

through the same point. 

31. A chord of x^ j if jV — 1 touches ~ 

If 2 r is the length of a diameter of the first ellipse parallel to the chord 
and c the length of the chord, 

(a^ ~ h^) = 4r‘2 [a^ ~ ¥ - - h^) -f - hy/¥)l 

32. The normal at a point P of the curve meets the major axis in C, and 
a point Q is taken on the normal at P such that PQ — PG ; find the 
locus of Q. 

33. If {Xi, i/j) and {xz, y^) are two points on the ellipse == 1, 

the tangents at which meet in {x, y) and the normals in (^, r)), prove that 
^2^ e^xx^x^ and ¥r] ~ e^yy^y^, where e is the eccentricity. 
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?A, Chords of the ellipse ^ 1 are drawn parallel to the 

diameter Ix/a + nit/fb = 0 ; find the locus of their middle points. 

The normal at F to the ellipse meets the curve again at Q; show that 
the locus of the middle point of F(p is given by the equation 
(b^x"^ + (b^x^ + = c^^b* (a- - b^y 

35. Normals at the ends of chords parallel to the tangent at 6 meet in 
points lying on 

2 [ax B -^-hy 00 ^ Q) cos d -f sin B) = (a^ — sin 2 d . cos* 2d. 

36. If normals to an ellipse from 0 meet the curve in Pj, Pj, P 3 , P 4 and 
the major axis in Aj, JSl^^ Ag, then 2{0PJN^Pi) is constant. 

37. Show that unless the eccentricity of an ellipse be greater than l/\/2 
it is impossible for the centre of curvature at any point of the ellipse to lie 
on the curve itself. 

38. The locus of the poles of normal chords of an ellipse is 

+ = (a* -?>*)*. 

39. From any point on the normal at the point OC on an ellipse two 
other normals are drawn to the ellipse. Show that the locus of the point 
of intersection of corresponding tangents is 

hx sin y + uy cos OC + .ry = 0. 

40. From any point of the curve x'^/a- + = {x"^ j /b’^f tangents are 

drawn to the ellipse .r 7 a*-f i//V — 1 ; show that the line joining the points 
of contact is the chord of curvature at one of them. 

41. P is any point on the ellipse + Show that the normal 

at P bisects the angle between the focal distances SP and HP, If SP 
is produced to Q, making PQ = P//, and HP is produced to P, making 
PP =: PS, show that EQ intersects the tangent at P on the major axis ; 
and find the equation of the locus of the intersection of EQ with a line 
drawn from the centre of the ellipse, parallel to HQ. 

42. If tangents TP, TQ are drawn from T(/, g) to a conic j = 1, 
prove the ditference of the angles TPQ, TQP is 

__ 2 /^ (a* - ^ b\p - a^b^) 

+ (a^g^ - h\r) [a^ -b'^ -/* -f g^) 

43. The circles of curvature at the points L, M, N on the ellipse meet the 
ellipse at the same point 0 whose eccentric angle is OC ; find the eccentric 
angles of L, A, and show that the circle circumscribing the triangle LME 
passes through 0 . 

44. A point P on the ellipse 6 *a:* + a*y* = is such that the centre 
of curvature there lies also on the ellipse. Find its coordinates, and show 

that the radius of curvature at P is {3v^3a*&*}/{(a* + &*)^}. 

45. Prove that four normals, real or imaginaiy, can in general be drawn 
from a point to an ellipse ; and show that the line joining the feet of any 
two of them is equally inclined to the axis with the diameter which bisects 
the chords joining the feet of the other two. Show also that the middle 
points of the diagonals of the quadrilateral formed by the tangents at the 
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four feet lie on a straight line which passes through the centre and is at 
right angles to the diameter which passes ihrough the point. 

46. Chords through the point 

(a* — fc*) . a cos 4 - (2>* - a^) . 5 sin 6/(1)^ -f a*) 

subtend a right angle at the point (acos^, bain 6), 

47. If (X, are the coordinates of the centre of curvature at a point y') 
on x^la^-¥y'^/h^ = 1, and if the centre of curvature is on the ellipse, prove 
ajx' -V^jy' ^ \ = 0. 

48. The normals to an ellipse at P, Q, R meet in a point, and also the 
sum of the eccentric angles of these points is constant. 

Show that the locus of their point of intersection is a straight line, and 
that the sides of the triangle PQR touch a parabola. 

49. A point P moves on the ellipse 

arV{(2a«-6')^^+^V{(2fe^-ay} = l/k\ 
where k is a constant ; prove that it is a constant distance from the centroid 
of the four points on the ellipse x’^/a^'¥i/lb'^ = 1, whose normals meet at P. 

50. A tangent is drawn from the point (a cos ft sin 6) of an ellipse to the 
circle of curvature at the other end of the diameter through the point ; 
show that the length of the tangent is 2 {(a* -ft*) cos2^}i. 


§ 6. IL The Hyperbola 

^ 1 
a2 62 - A- 

Several systems of parametric coordinates are possible ; each can be 
developed in a manner analogous to that used for the circle and the 
ellipse : we shall therefore only give a short sketch of each. 

(a) Any point on the hyperbola can be represented by 

(a cos 0, ib sin 0)y 

where y — 1. The results in this case can be deduced from 
those found for the ellipse by substituting throughout ih for 6. The 
objection to this system is the use of an imaginary quantity. 

(b) The hyperbolic trigonometrical functions can be used, and any 
point on the curve represented by (a cosh 0, b sinh 6). This system 
has the advantage of retaining the symmetry to which we have 
become accustomed in the case of the ellipse. The objection to the 
system is that only one branch of the curve can be so represented 
for real values of 0- 

The area of a sector PCQ of the hyperbola is J ab {6i 02)* 

The equation of the chord joining two points a, fS is 

•^coshi(a + /3)~^sinh^(a + /:^) = cosh 

(X 0 
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The equation of the tangent at the point 0 is 

- cosh 0 “ sinh 0=1. 

a b 

The equation of the normal at the point 6 is 
ax sech 0 + hy cosech 0 = + 

This equation can also be written 

by tanh^ l6-^2{ax-\-a^ + tanh^ \6—2{aX'- — V^) tanh \d—by = 0. 

Thus the normals at 0^ 6^^ Oz, 0^ are concurrent if 
2 ) tanh \ $ 1 . tanh \0^= 0 

and tanh ^ 6^ . tanh ^ 6^ . tanh \ 6^ . tanh i 64 = — 1 , 

But 

tanh (i 4* i ^2 “h i ^ ^ 4 ) 

__ ^ tanh i ^ 4- ^ tanh \ 0i tanh 1 6^ tanh \ 0.^ 

”” 1 -f ^ tanh ^ 01 tanh ^ 0^ 4* tanh 1 0i tanh J 0o tanh 1 0^ tanh i 0^ 

Hence, if the normals at these points are concurrent, 
tanh ( w + i ^2 4" i ^3 4" 2 ^ 4 ) ~ ^ • 

2 ^ =*( 2 ^ 4 - 1 ) i 77. 

(c) Again, any point on the hyperbola can be represented by 
{a sec 0j h tan 0). The results are not analogous to those .for an 
ellipse. 

The equation of a chord joining the points a, fi is 

~ cos J (a— /:!) — y sin \ (a -f /3) = cos l((X + ^). 
a 0 

The equation of the tangent at the point 0 is 

^ sin = cos 0. 

a b 

The equation of the normal at the point 0 is 
ax sin 0 4- by = (a- 4 - b-) tan 0. 

(d) The most workable system of coordinates is a variation of (b) : 
we can use for any point on the hyperbola the coordinates 

{^0 + 7)’ 

The equation of the chord joining the points ti, is 

- (1 + + - (1 — / i < 2 ) = 
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The equation of the tangent at the point t is 

The equation of the normal at the point t is 

This equation can also be written 

(a ^ -f y^) {ax -}- by) + 21 {ax— by) — {a^ + b^) = 0. 

Thus the condition that the normals at the points tu ^ 3 , 

should be concurrent are 

2 = 0, = — 1. 

Eliminating we see that the condition that the normals at the 
three points ^ 1 , fg? h should be concurrent is 




hh 


The equation giving the parameters of the points of intersection 
of the hyperbola and the circle 

x^ + y'^+2gx + 2fy + c = 0 


IS 


(a2 + + 4 {ga 4- fb) + 2{2c + a!^ — b'^) f + i{ga —fb) < + (a^ + b"^) = 0. 

Hence the condition that four points on the hyperbola, whose 
parameters are should be concyclic is 


Example i. To find the equation of the circle of curvature at the 
point whose parameter is t, the coordinates of the centre of 
curvature. 

Let the circle of curvature be 

^2 4- + 2 gx + 2/1/ + c = 0 , 

then the parameters of its points of intersection with the ellipse are given 
by the equation 

Since three of these intersections are coincident, let the roots of this 
equation be t, t, t'. 

Then <’<'=1; •••<'= • 

Also 

- « sum of roots = 3f + 

or + ¥ V 

~ roots two at a time = ^ » 

~i C~ = sum of roots three at a time = ^ 
a* + 0* t 
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tid 2 c = :] (a^ + b^) ^ 4 + b\ 


Thus the circle of curvature is 




?)■ 


and the coordinates of the centre of curvature are 
a’‘ + b‘ / 1 a^ + V/ 1 

8a \ t)’ \ // ■ 

Incidentally, if (a?, y) is the centre of curvature at the point whose 
parameter is we have 

/ ^ax \i / 1 1 

( /. 1 \* .,1 o 




Hence the equation of the evolute is 

(ax)^ - {bi/}i = (a^ + b^)i. 

Example ii. JS/ioiv that chords which subtend a right angle at 
a fixed point on an hyperbola all pass through a fixed point, and find 
its coordinates in terms of those of the given point 

Let the given fixed point be P ||a ^^4- suppose 

/j, are the parameters of the extremities of any chord QR which subtends 
a right angle at P. 

Then the equations of the chords P§, PR are 
- (1 4 - tty) + |(1 + 

?(1 +<g + = < + <,; 

a 0 

and since these are perpendicular 
(1 + tt, )(! + «,) , 

^ * if 

which at once reduces to 

(!+<’<, tj) (a* + 6*) = (a’ - 6’) t ((, + <,). 

But the equation of the chord QR is 

^{1 + |(1 ~^^ s ) = ^ + 

or, substituting for (<j + <,), it becomes 
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This can bo written 


which for diiferent values of represents a line passing through the 
intersection of the lines 


a 0 


1 


X 

a 






i.e. through the point 


Thus if the coordinates of the fixed point P are (x^, y,), chords which 
subtend a right angle at P all pass through the point 

( 

This point lies on the normal at P. 


iVi 


1 


Example iii. JFVom any point on the normal at a point P oj the 
hyperbola ^ — ^2 = 1 three normals other than that at P are draivn. 
Show that the circle through their feet is erne of a coaxal system. 


Let the parameters of the fixed point P be ty and those of the feet of the 
other three normals drawn from any point on the normal at ^ be /j, ^3, ^3. 
Also let 5 = -f ^3 + ^g, p = ^ 1^3 + ^ 3 ^ 3 4 - ^ 3 ^ 1 . 

Since the noi'mals at t, fj, are concurrent 

= 0 and = — 1 . 

Now suppose the circle through the points is 

a;* + y^ + 2ya: + 2/y + c = 0, 

then, since the parameters of the points of intersection of the circle and the 
hyperbola are given by 

^^ + 4(ya+/b)^^4-2(2c + a*-h^)t’^ + 4(ya--/6) < + + == 0, 

three roots of this equation must be <a, ^3 ; let the fourth root be then 
= 1 ; hence ^4 = -t = constant. 


Thus 


4(^g4-/fc) 


= ^2 + ^3 -f ^3 4- ^4 = S 


+ = p-ts = -2^^, 


and 
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Hence 2// = (1 + <“) (1 -s/j, 

c ~ - J(a2 — + 

The equation of the circle is then 

+ / + (l+<*)(l-sOa- + ^^ (<2-l)(l+sf)y 

_i(„!_62)_i(a’ + fe’)s« = 0, 

which can be written 

Since .9 is the only undeterminerl constant, this equation represents 
a system of coaxal circles of which the radical axis is 

Evidently the point whose parameter is { — t) lies on the radical axis 
since it is common to all the circles. 


Examples VIII c. 

1. Show that the normal at the point whose parameter is t on the 

rectangular hyperbola meets the curve again at the point whose 

parameter is - \/t^. 

2. The tangents at the points /j, on x^ja^ — = 1 intei’sect at 

I “t ^2 ) 

8. Find the locus of the foot of the perpendicular from the centre to 
a tangent to the hyperbola x'^ja^ — = 1. 

4. The equation of the straight line joining any point on the hyperbola 
to the vertex is of the form xja -hylh — l ~\-t{xja—yfb’~-l) = 0. 

Find the locus of the mid-point of a chord of the hyperbola which 
subtends a right angle at the vertex. 

5. Find the coordinates of the foot of the normal which meets the axis 
of the hyperbola at {(a^ + l>^)/aj 0}. 

6. The tangent at any point P of the hyperbola = 1 meets 

the lines (o^ -f h^) -f = 0 at the points P : show that CP bisects QCR. 

7. The mid-points of focal chords of an hyperbola lie on an hyperbola of 
equal eccentricity. 

8. The mid-point of a chord of an hyperbola which passes through a 
fixed point P lies on another fixed hyperbola which passes through the 
centre C of the given hyperbola and its centre is the mid-point of CP. 
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9. Find the conditions that the chord joining two points on an hyperbola 
should (i) pass through a focus, (ii) be a diameter when the extremities are 
given in each system of coordinates. 

10. Show that the normals at the ends of the chords 

{x sec 6) /a - (y tan 6)/b + d = 0, 

{xcos6)/a-^ (y cot^)/fe-l/(^ = 0 
of the hyperbola x’^/a^ —y’^/b'^ — 1 = 0 are concurrent. 

Hence find the coordinates of the centre of curvature at {a sec b tan 0). 

11. Find the equations of the common tangents of 

= 1 , 

^.2/ ^2 _ /^3 == — 1 . 

12. Find the conditions that the normals at the points (a sec 6tan^) 

where ^ is ^g, 0^ respectively should be concurrent. 

Also find the condition that those points should be coney die. 

13. If the tangents at two points on x‘'^/ar — i//b'^ ~ 1 meet at (x, y) and 
the normals at the same points at (|, 7)5 show 

14. Find the locus of the mid-points of focal chords of the rectangular 

hyperbola ~ a^, 

15. A circle whose centre is (/, g) cuts the hyperbola x’^ — if — a* in four 
points : find the coordinates of their centre of mean position. 

16. A tangent to x^ j — y*^ jV’' = 1 cuts the ellipse x^ j y"^ /b^ =-* 1 at P 
and Q, Show that the locus of the mid-point of TQ is 

{x^ja^ 4- y'^/b^^Y = x'^/a^ — t/’/ 

17. From any point on the hyperbola — 1 three normals other 

than the one at the point are drawn : show that the centroid of the triangle 
formed by the feet of these normals lies on the hyperbola 

9 {x^/a^-iflb^\ - {(a*-62)/(a2-f-fe*)}». 

18. In the last question the locus of the circumcentre of the triangle is 

19. If (ojj, y^ is the centre of curvature at y^) of the hyperbola 

= 1, show that xYlct^oo^—y^ — ^ = 0. 

Hence show that if , y>Y) lies on the hyperbola x^^jx^ -f ^ 2/^1 + 1 = 0. 

20. Find the locus of the intersection of a normal to ^ 

a chord which subtends a right angle at its foot. 

21. Find the equation to the normal to the hyperbola j or - if = 1 
at a point whose eccentric angle is 0, 

Show that the sum of the eccentric angles at the points where normals 
from a given point meet the hyperbola is an odd multiple of two right 
angles. 

22. Show that in general four normals can be drawn from a point to the 
hyperbola n^jc^ — xYjb^ =1. If x^^ x^y x^y x^ be the abscissae of four points 
on the hyperbola, the normals at which meet in a point, prove that 

(aj^ + iPa + iCa + ajJ (l/a?i+ l/a?2 + + IM) = 4. 
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23. Find the radius of curvature at any point of the hyperbola 

Prove that the difference of the lengths of the tangents from any point of 
the hyperbola to the circles of curvature at its two vertices is i onstant. 

24. FN is an ordinate of an hyperbola ; NQ is drawn to t.mch the circle 
described on the major axis as diameter: show that the tangent at P 
intersects NQ in a concentric conic. 

25. Prove that the equation of any normal to the hypeibola 
can be written in the form a? sin d + y = 2c* tan d. 

Prove that the locus of the middle points of normal chords of the hyper- 
bola is — — AiC^x’^y^, 

26. The circle of curvature at any point P of the hyperbola = 1 

meets the curve at <? ; if (a seed, ^tand) and (asec(/>, hiniKp) be the 
coordinates of P, Q respectively, find the relation connecting d and 0. Deter- 
mine also the locus of the pole with regard to the hyperbola of the chord PQ, 

27. Prove that the chord joining the two points on — a} whose 
abscissae are a cosh d and a cosh 0 is the line 

a: cosh J (d -f d)) - y sinh ^ (d + <^) = a cosh |(d - r/)). 

A A' are the vertices of and P, Q the points whose parameters 

are d-f ^ and d — 5 where h is constant. 

Prove that the locus of the intersection of AP and A'Q is a lectangular 
hyperbola. 

28. Determine the equation of the chord joining the two points on the 
hyperbola \)^ x^ — (i^ if — a^h'^ whose coordinates are 

(a sec 0^, /> tan 0(), (a sec ft 5 tan ^). 

If S and S' are the foci, A and A' the vertices of the hyperbola, and 
if from any point P on the curve Pft PS' be drawn cutting the curve again 
in Q, Q\ then if QAy Q'A' are joined the locus of their point of intersection 
will be an hyperbola having double contact with the given one. 

29. Prove that the line joining the centre of a rectangular hyperbola to 
any point on the curve is perpendicular to the chord common to the circle 
of curvature at the point and the hyperbola. 

30. From a point 0 (a?, y), lying on the hyperbola x'^-if = tangents 

OP, OQ are drawn to an ellipse lP‘x^-\^arf = whose centre is C, If 
CO meet PQ in Uy show that OP . OQ : xij : : 2 OR : OC. 

31. The common chord of an hyperbola and the circle of curvature at 
a point on it passes through a fixed point : show that there aa*e four such 
points and that they are concyclic. 

If the fixed point is {x^y y^), the equation of this circle is 

2 (pc^ + if) - xx'(a^ + - yy' {a^ + - (a^ ~ 5^) = 0. 

32. The chords of curvature at four points A, P, C, D of the hyperbola are 
concurrent : if A is a fixed point show that the circle BCD is one of 
a coaxal system, and find its radical axis in terms of the coordinates of A, 

33. The chords of curvature at P, Qy R intersect on the chord of curvature 
at K and the circle PQR cuts the diameter at 0. Prove that 

CK. CO 
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§ 7. The Asymptotes. The asymptotes of the ellipse 

1/2 / y .2 


o2 ^ 


are 


— I- — = 0 

^ 7.2 — 


' l)^ 

i.o, are imaginary, in accordance with our original classification. 
The asymptotes of the hyperbola 




-•^=1 


are 


^ . 


X y X y 

or, written separately, ^ ~ 7i^ ^ inclined to 


the x-axis at an angle tan ^ ~ • 

' ® a 

CO b 

Thus, if the angle between the asymptotes is co, we have tan n— ’ 

*' ^ 0/ 


Conjugate Hyperbolas. The two hyperbolas w^hose equations 
referred to their principal axes are 


^ , 

i)2 ) 


(i) 


x^ 


(ii) 


have the same asymptotes. 

The axis of x meets the first in real and the second in imaginary 
points : the axis of y meets the first in imaginary and the second in 
real points. 

We note that the points 

(a, 0), (^a, 0), (0, tl>), (0, ^ih) 

lie on the first, and 



lie on the second. 
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Any point P on the first hyperbola can be represented by 

(a cosh 6 sinh 6*), and similarly any point p on the second can 

be represented by [a sinh 6, h cosh 6'). 

Thus for the same value of 0 the equation of the diameters CP, Op 

are y 

y z=: X - tanh 0, 

d 

tj =z coth 0, 
a 

The tangents to these hyperbolas respectively at the points P,p are 

- cosh 0 — f sinh 0=1, 

a b 

- sinh 0 — e cosh 0 = — 1, 

a b 

which are respectively parallel to and CP. 

Thus CP, Cp are a pair of conjugate diameters of both hyperbolas. 
The curves are therefore called Conjugate Hyperbolas. 

The following properties should be noted : — 

(i) If CP, Cp are a pair of common conjugate diameters of the two 
hyperbolas, each meets one hyperbola in real and the other in 
imaginary points. 

(ii) CP^ = cosh^ 04-0^ sinh^ 0, 

Cp^ = sinh^ 0 + 0^ cosh‘^ 0 ; 

hence, since cosh^ 0 — sinh^ 0=1, 

6P‘^-Q)" = a2-?A 

(iii) The iayigents at the real points of intersection of conjtigate 
diameters with the conjugate hgperbolas intersect in pairs on the 
asymptotes. 

Let PCP', pCp' be a pair of conjugate diameters : then the 
coordinates of their extremities are 

P (a cosh 0, b sinh 0), 

P'{—a cosh 0, — 0 sinh 0), 
p (a sinh 0, b cosh 0), 
p' (— a sinh 0,-6 cosh 0). 

Hence the tangents at P and P' are 

- cosh 0 — j sinh 0 = -fl, 

a b - ' 

- sinh 0 — f cosh 0 = + 1. 

a b 

Y 2 


and at p,p^ are 
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Hence the intersection of the tangents at Pp or P'p' satisfy 
^•^cosh 6 — |sinh ^ ± l) 4- (~sinh 6 ■— ^cosh 6 T 1^= 0, 
i. e. they lie on the line 


( “ — (cosh 6 + sinh 6) = 0, 


or on the asymptote 


X 


a 



So the intersection of tangents at Pp\ P'p lie on 


( - cosh 0 — ~H\n\\ 4- l) — (-sinh 0 — f cosh 0 <- l) = 0, 

i.e. on 

( - 4- ^ ) (cosh 0 — sinh 0) = 0, 
i.e. on the other asymptote 

^ + f = o. 

a b 

The student should prove the following additional properties : — 

(a) If PCP\ pCp' are a pair of conjugate diameters common to 
two conjugate hyperbolas, then 

(i) The parallelogram PpP'p' is of constant area. 

{ii) The parallelogram formed by the tangents at PpP'p' is of 
constant area. 

(iii) The lines Pp, Pp', P'p, P'p' are each parallel to one asymptote 
and bisected by the other. 

(b) The chord of contact of tangents from a point on an hyperbola 
to its conjugate hyperbola touches the hyperbola. 

(c) The polars of any point with respect to two conjugate hyperbolas 
are parallel and are equidistant from the common centre. 


§ 8. The equation of an hyperbola referred to its as 3 ^nptotes 
as coordinate axes. 

Method i. The equation of the hyperbola in this case is of the 
form (vide Chap. VI, § 6. 1) xy = 

Now the asymptotes are equally inclined to the axes: hence the 
equation of the axis is 

ir— y = 0. 
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This meets the curve where 

if 

i. e. at the points ( ± c, ± c). 

Hence OA^ = = 4c^ cos‘^ i lo 

or 4 sec^ | to 

= (1 -f tan^ ^cu) 



= a2 -f h^. 

The equation then of an hyperbola, whose semi-axes are a, &, 
referred to its asymptote as axes, is 

XU =\ (a^ + 62 ) ; 

we shall generally use this in the form 

xy — c\ 

where 40 ^ = a^ + b'^. 

Method ii. Let any point F on the hyperbola have coordinates 
(x, y) referred to tho asymptotes as coordinate axes and (x', y') 
referred to its axes. Draw FN perpendicular to tho axis, and let 
FM, parallel to the asymptote Oy, meet the asymptote Ox at M. 



Then 

Thus 


x' = ON, y' = FN, 

X = OM, y = FM. 

xf = ON — (PJf+ OM) cos Jw = (y + a:) cos |a), 
y' = PN = {PM— OM) sin \w = (y— a’)sin \u) ; 
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{x + yf—{x—y)- = aj'^sec^ |(«>— 2/'^cosec* ^(o 
= x'‘^ (1 + tan* ^ w)— (1 + cot* J (o) 


for (jc', y') lies on the hyperbola 

^ 1 

}/ 

Hence the required equation is 

4 xy = -f bl 

The reader can also obtain this equation by the method of 
Chap. Ill, § 6. 


Note. The equation of the conjugate hyperbola is 

4:xy — + 

or a pair of conjugate hyperbolas can be represented by 

= ) 

X 1 J = —r) 

The majority of problems dealing specially with the hyperbola are con- 
cerned with the properties of its asymptotes, which are peculiar to it : in 
such cases it is usually convenient to use the hyperbola in the form xy = c^, 
and we proceed to develop a parametric system of coordinates for this 
form. 

For the hyperbola in general the axes are then oblique, but for the 
rectangular hyperbola, since its asymptotes are at right angles, the 
coordinate axes are rectangular. 


§ 0. The hyperbola referred to its asymptotes. Parametric 
Notation. 

The coordinates of any point on the hyperbola xy ^ can be put 
in the form [ct, - j for some value of t, and further, every point 
whose coordinates are in this form lies on the hyperbola. 

(i) The equation of the chord joining two points whose 
parameters are t,, 

Let the equation of the choi'd be 

Ax+By+c = 0; 
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then, since the given points lie on it, 


or 

and 


Hence 


AlCIi -f" -R 7 ‘4*0 — 0, 
n 

^ = 0 , 

+ = 

A B 1 


or 


k-h tMk-h) 

. R ^ 1 ^ 

k + ^‘2 


Thus the equ«ation of the chord is 

X-{-tiklJ :=zc{tiAk). 
This may also be written 


X y 


/I 1 '» 


= 1 ; 


hence, if (^, i]) is the mid point of a chord, its equation is 

a:/^+i//'( = 2. 


Cor. If the chord FQ meets the asymptotes at p and and the mid-point 
of PQ is (^, r})y then, since the equation of the chord is == 2, the 

points q are (0, 2r;) and (2f, 0). Hence the point (^, r/) is also the mid- 
point of pqy and Pp — Qq. This property enables us to draw an hyperbola 
when we have the asymptotes and one point P on thq curve ; for if any 
straight line through P meets the asymptotes at p and q^ we can at once 
construct the point Q on the curve. 

The figure (see p. 344) represents the same hyperbola as that shown in 
Chap. VI, p. 234. Any number of points, such as Qy can be found by using 
a ruler and a pair of dividers. Each of these gives, in the same manner, 
two other points on lines parallel to the coordinate axes, which can 

be found conveniently when the construction is made on squared paper. 

(ii) Conjugate Diameters. If the chord y/?/ = 2 is parallel 
to y+mx = 0, we have = 0. 

Thus the mid-points of chords parallel to y^-mx^Q lie on 
y--~mx = 0. The converse is evidently true ; the equations of a pair 
of conjugate diameters thus take the simple forms y±mx = 0. 

Note. It follows that any pair of conjugate diameters are harmonic 
conjugates with respect to the asymptotes. 


(iii) The Tangent. The equation of the tangent at the point 
whose parameter is Hs x+fiy=:^2ct; this follows from the equation 
of the chord by putting f ^ t. 
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Note. If the tangent at P meets the axis of x at P, T is the point (2ct, 0), 
so that CT = 2c^ Also CS^ = = 4c*, so that CS = 2c. Geometrically 

therefore t = CT/CS. It can be shown that t has the same value in the 

system of coordinates 


■— ■MigaMissM 

mmnmmBmmmumm 


Example. The intercut made ly the asymptotes on any tangent is 
bisected at the point of contact and the triangle so formed is of constant 


For the tangent at the point t meets the asymptotes at the points 
(2c^, 0), ^0, and the coordinates of the point midway between these is 

^cf, The area of the triangle so formed is evidently 2c* sin w. 
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(iv) The equation of the polar of any point (x\ y') with respect to 

the hyperbola xy = is xy' -\-x'^ and if {x\ y^) lies outside 

the hyperbola this is the equation of the chord of contact of tangents 
from [x\ y') to the hyperbola. 

Example. To find the point of intersection of the tangents at points 
whose parameters are fi, /g* 

Let {xy f) be the point of intersection, then 
xij + xy = 2 

and X \t^t<^y — ^ t^) 

both represent the chord of contact. 

Comparing coefficients we get 

, 2 ct,t 2 , 2 c 

(v) The equation of the normal at the point t 

Let the normal be the line (u; — c/) + ~ ^ ^ ^ 

pendicular to the tangent x-^t-y = 2tCy hence 
1 + mfi = (f + ni) cos CO, 
cos CO — 1 

or m = -px ; 

r— cos CO 

and the equation of the normal takes the form 

(x’— — cosco) \ — |){<^cosco— 1) = 0, 

or — cos co) -f cosco— 1) = c • 1). 

As a general rule questions involving the equation of the normal 
are more conveniently treated by referring the hyperbola to its 
axes. 

Special case of the Rectangular Hyperbola. In this case 
(JO = 90°, and the equation of the normal becomes 

fx-^ty =r c(^^— 1), 
or ct^ — xfi’\-yt—‘C = 0. 

(a) Concurrent Normals. If the normal at the point t on a 
rectangular hyperbola passes through any proposed point (A, A) we 
have ct'^-‘ht^ + Jct—c = 0. 

Hence, conversely, this equation gives the parameters of the feet 
of the normals which meet at (A, A). 

Since the equation is of the fourth degree four normals can be 
drawn from any point to a rectangular hyperbola. 
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(b) Conditions that the normals at any four points on a rectangular 
hyperbola should be concurrent. 

If the normals at the point whose parameters are t^, t^, ^3, t^ are 
concurrent, these parameters must satisfy A:/— c = 0 for 

some values of h and /u 

Hence 2 1^ = 0 and ^2 ^4 ~ 

or, written otherwise, 

2 / / = 2 - =0 

' hh 

which are the required conditions. 

If these conditions are satisfied, the coordinates of the point of 
intersection are then given by 
ft = c 2 

ft = — = c2i . 

t 

Example. The orthocentre of a triangle inscribed in a rectangular 
hyperbola is on the curve. 

Let the parameters of the vertices of a triangle TQR inscribed in the 
rectangular hyperbola xy = be /j, Suppose that the straight line 
through P perpendicular to QR meets the curve at the point T whose 
parameter is ^4 ; then the lines 

x^-t^t^y = ^4) 

are perpendicular, hence = — 1. The symmetry of the result shows 

that the pairs of chords PQ^ RT and PP, QT are also perpendicular, i.e. T is 
the orthocentre of the triangle PQR. 

We may notice that the feet of the four normals from any point to 
a rectangular hyperbola form a triangle and its orthocentre. 

(c) The feet of four concurrent normals lie on another rectangular 
hyperbola. 

If the normal at any point {ct, passes through the point (ft, ft), 
we have seen that 

ftt'^ + ft<— c = 0, 

or — ftc^+ y — ^ = 0. 

Thus if (Xy y) are the coordinates of the foot of any normal passing 
through (ft, ft), i.e. in the present case if ct, y = then [x, y) 

V 

must satisfy x^—hx -j-Jcy^y^^Oj i. e. the feet of the normals meeting 
at (ft, 7c) lie on the rectangular hyperbola — ftx + fty = 0, which 

also passes through (ft, ft). 
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(d) To find the conditions that the normals at the ends of the chords 
of a rectangular hyperbola tvhose equations are 

Ix^my—l = 0 , 

Vx 4- m'y'-' 1 = 0 

should be concurrent. 

The points of intersection of these chords and the rectangular 
hyperbola lie on the conic 

\{xy-^ c^) + {lx -f — 1) {l^x + my — 1 ) = 0, (i) 

and consequently, if the normals at these points are concurrent, for 
some value of \ this conic must be the rectangular hyperbola, 

hx + ky = 0. (ii) 

Comparing the coefficients of and y'^ 

IV = — mm\ 

i.e. the chords are perpendicular, and also, since the coefficient of 
xy and the constant term in (ii) are zero, 

hn 4- Tm = --- A = — 2 ' 
c 

The required conditions are therefore 

/i'-f mm' = 0, 
c2(/m'-frm)= -1. 

By comparing the coefficients of x and y the coordinates of the 
point of intersection of the normals can be found in terms of the 
coefficients in the equation of either chord, thus 
, 11,11 


, 1 1 


k — — I — ^ » 
m m 


and the conditions above give /' and m' in terms of I and or 


vice versa. 


Cor. If one chord is the tangent at the point f, viz. 

x^t’^y-2ct = 0, 

the other chord must be 

2e'a;-2/y~c(l~^') = 0, 

and the point (A, k), which is the centre of curvature at the point t, is then 


(vi) The interseotioDs of the hyperbola and a circle. 

The equation of any circle is of the form 

a:®+y^ + 2a:ycosa) + 2(jra:+2/y+(l = 0. 

c . • 

Substituting x ct^ y = ^ we obtain an equation giving the 
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values of the parameters of points on the hyperbola which also lie 
on the circle ; this equation is 

cosco) = 0. 

If the values of t given by this equation are ^3, we have 

^1 ^2 ^3 ^4 ~ 

This is the necessary and suificient condition that any four points 
whose parameters are h should be concyclic. 

NTote. If the points Ay B, C, Z> on a rectangular hyperbola are concyclic, 
then D and the orthocentre of the triangle ABC are extremities of a 
diameter. Vide Example, p. 346. 


Circle of curvature. If the circle 

•\‘2xy cos(si-\-2gx-\’2f}i-^d = 0 


is the circle of curvature at the point then three of the values 

^ h 

of t given by 


+ (05 + 20^ COSO)) = 0 

must be ^1, for the circle intersects the hyperbola in three coincident 
points at the point of contact. 

Let the values of t given by the equation be t^y t^y then 


(1^(2 — 1, 


or 



^ ^ V 

i.e. the circle of curvature at the point cuts the hyperbola 

again at the point (^, 

The equation of the common chord of the hyperbola and the circle 
of curvature at , i. e. of the chord of curvature, is 


or 


tj^x+tiy — c(«i*+ 1). 


Further, 

-2g=cXt=ciSti + t2) = c(sti + ~)< 


d+2c^cosa) = c^^tit^ = 
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Hence the equation of the circle of curvature at the point t is 

O O 

+ -f + -f -2~‘2cos a)^ = 0. 

Special case of the Rectangular Hyperbola. When the hyper- 
bola is rectangular the equation of the circle of curvature becomes 

x^-\-y'^—cx{Zt+ — +c2(3<2 + ?) = 0. 

(a) The centre of curvature is the point 

|ic(3/+^3), 

(b) The equation of the evolute, viz. the locus of the centres of 
curvature, can be found thus : 

y - ic(3/< + <3); 
x+y 

x—y — — 

and {x->ry)^ — {x—y)^^ = (4c)s. 

(c) The radius of curvature {/j) at the point t is given by 

= 0'^+/^—d 

= (3 < + 1 /< 3)2 + 1 c2 {<3 + 3 /tf - 3 c2 (l/<2 + f) 

i.e. /»= ic(t 24 -l/< 2 )i. 

Illustrative Examples. 

Example i. A triangle is inscribed in the hyperbola ocy = so 
that its centroid is a fixed point on the hyperbola : show that its sides 
touch an ellipse which touches the asymptotes and the hyperbola. 

Let the vertices of the triangle be ^ctny and the 

fixed point • 

Hence + ^3 = 3 c?, 

1/^1 + 1/^2+ 1/^3 = 3/(7. 

A side of the triangle is x + t^t^y = c (7^ 4 f^). 

Now + ^2 = 3(7 — ^ 3 , 

7^472 _ ? _ 1. 

^7a ~d 

(773(8(7-7,) 


and 
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The equation of the side of the triangle then becomes 

= c (3(Z~^8)(3^3-d), 

i.e. (3c — 4'^3(3a; + 3(Z*y — 10c(^) + 3cPc — tZa; = 0. 

For all values of this touches 

(3a: + 3d?y-10c^?f = 4(3c-t?y) {^d^c-dx), 
i.c. (3a:+3ci^f/~10c(?)^ + 4c(? (3a: + 3d?^t/)“36c’{2^ = 

i.e. (3a? + 3cPy)^ — 16cdZ (3a? + 3ti*y) + 64c^cP = Aid^xy^ 

i.e, (3a; + 3cZ’y — 8c<Z)* — 4^Z^ary. (i) 

The same result is evidently true for the other sides of the triangle ; now 
equation (i) from its form represents a conic touching the asymptotes 
0 ? = 0, y == 0, the chord of contact being 

3a; + 3d®y — Scd = 0. 

The terms of the second degree are 

^x^ + ^dUf-^Ud^^xy) 
hence the asymptotes are parallel to 

9a:^ + + 14fra:y = 0, 

i. e. are imaginaiy : the curve is therefore an ellipse. 

Now the parameters of the points of intersection of the ellipse (i) and the 

hyperbola are given by substituting ct^ y = - in this equation, i. e. 

(3c< + 3^’ - 8cd! y=4(i*c’: 


( 

'3« + 3‘^ -8rfy=4(i>. 

Hence 

^ -8(f = + 2d. 

Taking the negative sign 

Q 

^ ...6ci = 0, 

i.e. 

= 0, 

i.e. 



hence it meets the hyperbola at two coincident points at the given fixed 
point and consequently touches it there. 

Example ii. If the circle circumscribing the triangle formed by the 
tangents at the points {x^, y^), y^^ (^3, 2/3) on a rectangular hyperbola 

passes through the centre of the curve^ then 

^1 + ^2 H- ^3 I + _ Q 

yiViV^ 

and the centre of the circle is 

_y\V 2 y.^ 
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Let the parameters of the points of contact of the tangents be fj, 
and write 8^ = 21^ Sa = ^^i^2> ^8 = ^i^2^3« 

The coordinates of the veiiices of the circumscribing triangle are 

2c88 2 c 

— — 

where t has either of the values or fg* 

A circle whose centre is {g^ /), and which passes through the origin, is 

x^ + y^-2gx-2fy = 0 . 

If any one of the vertices of the triangle lies on this circle, then 

- (A ~ 9^3 gs^ s^t + csg* = 0. 

But this condition is satisfied when t is equal to iiy or hence 
are the roots of this equation. 

It follows that 

s ® 

(i) 83= I i.e./=-cs3: 

...» • C82 

(ii) 8, = -gs^-^y I.e. 9 = --; 

J *1 

..... qSo c . c 

(ill) i.c. ^ . 

Hence the centre of the circle is "with the condition 

^2^3 + ^i = 0. 

These results are identical with those required, since 3*1= ct^y y^ = 7-, &c. 

h 

Examples VIII d. 

1. The tangents at the extremities of a chord of xy = whose mid-point 
is {Xy Y)y intersect at the point {c’/P, 

2. The equation of the director circle of the hyperbola xy = c* is 

-f f/* -f 2 cos o) = 4c^ cos o). 

What does this become for a rectangular hyperbola ? 

3. Find the locus of the intersections of perpendicular straight lines which 
are tangents respectively to a rectangular hyperbola and its conjugate. 

4. The normal to the rectangular hyperbola xy — at the point ("■ y 
meets the curve again at the point ( — c/f®, — 

5. The normals to the rectangular hyperbola xy = c* at the ends of the 
chords whose equations are 

X cos d + y sin d = c, 
a?sin^— ycos^ = coo%26 

are concurrent. 

6. There are four points on a rectangular hyperbola xy « c^, the chords 
of curvature at which are concurrent, and these points are concyclic. 

7. The sum of the 'squares of the lengths of the normals which can be 
drawn from a point P to the rectangular hyperbola xy = c* is 3 CPI 
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8. Find the locus of the centroid of an equilateral triangle inscribed in 
a rectangular hyperbola. 

9. The polar of any point on an asymptote is parallel to that asymptote. 

10. Pour points A, B, C, 2) on a rectangular hyperbola are such that the 
straight lines AB, CD are perpendicular. Show that AD h perpendicular 
to BC, and AC to BD. 

11. Find the equation of a pair of conjugate hyperbolas referred to 
a common pair of conjugate diameters. 

12. CP, Cp are conjugate diameters of two hyperbolas, P being on one, 
p on the other. Find the locus of the orthocentre of the triangle PCp. 

13. Show that the envelope of the chords of the rectangular hyperbola 

xy = which subtend a given angle Oi at the point (a?', y') on the curve 
is the hyperbola (1 + 2cot^a)-4rt^cosec^0i^. 

14. A circle is described having its centre at a point P on a rectangular 
hyperbola and passing through the diametrically opposite point P' on 
the hyperbola. Prove that, if L, M, N are the other three points in which 
the circle cuts the hyperbola, the triangle LMN is equilateral. 

15. A normal to a rectangular hyperbola makes an acute angle B with 
the transverse axis. Prove that the acute angle at which it cuts the curve 
again is cot"^ (2 tan 2d). 

16. If the position of a point on a rectangular hyperbola is determined 
by the variable d where x = ctan y ^ ccot d, the locus of the intersection 
of tangents at the points d, d + 0(, OL being a constant angle, is 

4 (c^ - xy) = (a: + yY tan’* a. 

17. Prove that the locus of the mid-points of chords of the rectangular 
hyperbola xy = which are of constant length 2/ is 

(pc^ -I- 1/®) {xy-~c^) = V^xy. 

18. The sides of a triangle ABCy inscribed in a rectangular hyperbola, 
make angles OL, y with an asymptote. Prove that the normals at A, B, C 
will meet in a point, if cot 20( + cot 2^-f cot 2> == 0. 

19. To a rectangular hyperbola with centre C and focus S normals are 
drawn from a point P. Show that, if these normals make angles d^ , dg , ... 
with one of the asymptotes 2 cosec 2d = (2 CP^/CS^), 

20. The normal at P to a rectangular hyperbola whose centre is C meets 
the curve again at Q; show that = 3 CP’* + CQ'^, 

21. The normal to the rectangular hyperbola xy = o’* at P meets the 
curve again at Q and touches the conjugate hyperbola; show that 

PQ ^ « 512 

22. ' PP' is a diameter of the hyperbola x'^ j (P — y'^ jlP' =1. A straight line 
is drawn through P parallel to one asymptote, and a straight line through 
P* parallel to the other asymptote ; show that the locus of the intersection 
of these straight lines is the hyperbola ifjlP’-oPjP = 1. 

23. If A and A^ are the vertices of the hyperbola = 1, and 

Pany point on it, and if PA, PA' meet an asymptote at the points X and 

Y, show that XY ^ 
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24. The straight line AR is bisected at C; through C a fixed straight 
line is drawn, and two points P, Q are taken on it, such that the distance FQ 
is constant. Show that the locus of the intersection of the straight lines 
AF, BQ is an hyperbola. 

25. A and B are fixed points, and .4(7 is a fixed straight )ine. If a line 
drawn through B meet AC in Q, and a point P be taken on this line, 
produced if necessary, so that FA = P§, show that the locus of P is an 
hyperbola whose centre is the middle point of AB» 

26. Show that the polar of the origin with respect to the circle of 
curvature at the point {x\ y) on the rectangular hyperbola xy == a* is 

x{^a'x' Za^y') = + 

27. The tangent at any point Pof the hyperbola == 1 meets 

the asymptotes in L and Jf. Find the equation of the circle OLM in terms 
of the coordinates of P, and deduce the locus of the centre of this circle. 
Explain the result of putting a equal to h in the equation to this locus. 

28. Find the equation of the normal at any point of the rectangular 
hyperbola xy = show that from any point in its plane four noimals can 
be drawn to this hyperbola, and that if x^^x^^x^^ x^ be the abscissae of the 
feet of these normals x^x^x^x^-\^c^ = 0. 

29. The normal at F to the rectangular hyperbola xy = c® meets the curve 
again at Q, If x, y are the coordinates of P and t) those of Qy prove that 

30. If the tangent at the point (A, A:) of the hyperbola b’^x^-a^y’^ = a® 5* 
meets the asymptote hx = ay at the point 3/, and the asymptote fex + rry = 0 
at the point N and S is a focus of the hyperbola, show that 

SM/SN^h/a-{-klb. 

31. From a point P are drawn two tangents to a rectangular hyperbola. 

The tangents of their inclinations to an asymptote being p and g, show that, 
if tne ratio of 1— pg to Is constant, the locus of P is another 

rectangular hyperbola. 

32. Show that the lengths of the tangents from F{Xy y) to the rectangular 
hyperbola f^xy~-c^ = 0 are given by 

x’^y’^X^ -4 + (2 c’ - ) /X* +/* [(^’4-/)’- 16pV] = 0; 

and show that the lengths of 6P, S' F are factors of the absolute term. 

§ 10. In Chapter VII, § 0, we discussed the forms of the equations 
of several loci related to the parabola: these forms clearly apply 
equally well to any of the conics ; thus throughout the section we 
may substitute S for P where S = 0 is the equation of a parabola, 
an ellipse, or an hyperbola. 

Example i. A circle is described on the chord of the 

ellipse + = 4 as diameter. Find the straight line joining the 

other tivo points in which the circle cuts the ellipse. 

Let the equation of the other common chord of the circle and the ellipse be 

lx -{'my 4-1 = 0. 

1207 z 
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The equation of the circle is therefore of the form 

X + + (ir + 3^-1) {/a7 + wiy + 1) = 0. 

The two conditions for a circle give 

X + ?=3X + 3m and 3Z-i-m = 0, 
i.e. m = — 3/ and 2X = / — 3w = 10?, 

or X = 5/. 

The equation of the circle then becomes 

hl[x^ --i) ^ (x ^ 1 ) - 0 . 

Its centre is the point il-l 3/-f3) 

I "12/ ’ "iir ] ^ 

and this by hypothesis lies on the diameter ar-i 3y = 1. 

Hence = 12/; 

i=-i. 

The equation of the circle is then 

5 + 3y^ — 4) + (a: + 3y — 1) — 2) = 0, 

or 2aj“4-2y^ — iT — y — G = 0, 

and the required equation of the chord is a;-3y = 2. 

Example ii. Find the equation of the parabola tvhich touches the 
hyperbola 3vC^ + 2^r^ — + 10^+ 14 = 0 in the points in tvhich 

it is met by the straight line 5a;— 2 /— 2 = 0. 

The equation of the parabola is in the form S = A-w*, i.e. 

3a;‘^ + 2a:y + 8a; + lOy + 14 == k [bx-y — 2)^. 

The condition for a parabola is ah — 
i.e. (25A:~.3)(A:4-1)« (5A: + lf, 

i.e. 25P + 22/4;-3 == 25A;2-f 10A;+ 1 ; 

12A: = 4; 
k^l. 

The equation of the parabola is therefore 

3(3a;^-f 2a:y~yH8a:-fl0y + 14) = (5a;~y~2)^ 
or 8a;^-8a:y + 2y* — 22a: — 13y--19 = 0. 

Example iii. Find the equation of the parabola tvhich has four-point 
contact with the hyperbola = 0 at the point [cty 

The equation of the tangent at the point is 

a: + « 2 ct. 

The equation of the parabola is of the form S = ku^ (Chap. VII, § 9, v), 
i.e. xy-c^ *= /*y-2c//. 
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The condition for a parabola gives 



Hence the required paiabola is 
or — f = 0. 


§ 11. Confocal Conics. We have shown that the foci of a conic 
lie on its axes and are equidistant from the centre ; hence if conics 
have the same foci their axes lie along the same straight lines 
and they have a common centre C. 

Now if “2 + ^2=^1 ^onic referred to its axes we have 

and consequently all conics which have the same foci 
are such that constant = 

A conic, then, whose equation is of the form 

= 1 

a^i + A ^ fc-i + A 

is confocal for different values of A with the conic 



and this equation therefore represents a system of confocal conics. 

The conic is an ellipse or hyperbola according as the value of A 
chosen makes + A, + A both positive or of opposite sign. 

Proposition 1. I’tvo real confocals of a system pass through any 
real point, one an ellipse and one an hyperbola. 

Let (x\ y') be a given point ; then to find the values of A for those 
conics of the system which pass through this point we have 
a;'V(a' + A)+/V(fcHA) = l, 

i. e. A2 - A (a;' 2 + ^2 _ ^^2 _ ^2) ^ 52 _ ^2 2 = 0. 

If A = — a2, the left-hand side of the equation becomes {a* — b^)x'^, 
i. e. is positive. 

If A=:— 52^ it becomes — (a2— Iq is negative. 

If A = + 00, it is positive. 

Hence there are always two real roots, one lying between 
and —b^, and one between —62 and -f oo. 

Thus a2-|-A, 62 -f A are for one value of opposite sign, and for the 
other both positive. 

z 2 
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Henco there are two real confocals passing through {x% y'), one an 
elli])se and one an hyperbola. 

Proposition 2. One confocal of a system touches every real straight 
line. 

Let the equation of the straight lino be 4 -m = 0 ; this 

touches the conic + = 1, provided that 

This equation gives one value of A corresponding to the one conic of 
the system which touches the straight line. The equation of this 
conic is 

and since is always positive the conic is real ; it is 

an ellipse or an hyperbola according as is > or < (a^— b2j 

Proposition 3. Any two confocals cut at right angles. 

Let the two confpcals be 

^V(aHAi) + 2/V(6‘^ + Aj)=l, 

a;2/(a2 + A,)+2/2/(i,2^A2)= 1. 

If these conics intersect at (Xj, t/j), we have 

:ri2/(a2-f-A,) + yi^(<;2 + Ai) = 1, = 1. 

Subtract these equations and divide through by (Ag — Aj) ; then 
+ (aVA2)+yi2/^^>2^A,) = 0, 

which is the condition that the tangents 

^vq/(a2 -f X^)-\-yy^/(h- -f Aj) = 1, xxf{a- + A.^) -f yyf{\j^ -f A 2 ) =? 1 
at the point y^ to the tw^o confocals should be at right angles. 

Proposition 4. The poles of a straight line ivith respect to a system 
of confocal conics lie on the normal to ihe confocal ivhich it touches at the 
point of contact. 

Let lx + my + w — 0 be the equation of the straight line, and let 
(^1 > ^i) with respect to any conic of the system 

a;2/(a2 -f- A) 4- y^/{h^ + A) = 1 . 

Hence + + w = and xxf{a'^^\) + yyi/(b^ + X)=^ 1 are iden- 

tical, and therefore 

arj = — Z (a2 -f- \)/n y^z= (62 + A)/n. 

Eliminating A, we get the equation of the locus of the poles of the 
straight line, viz. 

mnxi — Inyi + Im = 0. 
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This straight line is perpendicular to the given straight line : also 
the pole of the given straight line with respect to that conic of the 
system which it touches is its point of contact ; hence this point of 
contact lies on the locus found. Thus the locus of the poles of the 
given straight line is the normal at its point of contact to that conic 
of the system which it touches. 

Note. If the given straight line passes through the centre of tlie confocal 
conics, its pole with respect to each conic is a ‘point at infinity'. If 
+ my = 0 is such a straight line, the conic of the system which it touches 
is (see Prop. 2) 

(l^ + m^) p) = (a^ - h'^), 

i.e. the straight line is one of the asymptotes of the conic and its point of 
contact is a ‘ point at infinity ’. 

Proposition 6. The envelope of the polars of a given point with 
respect to a system of confocal conics is a parabola touching the axes. 

Let y^) be the given point ; then its polar with res2>ect to any 
conic of the system whose equation is + X) -f X) = 1 is 

XX ^ /(a^ p X) -f + X) = 1 . 

This may be written 

X'^ — X (./’.ri 4 yyi — a- — Ir) — {aryyi 4 b'Krx^ — ~ 0. 

The equation of the envelope is therefore 

(‘^•^1 + yy I — 6^)2 4- 4 [ci^yyx + b^) = 

which at once reduces to 

(^^1 - 4- 4 s\yxxy = 0. 

The latus rectum of the parabola is 

and the equation of the axis is 

(xxi + iji/i) + «/,2) + (a2 - 62) - .ri"-) = 0 ; 

these results are left for the reader to prove. 

Proposition 6. The bisectors of the angles between the tangents 
dratvn to a conic from any point are the tangents to the confocals through 
the point 

Let the point be (acos^, bsinb), which lies on the conic 

xya^ + yYo^ = 1 , 

and let tangents be drawn to the conic 

+ + + = 1 . 
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If the straight line lx-{-my + n = 0 is one of these tangents, then 
P (a2 + X) + m2(62 + A)=:n2; 
and, since {a cos 0, h sin 0) lies on the line 

al cos 0 + hm sin 0 = — w, 

so that {al cos 0 + 6m sin 6)^ = Pa^ + IP -\-k{P-^ m^) 
or {al sin bm cos Of + A + hyP) ~ 0. 

This equation gives the values of the ratio I : m corresponding 
to the directions of the two tangents. Thus the equation of the 
straight lines through the origin parallel to the two tangents is 
{ay sin 0 \hx cos Of + A -f y‘^) = 0. 

For all values of A these have the same bisectors of the angles 
between them, viz. 

lx cos 0 + (ly sin 6 = 0 and ax sin 0 — by cos 6 = 0. 

The bisectors of the angles between the tangents are the two 
straight lines through (a cos 6, b sin 0) parallel to these, viz. 

bx cos 6 + aj/ sin 6 = a6, ax sec 0 — by cosec 0 ^ aP-- 6^, 
i. e. the tangent and normal to the conic x^joP + y'^jb'^ = 1 at the 
point {a cos 6, b sin 0) ; or, since confocals cut at right angles, they 
are the tangents to the confocals which pass through the point. 

Cor. Let FQ, PR be the tangents from P to a conic, PX, PY the tangent 
and normal to a confocal conic through P. We have shown (p. 308, Ex. 5) 



that PX, PY bisect the angles between SP, S'P; it follows therefore that 
the tangents from any point to a conic are equally inclined to the focal 
distances of the point. 

(7) If x+yi = c cos(f +T? i), then ^ = constant and rj = constant arc 
confocal hyperbolas and ellipses. 

Now, since 

x-\-yi = ccos(^-hT/i) = ccosfcoshr/— icsin ^sinhr/, 
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we have 

X c COS ^ cosh r?, y = sin ^ sinh ?/. 
Elizninating rj we find 


c'-^cos*^^ c^sin'^f ^ 

which equation, for different values of represents confocal hyper- 
bolas, for c 2 (cos^^ 4 -sin 2 ^) =: or CS = c. 

Again eliminating ^ we find 
x^ 

cosh^ 1] ^ sinh^ ij ^ ^ 

which equation, for different values of ?/, represents confocal ellipses 
of the same system, for c'(cos]\^ il — sinh^i?) = or CS = c. 

Evidently then the equation x^+yil = ccos + i) is the con- 
dition that (ji’i, y^) should lie on both the confocals V^Viy 

whose equations are 


y_ _ . 

cos^ sin^ ^ 


cosh*-^ 1/1 sinh^ 


( 8 ) Definition. Two points i/i) and P' (Xi\ y/) on two 

confocals '=:^ 1 and + = 1 are said to 

correspond if xja = Ja ^ y^j^ = 

(a) If P, P' arc two corresponding points on two confocalSj then 
the second confocal of the system which i^cisses through P passes also 
through P\ 

Let the system of confocals defined by 
x-\-yi = ccos(^ 4 - >/ i), 

and let the coordinates of the given points be P(^i. ?/i), P' (^/, yfY 

Then if ^ = ^1, ^ = ^2 confocals on which the corre- 

sponding points P and P' lie, we have by definition 

^i/cos = xf/co 3 ^2 and yi/siii = y ^/ sin ^2 • 

Let n = Vi and rj = 7 j/ be the second confocals of the system 
which pass through P and P' respectively : thus 

^’1 + 2/1 i = c cos (^1 4 - i), xf -hy/i= c cos (^2 + Vi' 0 ? 

and therefore 

= c cos cosh , Xi^ = c cos ^2 cosh yj/. 

But Xi/cos = Xi'/cos ^2 ; hence yji = Vi' and P, P' lie on the 
confocal rj = 7 ]^. 
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(b) Ivory’s Theorem. If 1\P' and Q, Q' are two pairs of corre- 
sponding points on tioo confocals, then PQ' = P'Q. 

Let the system of confocals be defined by 
x-i-gi = ccos 

and let the given points be 

.Vj)’ ^ i^l > Vi )> Q (•’’2> Q y V-i )• 

Then, if P, Q lie on ^ and P', Q' on ^ = ^2, we showed above 
that P, P' lie on ?) = tjj and similarly Q, Q' lie on tj = Hence 
Xi-^gii = c cos (^1 + i), + Vi j = c cos (^2 + ijj i), 

*2+2/2* = ccos(^i + »?2*)> = CCOS(^2 + ?}2*). 

Then 

P<3'* = (.ri-*2')^ + (2/i-2/20^ 

= {(*i + *,//i)-(*2' + 2/2'*)} {(*i-2/i0-(''2'-2/2'«); 

= c2{cOS(f, +7 >i*)- C OS(^ 2 + >?2*)} I C OS (^i - T?, j) - COS (^2 - >)2 0 1 

= 4 c* sin i (^2 - + * Vj—Tli ) • sin J + ^^ + * • + ’/2) 

• sin i (^2 - VI - « % - ’?i) • sin i (|iT^2 - * ’h + 

= c2 { cosh (?)2 - iJi) - cos (^2 -6)1 { cosh (t/i {■ 7/2) - COS (^1 + ^2) ; . 
Now the value of P'Q^ is obtained by interchanging and ^2 in 
this result, which evidently gives us PQ' = P'Q. 

Illustrative Examples. 

Example i. If a^, are the semi-major axes of two conics, confocal 
tvith the ellipse x^la^+jflV^ = 1, which can he draicn through the point 
(*i» yi)> *1 Vi *** terms of Uj and a.^. 

If 2 <j> he the angle hehveen the tangents from (x ^ , g^) to the ellipse 
(a, h), prove that a^^^ sin^ (f) -h a 2 ^ cos^ <!> = o*. 

Any conic confocal with the given ellipse is a:Y(a' + X) + »/Y(6* + X) = 1, 
and the values of \ for the conics of the system which pass through 
(x, , y,) are given by a:,7(a’ + X ) + + X) = 1 . 

Let o® - !»’ = c^, and let (X stand for either a, or Wj ; then we have 

= 1, 

or a’ - a* (xi® + 7/,’ + c'* j + c’ = 0. 

TTpupp 

a,’* + a2" = a:i* + y,* + c*, (i) 

and 

aj’rtj'* = c*Xj®. (ii) 

Thus x^—a^ajc, and yi* = — (oj^-c®) (aj®-r’)/c*, 

or j/i = -/(Ui* - c*) {(? - a,*)/c = hf)Jc. 
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We showed (p. 311) that 
tan 2 (/) 




From (i) *= a- + «^ 6*. 

From (ii) 

. . + h^x^^ - = (a, 2 - a^) (a^ - a/) ; 


Hence 


ffl,® (1 — cos 2<^) -t (1 + cos 2 p) = 2 ; 
.* . (7f sin^ (f) + C08^ ^ a^. 


Note i. We have taken a^>a^. 

Note ii. If Xj , >2 be the values of X for the two confocals through (a?i, f/j), 
we have = a* 4* X^, = (i^ + Xj, 

so that tan 2 </> = ; 

Xj -f X2 

thus tan</) = V^-Xj/Xj or 

Note iii. Since the angles between the tangents from any point to 
a conic are bisected by the tangents to the confocals through this point, 
the equation of the pair of tangents from P to the conic {a^ b) referred to 
the tangents at P to the confocals through P is — tan^c/) = 0, which 
may be written o^V^i + yV^a = 


Example ii. If the normal at P to the ellipse -j- = 1 
meet the polar of P with regard to any confocal conic 
xy(a^ + \)+yy(h'^ + \)= 1 

in Q, and if CY he the perpendicular from the centre on the tangent at P, 
prove that PQ .CY=K 

Let P be the point (a cos^, i^sin $) ; the polar of P with respect to 

= 1 

is 

icacos^ ybsmS - 

-.• + A + W - '■ 

The equation of the normal at P is 

x — a cos 6 ^y — b Bin $ ^ r 
bcoad ~ asin^ ~ CIP 
and r is equal to PQ if (a?, y) lies on (i). 
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Thus 
a coad 


% cos 9 ( r 

n'‘T\ lOT’ 


b cos 9 + a cos 9 




b sin 6 
+ X 


CD 


a Bin S-^h sin 6 


gives the length PQ, 


i.e. 


rah (coB^S sin^^ 


CD 


11 


+ X ^'^-fXj 


Ui- 


cos® ^ sin® B 


a® + X 


i>® + X ^ 


7'ah 


i.e. — {X + a®sin® ^ + 6 ®co 8®^} = X® -f X a® sin® ^ + X Z>® cos® ^ ; 


ah 


But cr. 


ah 

W) 


; PQ. CY= X, 


Example iii. From a fixed point 0 on a conic tangents are drawn 
to any confocal. Prove that the line joining the points in which they 
meet the conic again passes through a fixed point O', 
x"^ 

If the conic is ^ + p = 1 the locus of O' as 0 moves is 


a^ b'‘ 
,r2 if 




Let the tangents from 0 to the confocal meet the conic again in P and Q ; 
we have shown that the bisectors of the angles between OP, OQ are the 
tangent and normal at 0. Let PQ meet this tangent and normal at G and 0' ; 
then since the pencil 00, 00'; OP, OR is harmonic, the points P, Q are 
harmonic conjugates of O, O'; hence the polar of 0' passes through G and 
is the line 00. Thus PQ always passes through the fixed point O', which is 
the pole of OO with respect to the given conic. 

Let 0 be the point (acosd, 6sin^), then the equation of 00 is 
ao? sec d — cosec d = a® - 1®. 

Hence, if 0' is the point this equation is identical with 

a?a?i/a® -f yyi/^® = 1. 

We have therefore 

(a® - 6®) sec d, (a® - 6®) cosec d, 

whence, eliminating d, we get the locus of O', viz. 

aVa;®-f-6Vy* = (a®*-^®)®. 


Example iv. Prove that through any point (/, g) two lines at right 
angles can be drawn to form tvith the polar of (f g) a righbangled 
triangle self conjugate with respect to 1 = 0, and that the 

area of the triangle is ± where X 2 are the roots of 

z /y (a — 0 ) 


/2/(^2 + x)4-yV(6' + ^)-l = 0. 
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Let P be the point (f, g), and bet the tangents to the conics, confocal 
with the given ellipse, which pass through P meet the polar of P in § and R. 
We shewed in Ex. iii that R is the pole of PQ, and since QR is, by con- 
struction, the polar of P, the triangle PQR is self-conjugate ; it is evidently 
right-angled at P. The equations of the sides of the triangle are 

yy/(6» + X,) - 1 = 0, 
a;//(a'‘ + \)+yff/{b‘^ + \)-l = 0, 

*//«’ -1 = 0, 


where X,, X, are the parameters of the confocals through P and therefore 
given by the equation 

/V(«* + X)-t-i;V(fc*-fX)= 1. 

Tho vertices of the triangle are the poles of the sides with respect to the 
given ellipse, viz. 


if, 9), 


) / aV 


»’-fX,’ t)*+x,y’ L^h-Xj' 
The area of the triangle is then 


h^JL\ 


1 

2 * (a^ 4- Xj) (a2 4. > j (2)* + Xi) (h^ + X^) ’ 

Now Xj, X^ are the roots of the equation 


X2 + X (a^ + -/' -g^) 4 = 0 ; 

hence (o^Xj) (a^4X2) 

and + + 

i.e. the area of the triangle is 

1 X^Xq^X^'^Xj) 

2 * 


Examples VIII e. 

1. Find the equations of two confocal conics whose foci are (1, 0), ( — 1, 0), 
and which pass through (2, 3). 

2. Prove that the locus of points on a system of confocal ellipses, which 
have the same eccentric angle Of, is a confocal hyperbola whose asymptotes 
are inclined at an angle 2 a. 

3. If two tangents to an ellipse are at right angles, the envelope of their 
chord of contact is a confocal ellipse. 

4. Through a point on the director circle of the ellipse a;Va®4yV^* = ^ 
two conics are drawn confocal with the ellipse; if 2aj, 2 02 are their trans- 
verse axes, show that ai*4a2* = 2a^. 

5. The difference of the squares on the perpendiculars from the centre 
to two pamllel tangents to two given confocals is fixed. 

6. Find the locus of the intersection of two orthogonal tangents which 
are drawn one to each of two confocals. 

7. If any two parallel tangents to an ellipse meet a fixed circle concentric 
with the ellipse in P, Q and P', Q\ prove that PP', QQ' touch a confocal 
conic. 
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8. If the points of intersection of two confocals lie within the circle 
described on the line joining the foci as .diameter, the minor axis of the 
ellipse will be less than the conjugate axis of the hyperbola. 

9. If from P, a point on an ellipse whose semi-axes are 0(, two 
tangents are drawn to a confocal ellipse whose semi-axes are a, ?>, show that 
if (f> are the eccentric angles of the points of contact of the tangents, 
and r is the distance of P from the centre, then 

a® sec® J (d — 0) = a® jb® - X i*®, 

where X = 

10. Through a point P an ellipse and an hyperbola are drawn confocal 
with a:®/a® + y®/6® = 1 ; find the length of the semi-diameter of the ellipse 
conjugate to CP in terms of the parameters of the two confocals. 

11 A point Pis taken on the conic rr®/(a®-i-X) -l-y®/(6®-f-X) = 1, such that 
the normal at P may pass through a fixed point (X, k). Show that P lies on 
the curve given by 

12. If P is any point and 5, S' are the foci of ja^ = 1, show that 
PS, PS' is equal to the difference of the squares of the major semi-axes of 
the two conics which can be drawn through P, confocal with the given 
conic. 

13. PP' is a diameter of an ellipse, and D any point on the curve. Prove 
that if PP, DP' touch a confocal ellipse whose semi axes are \/a® — A, 

then PP . PP'sin® PPP' == 4X. 

14. r, T are the poles of a straight line with respect to two confocal 
conics whose semi-major axes are a, a', and p is the perpendicular on the 
straight line from the centre of the conics. Show that p. TT — a'® — 

15. Pis any point on the director circle of a fixed conic S, S^, S^ are the 
two conics through P confocal with S, Show (i) that the squares of the 
lengths of the major axes of the three conics are in arithmetical progression, 
(ii) that the product of the lengths of the major axes of S^ and varies as 
the distance of the point from the minoi* axis of the system. 

16. The locus of the centres of curvature at ends of equi-conjugate 
diameters of ellipses of the confocal system (a® + d)'‘^a;® -f- (5® + == 1 is 
the curve 8a:®i/® = (a® -6®) (y®~a?^). 

17. Prove that the polars of a point (x\ y') with respect to the confocals 

ii?®/(a®-fX) -fy®/(5®-fX) = 1 touch the conic ^xx' + \/-yy'+ — 5® == 0. 

18. A tangent is drawn to a rectangular hyperbola whose asymptotes are 

the coordinate axes. Its poles are taken with respect to a series of conics 
confocal witha;®/a'®-f t/®/6'® = 1. Prove that the polars of all these poles 
with respect to the conic a;®/a'® + = 1 meet in a point ; also that the 

locus of such points is a rectangular hyperbola having the axes of coordinates 
as asymptotes, and conjugate to the given hyperbola if 4a'® 5'® = (a® -5®)®. 

19. Find the condition that a;®/a®-fy®/6* -« 1, and ^a:® -H Py® -f C = 0 may 
represent confocal ellipses. 

Points P, Q are taken on confocal ellipses, such that their distances from 
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the minor axes are proportional to the major axes of the ellipses on which 
they respectively lie. JP', Q' are another such pair of points. Prove that 
PQ' :=. l^'Q, 

20. Show that the centres of curvature at the points where y = mx meets 

the conics confocal with x^ja^ ->r = 1 lie on the curve 

y {x^ — 3 mxy — -f 4- mx { m {y’^ + a* — — 3a:?/}* = 0. 

21. Tangents are drawn to the ellipse x^ja^ -{ ^ 1 from any point 
on the confocal hyperbola whose asymptotes lie along the equi-conjugate 
diameters; show that the centre of the circle inscribed in the triangle 
formed by the tangents and the chord of contact lies on the given ellipse. 

22. Show that the two curves 

x'^/ar 4 = 1 and x^/a“ - ~ (a* - i>*)/(a* 4 i?* j 4 2 X a-y = 0 

intersect at right angles. 

23. Find the locus of points on conics of the confocal system 

Xir*4(c*4X)f/- = X{c*4X), 

the tangents at which make an angle OL with the axis of x. 

Show that the tangent to the conic at such a point is a bisector of the 
angle between the line joining the point to the origin and the tangent to 
the locus. 

24. If CP, CD are conjugate semi-diameters of an ellipse, prove that 
the parameter X of the confocal hyperbola through P is equal to -CZ>*. 
If a tangent to this hyperbola cuts the ellipse at the ends of two conjugate 
diameters, prove that the length intercepted by the ellipse on the tangent 
is equal to the perpendicular from the centre on the tangent at P to the 
ellipse. 

25. A triangle PQP is inscribed in one ellipse and circumscribed to 
another confocal with the former ; prove that the normals at the points of 
contact meet in a point. 

26. An hyperbola cuts a concentric, but not confocal, ellipse orthogonally 
at four points. Prove that the tangents to the ellipse at adjacent points of 
intersection are perpendicular to one another. 

27. Show that the curves 

^ x’^/a^ ■\-2\xy =■ (a* 4 - 5*) 

cut one another orthogonally for all values of X ; but are confocal if, and 
only if, X = 0. 


Miscellaneous Illustrative Examples. 

(i) The locus of the centres of equilateral triangles described about the 
ellipse -f yf^jb^ = 1 is 

Q(x^ + tff^2{ba^+3b^)x^--^2{3a^ + 5b^)i/ + {a^-^^^ = 0 . 

The perpendicular^ from the centre of an equilateral triangle to the sides 
are equal ; if the ellipse is inscribed in the triangle, these perpendiculars 
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make angles CX, cx + Jtt, CX + Jtt with the a^-axis ; the equations of the sides 
are therefore of the form 

a; cos (/> -f y sin — >\/a* cos® 0 + 6® sin® 0 = 0, 
where 0 has the values (X, a + §7r, (X + Jtt. Further, the centre of the 
triangle and the origin are on the same side of each of these tangents; 
hence, if p is the radius of the inscribed circle and (a:, y) the centre, we have 
p = -v^a® cos® 0 + 6® sin® 0 — a; cos 0 ~ y sin 0 
for each side ; thus 

(a? cos 0 + y sin 0 +jp)® = a® cos® 0 + 6® sin® 0 
is satisfied by the three values of 0 given above. 

Again, if the ellipse is escribed to one side of the triangle, the perpen- 
diculars from its centre to the sides make angles cx, (X+Jtt, cx + Jtt with 
the a:-axis ; the centre of the triangle and the origin are on the same side 
of two sides of the triangle and on opposite sides of the other, viz. that 
corresponding to (a + ^Tr). 

For this side we have therefore 

p = a;co 8 (a + 57 r) +y sin (a + J;r) - V^a®c08®(cX-+ ^rr) + 6 ® 8 in® (Ot + ^Tr), 
or, since 

cos (a+J^) =: - COS (a + ^7r) and sin (a + ^Tr) = - sin (0( + ^tt), 
a? cos (a + ^7r) +y sin (a + ^rr) +p = - >/a® cos® (a + |;r) + 6®sin® (CX + ^n-). 
Thus, in this case also, we find that, if (a?, y) is the centre of the triangle, 
(a? cos 0 + y sin 0 +p)® = a® cos® 0 + 6® sin® 0 (i) 

when 0 has the values a, 0 ( + §7r, CX + ^tt. 

Now put a? = rcosd, y = rsind, and equation (i) becomes 
{rcos (d — 0)+p}® = J(a® + 6®) + |(a®-6®) cos 20. 

Let z = cos 0 + i sin 0 and t = cos 6 + i sin d, 

thus z/t + t/z^ 2 co 86 -(p and ;&® + 1/0® = 2cos20 ; 

hence (r (0® + ^®) + 2 ptz}^ = 2 (a® + 6®)0® ^® + (a® — 6®) ^®(0^ + 1), 

or { z*® — (a® — 6®) t^] + ^pHz^ + 2 ^® (2p® + z*® — a® — 6®) 0® 

+ ^pH^z + ^® {z-®^® — (a® — 6®)} = 0. (ii) 
Now three of the values of 0 given by equation (ii) are 

cos a + i sin a, cosa+ §7r + t8inO( + f7r, cosa + | 7 r + tsinOK + Jtt, 
so that z^ == = 03® = cos 3 (X + i sin 30 ( = X (say) ; 

consequently equation (ii) is of the form (0®-X) (0-/i) = 0 , 
or 0^-/i0® — X0+X/X ■= 0 . 

Therefore 22)® + r® — a®-6® *= 0 (since t is evidently not zero), 
and = — ft {z^ — (a® — 6®) <®}, 

iprty, = - {z’®^®-(a®-6®)}. 

Hence, eliminating jp and y, we have 

{r®^2^(a2-6®)} = 16jp®r®t® = -8r®^®(z^-a®-6®) ; 

/. 9 - (a® - 6®) (t® + 1/^®) r® - 8 (a* + 6®) z ® + (a® - 6®)® = 0 ; 
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... 9 (otH - 2 >2 - h^) (x^ -f)-S (a* + b^) {x^ + y^) + (a* - ^ 0 ; 

9 -f - 2 (5a2 4- 3 - 2 (3a2 + 5 6*) + (a* - « 0. 

(ii) Show that there are two systems of circles tvhich cut a conic 
orthogonally In tivo points : find the equation of the circle of either 
system tvhich passes through thepoint {x\ f) on the conic 

x^/a^ = 1 . 

If a circle of one system cuts orthogonally a circle of the other system^ 
show that the line joining their centres touches the conic 

If a circle cuts a conic orthogonally in two points P, P\ the tangents to 
the conic at P and P' must meet at the centre of the circle, i.e. tangents 
to the conic from the centre of the circle are equal to each other and to the 
radius of the circle. Hence there are two such systems of circles, one having 
its centres on the major axis and the other having its centres on the 
minor axis. 

Now, if {x\ y') is the point (acos^, ftsin^), the tangent at (a?', y') is 

^co8d4- Y^in ^ = 1, 
a 0 

This meets the axes at the points (asec^, 0), (0, 6 cosec ^): these are the 
centres of the two circles : their equations are 

(a; - a sec -I tf = (asec^-acos 6’ sin* 

(y — ftcosecd/ = cos^ d + cosec ^ — 6 sin Of : 
i. e. — 2 ax sec d = a* cos* ^ + 6* sin* d — 2 a*, 

a;* -f y ’ “ 2 by cosec B = cos* ^ + 6* sin* ^ — 2 
which can at once be expressed in terms of x and y'. 

Now if the circles 

"lax sec B = a* cos* d + 2>* sin* d ~ 2 a*, 
a;* + y* — 2 6y cosec </> = a* cos* (j!) + 6* sin* </> — 2 ft* 
cut orthogonally, we have 

a*co8*d + Z>^ sin* ^ — 2a* 4 a* cos* 04 6* sin*0 — 2&* = 0, 

whence 

(a* - 6*J cos* ^ == a* 4 6* 4- (a* - 6*) sin* 0. (i) 

The line joining their centres is 

- cos d 4* ^ sin 0 == 1. (ii) 

ah' ^ ' 

From (i) and (ii) 

(a*-i^*j(l -^cosd)* = - [(a*“&0 cos*d~a* — 6*i. 
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Expressing the condition that this equation in the variable cos 6 should 
have equal roots, we get for the envelope of the line of ccnircs 


which reduces to 


_a^ — P 

a^~ h^~ a^ + V^ ' 


(iii) Prove that two hyperbolas can be drawn touching tfte ellipse 


r 

b^ 


= 1 , 


and having for asymptotes the tangents TP, TQ. Show also that if 
T lies on the ellipse €<ich of the hyperbolas hits double 

y2 O 

contact along PQ tvith one or other of the ellipses ^ ~ ‘ 


Let T bc‘ the point yj), then the equation of the tangents from T, 
to the ellipse are 



The equation of any hyperbola having these for asymptotes is 



where c is a constant. 

The eccentric angles of the points of intersection of the hyperbola (i) and 
the ellipse are found by substituting acos^, y = 2>sin^ in this equa- 
tion: thus y 

~ cos d -f- ™ sin d ~ 1 = + c, 
a b ■** 


i. e. — tan* tan | - (1 ± c) ^ 1 -f tan* ^ j = 0, 

+(l±c)[ -?|ltan|- ||? -(l±c:)| = 0. 

This equation has equal roots and the hyperbola touches the ellipse if 





^1- + 
a* ^ 

y»“ 

i.e. ( 

1+ /> 


There arc therefore two such hyperbolas. 




yJV 

6V ■ 
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If r lies on — « + = »»*i we have ^ 


a* 


y\ a 

s= 1*1.* r 


c"=:(l~m)* or 

In this case the equations of the hyperbolas become 

(jm;-.. Id)- (5’-.t 


l.C. 

which is a conic having doable contact with 

2 
a 


6» “ 1 + Ht’ 


the chord of contact being ^ -1=0, 


i.c. PQ. (Sec form S= 



(iv) (a) The sides of a triangle touch an dlipse {a, h) and two of its 
vertices lie on an ellipse {A^ B) ; find the locus of the third vertex. 

(b) The vertices of a triangle lie on an ellipse [a, h) and tivo of its 
sides touch an ellipse (4, B) ; find the envelope of the third side, tohere 
I he ellipse (a, h) means x'^la^ + y^lb^ := 1. 



Let the points of contact be P, Qy R 
and let P be the point a, Q, R the 
points S and (^. Then the coordi- 
nates of A are 



Let ABC be the vertices and let 
A be the point a, B the point B, and 
C the point (/>. 


1267 


A 
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S (f) 
a cos g— 


, . e+<i> 

Osin ~2~ 


The equation of AB is 


X y . ^ + 0( 6-(X 

-cos o - + r ~o " *= “7r*> 

a 2 0 2 2 


and similarly for B and C. 

Now since B lies on the conic 

^2 + ^2 

we have 

.a + c#) 


and since this touches the conic 

f! 4 . ^ - 1 

we have 

A’ ,tf+a . ,^+a 

+^8in» — 


0^ y 

(1 +cosa + 0) *4 ^2 (1 -cosa + (#>) 


= 1 -f cos 0( — 0, 


^(i + costf+a) + ^ (1 -cos (9 + 0) 


1 4 COS a ; 


LcosOCcos(f) 4- iW^sinOtsin ^ 4 N«sO (ii) ^ cos^ cos 0( 4 sin^ sin Oc + ^=0 (i) 


where 


where 



a? 

^-1 

J52 

L = 

a® 

- 

_ 1 • 
h» 


a’ 


M = 



. ■»’ 


“A’ 

+ -1. 


a* 

6® 


o® 

6’ 


A® 


7?® , 




N = 

a® 

4 



Similarly, 

LcosycoB0-\-MBmy sin ^ + iS'* 0. (iii) 
Cross multiplying from (ii) and (iii) 
L COB OC M sin oc 

sc: — 

sin d - sin 0 cos </> - cos d 


Hence 

L COBOL _ MbitiOL 

^4- 0 “ . 6 + <t> 
cos-^ 8in~^ 

Thus from (i) 


8in(<^ — d)* 
aY 


a? *= -a Tr cos a, 
N 


y=^-h-^ BinOL, 


Similarly, 

L cos OK cos 0 4 Jl/sin O(sin0 4 JY=0. (ii) 
Cross multiplying from (i) and (ii) 
L cos OK _ M Bin OL 
sin ^ — sin d) cos A — cos ^ 

sin 

Hence 

L COBOL _ A/ sin OK _ N' 

^4-0 . d4-0 d — 0 

cos — ^ sin - COB — g- 

But the equation of BC is 
X ^40 y . ^40 ^-0 

_C08-^ + j;8in-^^ = COS , 

which can therefore be written 

- a? cos OK 4 “r y sin OK =3 — iV, 
a 0 
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and the locus of the third vertex A is 

which is an ellipse, whose axes lie 
along the axes of the given ellipses. 


which is a tangent to the ellipse 


IPa^ ^ 


(iii) 


at the point 


Na ^ ‘ ^ 

~v- cos (X, -yt Sin (X 

L M 


i.e. the envelope of the third side is 
an ellipse whose axes lie along the 
axes of the given ellipses. 


Miscellaneous Examples for Revision. 

1. Two circles touch internally at 0: any straight line through 0 cuts 
the circles in P, Q: find the locus of a point R on PQ such that OR, PQ 
arc pairs of harmonic conjugates. 

2. A system of circles touches the axis of x at the origin : find the 
equation of the locus of the poles of the straight line lx+mij + n = 0 with 
respect to them. 

What does the locus become when the straight line is (a) parallel to the 
a?-axis ; (b) parallel to the y-axis ; (c) a line through the origin ? 

3. Two circles touch internally, and the diameter of one is twice that of 
the other. Find the locus of the poles of tangents to each circle with 
respect to the other. 

4. TPy TQ are tangents to a parabola y*==4aa? from a point !r(|, rj)i 
show that the equation of the circle TPQ is 

a(a;^+y®)~a;(2a^ + f/*)-~yi;(a~f) + a^(2rt~^) = 0. 

(a) If 0 is the centre of this circle prove that TSO is a right angle. 

(b) If T lies on the directrix, 0 lies on a parabola whose vertex is at 
the focus. 

(c) If T lies on the latus rectum, 0 lies on the axis. 

5. BCD is a square : a straight line is drawn cutting AB^ AD in P 
and 5 so that P^ + .4Q = 2-4B : find the locus of the foot of the perpen- 
dicular from C on PQ. 

6. A chord of a parabola passes through the point (~3a, 0): show 
that the circle through PQ which touches the parabola passes through the 
focus, 

7. The tangents from a point T to an ellipse include an angle B: prove 
that 2ST . HT cos B « ST^ -f 

8. The orthocentre of a triangle P, Q^ R inscribed in a parabola is at 

the focus : if the tangents at P, Q^ R make angles B^ with the axis, 

show that cot^i, cot^,, cot ^3 satisfy an equation of the form 

— 5;r— 0. 

Prove also that the centroid of the triangle formed by the tangents at 
P, Qy R lies on the stiaight line 8ir-i-5a = 0. 

A a 2 
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9. The triangle AOB has the angle 0 equal to o) and for it:s 

orthocentre: show that the equation oi AB referred to OA, OR as aies of 
» and y is x/{xq + y^ sec w) + y/iy^ + x^ sec a>j = 1. 

10. If denotes y 4- — with similar meanings for Lj 
and Z/j, determine the mutual ratios of Xj, Xg, and Xj so that 

X,7.jL3 + X,LsZ,, 4 XjLiL^ = 0 

may be a circle. 

If t is the length of the tangent drawn from R, the focus of the parabola 
j/*-4aa; = 0, to the circle circumscribing the triangle formed by the 
normals at P, Q, R, show that aP == SF.SQ.SR. 

11. Find the locus of a point such that the line joining the points of 
contact of tangents drawn from it to a given conic subtends a right angle 
at a given point. 

12. Through the extremities of any two focal chords of an ellipse a conic 
is described : if this conic passes through the centre of the ellipse it will cut 
the major axis in another fixed point. 

13. Find the geneml equation of a conic which passes through the four 
given points (1, 1), (-1, 1), (2, 0), (3, -4). 

Show that there are two parabolas which fulfil this condition. 

Wliat is the nature of that conic which also passes through the origin ? 

14. Find the equation of the conic which passes through the points 
(1, 1), (4, 0), (0, 1), (4, 4), (-7-5, 4), and trace it. 

15. Prove that the six points (a, O', (0, a), (b, 0). (0, 5), (a, 5), (6, a) lie 
on an ellipse, and find its equation. 

Find the equation of its axes and show that their lengths arc 

+ and + 

16. A triangle PQR is inscribed in the parabola y"^ = iax and its centroid 
is at the focus ; prove that; 

(i) The normals at PQR are concurrent and the locus of their point of 
intersection is 2a;- 7a = 0. 

(ii) The locus of the intersection of a side and the tangent at the 
opposite vertex is y^{a-x) = a'\ 

(iii) The poles of the sides lie on the parabola = 2aa; + 3a^ 

(iv) The mid-points of the sides lie on the parabola f/ » 3a*-2aa?. 

(v) The centroid of the triangle formed by the tangents at PQR is 
(-a/2,0). 

(vi) The circle PQR passes through the vertex and its centre lies on the 
line 4a? = 11a. 

(vii) The sum of the squares of. the sides of the triangle PQR is constant 
and equal to 8la^/2, 

(viii) The locus of the intersection of a side and the diameter through the 
opposite vertex is the parabola y’-i 2aa?-3a’ «= 0. 

(ix) The locus of the orthocentre of the triangle is 2a? + 5a = 0. 
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17. One of the tangents from Tto an ellipse subtends angles B^ at the 
foci, and the angles between the tangents is 6: show 

sin d/2a = sin BJST = sin BJS'T, 

18. The cotangent of the angle between the tangents drawn to a rect- 
angular hyperbola from a point on one of its directrices varies as the distance 
of the point from the centre. 

19. Show that a circle described with its centre at any point of an ellipse 
to touch a pair of conjugate diameters of the ellipse has an invariable 
radius. 

20. A parabola has double contact with the rectangular hyperbola 

and the pole of the chord of contact lies on the circle 
y* = 2cx. Show that its axis passes through the point {a}/c, 0). 

21. Chords distant d from the centre of an ellipse are divided har- 
monically by a coaxal conic of semi-axes o, 3 given by 

l/a^ + l/0(* = l/i^^-f l//8* = 2dV{(a*-l 

22. Find the greatest value of the angle between a diameter of an 
ellipse (eccentricity e) and the normal at its extremity ; show that for the 
earth’s orbit round the sun, of which the eccentricity is this angle is 
less than half a minute of arc. 

23. A chord of length c is drawn parallel to a diameter of length 2d of 

the ellipse + ~ ^ ^ ^ lengths of the semi diameters 

pai-allel to the tangents at its extremities. Prove that the angle between 
these tangents is sin^^ [c/d . ab/a'b' >/! — (c*/4d*)]. 

24. A square is inscribed in an ellipse, whose semi-axes are a and 6, and 
any point on the ellipse is joined to the corners of the square. Prove that 
one of the anharmonic ratios of the pencil so formed is - 

25. PQ is a chord of an ellipse, normal at P, 1 he points on the auxiliary 
circle corresponding to P, Q are p, q. Prove that the angle pCq must 

exceed 2tan"^2-v/l where e is the eccentricity of the ellipse. 

26. The circles of curvature through a point (/, g) are six in number 
and their centres lie on 

{2 (y® + y*-2/a;-2yy) = 12 (a® a?® -I- 6® y®) -3 (a® -5-;®. 

27. The circles of curvature at two points F and Q of an ellipse meet 
the ellipse again in M and A, and the circles which respectively tom h 
the ellipse at P and pass through and touch the ellipse at Q and pass 
through P, meet the ellipse again at R and S; prove that the chord MS 
is paiullel to RS, 

28. Triangles are formed by paim of tangents drawn to the ellipse 
6*a:*-f-a®y* = a®5® from points on the ellipse a*a:*+ 6*y® = (a*-t 5®)®, and 
their chords of contact. Prove that the orthocentre of each triangle lies on 
the former ellipse. 

29. Prove that if 0, </>' are the eccentric angles of the extremities of 
a focal chord of an ellipse, the eccentricity is equal to 

± cos \{<p- (p') sec i (<#) + (p ') ; 
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and that if yfr, yj/' are the inclinations to the major axis of the tangent at 
a point P and of the chord QJR drawn so that PQ and PP pass through 
the foci, the eccentricity is equal to (sin cosec + -• 

80. Prove that the point on the normal at P on the ellipse 

4- 1/^/b^ —1 = 0, 

chords through which subtend a right angle at P, is 

{x (a^ - b^)/(a^ + ft®), (rt® - ft®)/(rt® -f ft*)}, 
where (a?, y) are the coordinates of P. 

Show that the chord 1 intersects the ellipse in points Jl 

such that there are two real points on the ellipse at which QP subtends 
a right angle if r<® Z® + ft® m® >(a® + — ft®)®. 

.31, Prove that the equation to an ellipse referred to the tangent and 
normal at a point on the ellipse as axes is 

j)® .r® - 2 (a® - j)®) ( p® — ft®) xy + (a® + ft® — jp® ) y® = (2 a® ft*/p) y, 

where p is the perpendicular from the centre on the tangent and a and ft are 
the semi axes. 

32. A tangent touches an ellipse at P and meets the major axis in T. 
TQ is drawn parallel to the minor axis meeting ^P produced in Q. Prove 
that the locus of Q is an hyperbola. 

33. Let a circle be described with a point Pon an ellipse as centre, and 
radius a, cutting the minor axis of this ellipse at ft and let PQ intersect the 
major axis at P. If the rectangle BCQV is completed, show that PJ^ is 
the normal to the ellipse at P. 

34. Find the equation of the circle touching the ellipse a:®/a® 4 //®/ft® = 1 
at the point a: = acosd, f/ = ftsind and cutting the director circle ortho- 
gonally. 

35. Prove that the cosine of the angle which the tangent at any point on 
an ellipse makes with the line joining the point to a focus bears a constant 
ratio to the cosine of the angle which the tangent makes with the major 
axis. 

Perpendiculars SM, HN are drawn to the focal distances SP^ IIP of any 
point Pon an ellipse, and meet the tangent at P in and N, 

Prove that if the eccentricity of the ellipse is ^ 2“i the minimum value of 
PM.PN is 4&®, but that otheiwise it is ft®c"® (1 -e®)-\ 

36. From a fixed point P on a central conic chords are drawn equally 
inclined to the axis and cutting the curve again at P and ft Find the 
locus of the centre of gravity of the triangle PQE, 

37. Show that the locus of the second point of intersection of two circles 
described on conjugate semi-diameters of the ellipse ft®a:®4-a®y® = o®ft® as 
diameters is the inverse of a concentric ellipse with regard to a circle whose 
centre is the origin. 

38. Points P, ft one on each of the centiul conics 

a:®/a®4-t/®/ft® = 1, (l/c®-l/ft®)a:®4-(l/c®-l/a®)y® = 1, 
subtend a right angle at the common centre. Prove that PQ touches the 
circle a?® 4- y* = c*. 
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39. The normals to an ellipse at the points P, ft P, ft are concurrent. 
If PQ pass through a fixed point, find the locus of the middle point of F Q\ 

40. If the circles of curvature at two points intersect on the ellipse, show 
that their radical axis is parallel to two of the chords joining the extremities 
of diameters conjugate to those through the given points. 

41. A point moves so that the sum of the squares of its distances from 
two given sides of an equilateral triangle is constant and equal to 2 c®. 
Show that the locus is an ellipse, and find the eccentricity and the position 
of the foci. 

42. Find the coordinates of the point of intersection of two normals, and 
deduce those of the centre of curvature at P. 

Show that the centre of curvature can only lie outside the ellipse if 

43. P, ft P are three points on an ellipse such that their eccentric angles 
differ by Jtt. Prove that each side of the triangle PQR is parallel to the 
tangent at the opposite vertex, and that the sum of the squares on the sides 
is constant. 

44. Show that the lines — — = 0 coincide in direction with 

a pair of conjugate diameters of the ellipse 3;c® + - 15 = 0. 

45. A diameter of a central conic meets one latus rectum in P; the con- 
jugate diameter meets the other latus rectum in P. Prove that the envelope 
of PP is a conic similar to and coaxial with the given conic. 

46. Tangents are drawn to an ellipse at points which subtend at a focus 
a constant angle 2(S, Prove that they intersect on a conic whose eccen- 
tricity is to that of the ellipse as sec/3 : 1. 

47. If the circles of curvature at P, D extremities of conjugate diameters 

of an ellipse — I = 0 meet the curve again in P, P' respectively, 

prove that the locus of the middle point of P/P is an ellipse. 

48. The circle of curvature of the ellipse at P meets the 

ellipse again at Q and the normals at P and Q meet in (7, CrP, GR being 
the other two normals drawn to the ellipse from G : show that the tangents 
at P, R intersect on the curve .t*//® + a®//®) «= 

Show also that the points P, R are imaginary if the eccentric angle of P 
is gi'eater than S tan" ' 2. 

49. PP are points on the ellipse whose eccentric angles 

are a±/3, ft ft are the points y + If U and V are the poles of PP and QQ' 
prove that ft P, P, F, ft Q' lie on a conic ; and find its equation. 

50. In the ellipse + = 0, if a line through a point 0 cuts the 

ellipse at P and show that the variation of the rectangle OP, Oft where 0 
is external to the ellipse, is such that 

(i) If oi?<d\ y'^<b^ it has a maximum value d^{a^/d ^ and 

a minimum value 5® (aj®/a® + ~ 1). 

(ii) If > a® and t/ > the greatest and least values are when OPQ 
touches the ellipse. 

(iii) Also discuss the cases in which x^ > n® and y® < 5®, 

< «* >» y* > 

51. Prove that if four points are taken on an ellipse such that their 
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normals intersect in the same point, two of them must lie on one quadrant 
of the arc, and the other two, one on each of the adjacent quadrants. 

52. CP, CD are conjugate semi-diameters of an ellipse, and DQ is the 
chord of the ellipse parallel to the minor axis. Find the locus of the inter- 
section of the normals at P and Q. 

53. Show that the normals which can be drawn from y^) to 

+ = 1 are given by 

[a* (x - x^y + (y - yo)’] (ay, - ar,y)* = (a’ - b*)* (x - ar,)* (y - y,)®. 

54. From a fixed point P on a central conic chords are drawn equally 
inclined to the axis and cutting the curve again at P and Q. Find the 
locus of the orthocentre of the triangle FQE. 

55. Parallelograms are circumscribed to a'x'^ + h'y’^ = 1, the sides of any 
one being parallel to a pair of conjugate diameters of ax^ -f = 1. Prove 
that they are inscribed in a conic similar to the latter conic, determining 
its equation. 

56. Normals are di-awn to the ellipse y^/h^ = 1 from any point on 

its evolute. Show that the locus of the centre of the circle passing through 
the three points of incidence is the curve 4 — 

57. An ellipse circumscribes a triangle ABC and has its centre at the 
centre of gravity of the triangle. Prove that the radii of curvature at 
Ay By C are proportional to the cubes of the sides PC, CA, ABy and that 
the product of the three mdii of curvature is equal to the cube of the radius 
of the circle ABC, 

58. The normal at a point (a cos <^, h sin (/>) on an ellipse makes an angle S 
with the central radius vector of the point. Prove that 

2a6tand = (a®-5®) Bin2(^. 

When has the angle between two corresponding tangents to the ellipse 
and the auxiliary circle its greatest value ? 

Show that that value is sin*"^ (a-h)/{a + h), 

59. If T is the intersection of tangents to an ellipse at the extremities 
of a chord FQ normal at P, prove that the perpendicular from T on the 
diameter through F intercepts on FQ a length FN equal to the radius of 
curvature at P. 

60. FF is a diameter of an ellipse and Qy E two points on the curve, and 
FE, FQ meet in AT, and PQy F'E in Y, Show that XY is parallel to the 
diameter conjugate to FF, 

61. Show that the centroids of the triangles FQEy QESy ESP, SFQ lie on 

the ellipse (3a?/a~2^a/c*)* + (3y/5 + 2^5/c*)* ««= 1, where = given 

that the normals at FQES meet at (h, k), 

62. A circle passes through a given point and cuts off on a given line 
a chord which subtends at the given point a constant angle 0, Show that 
its centre traces out an hyperbola of eccentricity sec 6, 

63. A circle is drawn to touch one side of an equilateral triangle and to 
make the pole of another side (with respect to it) lie on the third side. 
Prove that the locus of the centre is an hyperbola. 
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64. Prove that the equation of the hyperbola passing through the point 

y' of the ellipse + = a® 5* and confocal with it is 

= ft* -ft®. 

Through a point P of this ellipse straight lines PQE^ PQ'R' are drawn 
parallel to the asymptotes of the confocal through P, meeting the major 
axis in QQ' and the minor axis in RR\ Prove that QR\ Q'R intei'sect at 
a point on the normal at P, and that the locus of this point is 
• + = {(ft*-6*)/(a*4-2)*)}*. 

65. Find the general equation of a rectangular hyperbola when the 
origin is a point on the curve and the tangent at the origin is taken as 
the axis of x. 

If a chord PQ of a rectangular hyperbola subtend a right angle at 
a point 0 on the curve, show that PQ is parallel to the normal to the curve 
at 0. 

66. Prove that the axis of the second parabola which passes through the 
points m2, m3, on if-iax = 0 is inclined to the axis of the latter 
at an angle cot“^ (mj + + m^ + 

Deduce that, if two parabolas intersect in four points, the distances of the 
centroid of the four points from the axes are proportional to the latera recta. 

67. An ellipse and hyperbola are concentric and coaxial, and have the 
same semi-axes. Prove that the circle circumscribing the triangle formed 
by the asymptotes of the hyperbola and the tangent to it at any point P 
intersects the dii^ector circle of the ellipse on the polar of P with respect to 
the ellipse. 

68 . From the focus S of an ellipse whose eccentricity is e mdii 5P, SQ 
are drawn at right angles to one another, and the tangents at P and Q 
meet at T. Show that the locus of T is an hyperbola, parabola, or ellipse, 
according as e is >, =, or < l/V^. 

69. Prove that the eight points of contact of the four common tangents 

of the ellipses x’/ft* + ~ ^ ® + 

ellipse .T* (5* 4- 5^*; + y* (a* + ft^*) f= a* V + 
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POLAR COORDINATES 

§ 1. When the focal properties of conics are under consideration 
it is sometimes convenient to use polar coordinates, taking a focus 
ns pole. 

To find the polar equation of a conic when a focus is the pole and the 
axis is inclined at an angle y to the initial line. 



Let SZ be the initial line, SA the axis of the conic, XM the 
directrix. If P be any point (r, 6) on the conic, draw PM perpen- 
dicular to the directrix. 

Now, if LL' is the latus rectum, let 
LL' = 2SL:=21, 
then SL = eSX ; 

SX-l/e. 

But using the focus-directrix property of conics pmviously proved, 

r^SP^ePM 

= c(SX-5Pcos^-.y) 

= Z— cr cos S-— y ; 

the equation of the conic can therefore be written 

Z/r = l + ecos0— y. (i) 
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N.B. When the axis lies along the initial line, the equation takes 
the simpler form 

//r = 1 4-ecos (ii) 

Again, if (r, he any point Q on the directrix, 
since SQ cos QSX = SX, 

we have rcos (^—y) = l/e, 

so that 

l/r =; ccos 

is the equation of the directrix. 

Note. It is important to remember that, since (r, $) and (— r, 7r + 6) 
indicate the same point, 

-^l/r = 1 — ccosd— y 

or Z/r = — 1 + c cos y 

represents the same conic as 

l/r = 1 -fc cos y. 

Thus, for instance, if 

?/r=r l + ccos(0— y), 

L/r=z 1 -f-iJcos (0— 8) 
are any two conics with a common focus, 

{Z/r— 1 — ccos y] — {X/r— 1 — J?cos 8} = 0, 
i.e. (Z— 7>)/r = ccos (0— y) — 7Jcos(^— 8) 

passes through points common to the two conics and, being a straight 
line, represents a common chord. Again, 

{Z/r— 1— ccos(^— y)} H- {X/r-f 1 — 77cos(0— 8)} =0, 
i. e. (Z + X)/r = c cos (0— y) -f X cos (0-- 8), 

where we have used the alternative form for the second conic, 
represents the common chord through the other two points of 
intersection of the conics. 

§ 2. To find the equation of the chord joining two points on the 
conic l/r^ l + ccos(^— y) whose vectorial angles are oc and 

The equation 

Z/r = A cos i + /3) } + ^ sin 1 0 i (« + (i) 

can, by a proper choice of A and X, be made to represent any 
straight line. If (ri,a), (r^, are the extremities of the chord 
whose equation is required, since 

l/r^ = l + 6cos((X — y) and l/r^ = l + ecos(i3— y), 
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these points lie on the straight line (i) if 

A cos J (a— ^) + J5sin J (a— = l + ecos(a— y), 

A cosi(a— /3)— JSsin (a— )3) = l4-6cos(^— y) ; 

hence 

A cos^(a— =: 1 + ecos |(a— ^)co8 { + 
and 

JSsin \ (a— /:i) = — c sin (a — ^) sin [i >}* 

Substituting these values of A and B in (i), the equation becomes 
Z/r— e cos y) = sec \ (a — /3) cos { ^ i (a + /:i) }, 
which is the equation of the chord. 

It is often useful to take equations in the form shown in (i) when 
the conditions given are that points on the conic lie on a required 
locus : the following is another example. 

Example. To find the equation of the circle which passes through the 
focus and also through the points ay on the conic l/rr=. 1 -f cos 6* 

Let the equation of the circle be 

r = ^coa + +^6in {d~J(a + /3)} 

instead of the usual form r =* a cos (d — d). 

Then, since the points Of, |3 lie on it, we have 

Aco8^(0(-/3) + ^8in J(0f-/3) = /^/(l + 8C080(), 

Acos|(0f--i3)— JSsin J(0(— /3) = //(I -f ecosjS) ; 

A (1 +eco8a)(l + 6 cos)3) = Zseci (Of-jS) + eco8^(0( + ^), 
and R(1 + «co8 0()(1 + ^co 8)3) = sin J (Of +3). 

The equation of the circle then becomes 
r(l +6cos0[)(l + eco8/3) = ; 8ec J(0f-^)coB {d-|(0f + A)} + /e cos (d-0f-“/3). 

§ 3. To find the equation of the tangent to the conic 
l/r:=i l4.ecos(d— y) 
at the point whose vectorial angle is a. 

This follows from the equation of the chord by putting = Of ; 
hence the equation of the tangent is 

i/r.= e cos (d— y) + cos (0— a). 

Example. If TP, TQ are tangents to a conic, show that ST bisects the 
angle FSQ, 

Let the conic be l/r = 1 + ecosd, and let P and Q be the points Of and fi. 

Then the equations of TP and TQ are 

l/r » e cos ^ + cos (d - a). 
l/r « ecostf-f C08(d-|3), 
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hence at their common point T we have 

cos ■= cos ; 

therefore, since OL is not equal to we have ^ J + angle 

Z8T ■« i (a + i3), so that 

LPST ^ LTSQ 

This property is usually referred to thus ; ‘ Tangents to a conic subtend 
equal angles at the focus.’ 


§ 4. To find tlte equation of the normal to the conic 
l/r^ 1 -f e cos (tf — y) 
at the point whose vectorial angle is OL, 

A line through the pole parallel to the tangent at the point (x is 
(see Chap. II, § 11) 

6cos( 6— y)-f cos(0— a) = 0, 

i.e. . 6= — tan"' (ccos y-f cosa)/(esiny4-sinO(). 

The normal, being perpendicular to this, is therefore parallel to 
0 = 7r/2 — tan"' (ecosy + cosa)/(csiny-f sina), 
i.e. tan 6= (esiny-f sina)/(ecos y-f cosa), 

i. e. e sin (0— y) -f sin (^— or) = 0. 

The equation of the normal is therefore of the form 
A; /r= 0 sin (^—y) 4- sin (^— or), 
and, since the point or lies on it, we have 

A; { 1 -f ^ cos (or — y)} = le sin (or— y). 

Hence, substituting for A:, the equation of the normal is 
C8in(a-y) ^ , ... 


l-focos(or— y) r 


= 6 sin (0— y)-f sin (0— or). 


Example. If the normal at P to a conic cuts the axis at ff, then 
SG = eSP. 

Let the conic be Ijr = 1 4 c cos d, and let P be the point or. The 

equation of the normal at P is 

c sin or I . . • fA 

. • - = ^sin^4-8in(d“0r). 

l+^cosor r 

The normal cuts the axis on that side of the focus remote from the corre- 

si)onding vertex, i.e. at the point on the normal where ^ = tt. Thus 

^ sin or I . _ 

— = sm or ; 

1 4- « cos or SG 

jS6r = ^e/(l + ecos or) * ^ /SP. 
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We conclude this section with some illustrative examples : 

Example i. To find the locus of the foot of the perpendicular from 
the focu^ to a tangent to a conic. 

Let the equation of the conic be //r= 1+ccos^; the equation of the 
tangent at the point a is l/r = e cos ^-1- cos — a), and the equation of the 
straight line through the pole perpendicular to this is 0 = « sin ^ + sin a). 

The locus of the point of intersection of these lines is therefore 
(//r-ccos^)* + e®8in*^ = 1, 
i.e. r*(l-c’) + 2/erco8tf-Z* = 0, 

which is a circle. 

For an ellipse ^ a(l -6*), and the equation can be written 
+ 2aer cos ^ *= a* ; 

the centre of the circle is therefore at the centre of the ellipse, viz. the 
point (a«, rr), and the radius of the circle is a. 

For a parabola 6=1, so that the equation reduces to r cos ^ which 
is the tangent at the vertex. 

Example ii. If the tangents at the points P and Q on a conic 
intersect at 1\ and the chord PQ meets the directrix at R, then the 
angle TSR is a right angle. 

Let the conic be l/r «= 1 + 6cos^, and let Pand Q be the points OC and 0. 

The equation of the chord PQ is 

//r-6COs^ = 8ec|((X-i3) . cos (CX-f 

and the equation of the directrix is 

l/r-eco^O = 0 . 

At the point P, where these lines meet, we have therefore 
cos + = 0, 

hence d = ± ^ ir -f J (a + 3), 

which is the equation of SR, 

We showed in § 3 that the equation of ST is ^ + therefore 

Z RST is a right angle. 

Example iii. Prove that any chord of the conic 

i/r = 1 + c cos 

which is normal at a point where the conic is met by the straight lines 
l/r (e + 1/e) = ± sin 9+ (e^ — 1) cos 9, 
will subtend a right angle at the pole. 

The vpctorial angles of the points of intersection of the given straight 
lines and the conic are given by 

(1 -f ecos^)(e + l/e) = i sin ^ + (e* — 1) cos 
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i.e. e^lje-v (e® + 1) cos^ = + Bin^+ (e®~l) cos^, 

i.e. l + c® + 2ccos^= +esin^; 

(l+cco8^)®= + esin ^-e®8in®^. 

Hence, if either of these angles is cx, we have 

(1 + e cos a)® = i e sin 0( - e® sin® CX. (i) 

The equation of the normal at the point whose vectorial angle is (X, is 


esinOt I 
1 + c cos a ’ r 


€ sin ^ -f sin ^ — (X. 


This meets the line ^ J tt + (X at the point whose radius vector is given by 


c sin (X ^ 
I + c cos (X r 


ecos(X + l, 


I (l + ecosOt)® 

I.e. - = 1 

r esintX 

or, substituting from (i), 

l/r = + 1 — esin (X, 

i.e. l/r = + 1 + <?cos(^7r-l (X). 

Thus the normal meets the line ^ = + at the point on the conic 

whose vectorial angle is (J rr + tX) ; in other words the normal chord subtends 
a right angle at the pole. 


Example iv. tShow that the equation of the pair of tangents tvhich 
can be drawn to the hyperbola l/r = 1 + c cos ^ from the point (/, 6 ) is 
{ (Z/r — e cos — 1 } { {l/r' — e cos O'f — 1 } 

= {(i/r- c cos 0) (l/r ' - e cos O') - cos O')] ^ 

and that the equation of the asymptotes is 

l/r = (c— 6'*^) costf±sin 0 — 


The tangent at OK to the conic 

//r = 1 + 6 cos 0, 


VIZ. 


//r = € cos d + cos 0 - CX, (i) 

passes through (/•', 6') if 

I// » e cos $' + cos {6' ok). (ii) 

Hence, any point on a tangent from {r\ O') . to the hyperbola satisfies 
equation (i), if OC has a value given by equation (ii). 

Thus, if we eliminate (ok) from equations (i) and (ii), we get an equation 
satisfied by the coordinates of any point on these tangents. 

The equations can be written 

co8(X cos^ +BinOK sin^ —{l/r -ecos^ ) **= 0, 
cos OK cos 6' + sin OK sin 0' - (l/r - e cos O') «= 0. 

Hence 


cos OK sin OK 

(//r ~ e cos 0)iin0'~^{l/r'-^e cos O') sin 0 (l/r - e cos O') cos ^ -(///•- 1 cos ^) cos d' 

1 
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W/r— e cos 6) sin B' — (//r' - e cos B') sin ^]* 

+ [(//r' - e cos B') cos B - (///•- e cos B) cos B']^ = sin* {B - B')j 
i.c 

(// r-e cos + (//r ' - e cos B'f - 2 {Ijr-^e cos B) {l/r - e cos B') cos 6-W 


which is the same as 


= sin* {B — B')y 


{(?/r-eco8^)*-l] {(//r -ecos^')*~l} 

= {(l/r-eco^B) cos ^')-cos^-^'}*. 

The centre of the conic is the point — 1), 0}, and the asymptotes 

being the tangents from the centre to the hyperbola are given by putting 
r' = le/(e^~-\\ = 0 in the above equation. 

In this case //r' — ecos — l)/e — ^ = — 1/e. 

Hence the equation becomes 

{(//r-ecos^)*- 1} = {1/e (//r-e cos^) 4 cos^}*, 

i.e. (//r— ecos^j* + 2(Z/r— ecosd) . cos^/e + l/e* = sin*^, 

or (//r-e cos By + 2 (I/r-e cos B) cos B 4 cos* ^ = (1 -e“*J Bin*d, 


i.c. 


l/r- e cos ^ 4 e-^ cos d = + ^/\ - e~* . sin B, 


Example v. An hyperbola and a parabola have a common focus and 
touch one another, ani the line joining their other common points passes 
through the focus. . 

Show that e= {5 4; 4 >/l/c]K tvhere 21 is the latus rectum of the 
parabola and 2 c the length of the common chof'd. 

Take the axis of the parabola for initial line and let the equation of the 
conics be 

(parabola) Z/r = 1 + cos B, 

(hyperbola) L/r = 1 + e cos (d - y). 

A pair of common chords are 

{L-l)/r *= ecos^-y-cos B, (i) 

and 

(L4-Z)/r = ecos^ — y + cos^. (ii) 

The fii*8t will pass through the pole (focus) if L 
The second then becomes 

2//r = ecosd— y4-C06d, 

and is by hypothesis a tangent to the parabola and the hyperbola. 

For some value of (X it is therefore identical with 
l/r « cos B 4 cos {B — a). 

Comparing coefficients, 

2 IS e- 

i 4 cos a sin a ' 

.*. 2 cosCX *= ecosy — 1, 2 sin (X = « sin y ; 

.*. 4 ■= e*-2ecc3y+ 1 ; 

2eco8y = e*~3. 


(iii) 
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Now the first common chord (i) is 

«C 08 (d— y) — cosd » 

or tan 6 > 


0 , 

1 — ccosy 


«smy 

Hence, if B satisfies this equation, $ and n + B are the vectorial angles 
of the ends of the common chord, say FSF, 

Thus l/SP = 1 -f cos By l/SP' « 1 - cos d ; 

/. 2c/l:^ SP/l-^SP'/l^2/^m^B; 


Thus 


1 + cot' B • 


1 + 
1 


sin^y 


(1 -“^COSy)* 

2 e cos y -f _ 


(1— ecosy)® (l~^cosy)® 
l—e cos y = ± 2 \^l/c ; 

/. 2 « cosy = 2 + 4-v///c ; 

^-3 = 2±4v/V^; 
e* = 5i4v^. 


(From iii.) 


Examples IX. 

1. The ^emidatue rectum of a conic is the harmonic mean between the 
segments of any focal cbord. 

2. Each of the tangents to a conic from a point on its directrix subtends 
a right angle at the focus. 

3. In any conic the projection of the normal PG on the focal distance 
SP is equal to the semi-latus rectum. 

4. Show that the circumcircle of a triangle formed by three tangents to 
a parabola passes through the focus. 

5. Tangents are drawn to a parabola from any point on its latus rectum : 
show that the harmonic mean of the focal distances of the points of contact 
is equal to the semi latus rectum. 

6. Trace the following conics : — 

(a) 2/r=l+|co8^; (b) 2/r=l + cosd; (c) 2/r«l + 2co3d; 

(d) 3/r = 1 + \/3 cos J 7r)/2. 

7. The axes of an ellipse are 8 and 12 inches respectively. Show how to 
place a focal chord of length 9 inches in the ellipse. How many possible 
positions are there ? 

8. If PSP' is any focal chord of a conic section, show that 

PF* 2//(l~e*cob*^), 

where 6 is the eccentricity, 2 1 the latus rectum, and B the inclination of the 
chord to the axis of the conic. A focal chord of a parabola is twice the 
length of the latus rectum ; find the distance of this chord from the parallel 
tangent. 

9. Two conics have a common focus, equal latera recta, and four real 
points of intersection. Pjrove that one of them is an hyperbola, and that if the 

mi B b 
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other is an ellipse the sum of the reciprocals of the distances of the common 

points from the common focus is 7 • — where 21 is the length 

of the latus rectum, e is the eccentricity of the ellipse, e' of the hyperbola, 
and y is the angle between the axes. 

10. Two parabolas have a common focus and axes inclined at an angle (X. 
Prove that the locus of the intersection of two perpendicular tangents, one 
to each of the parabolas, is a conic. 

11. From the polar equation of a parabola deduce a quadratic equation for 
the lengths of the latera recta of the two parabolas, each of which has two 
focal radii of lengths and making an angle (X with one another. 

12. Conics with latus rectum of given length are described with a fixed 
point as focus and touching a given straight line. Prove that the locus of 
their centres is a conic. 

13. Two conics have a common focus S and have their corresponding axes 

at right angles. If r, . are the distances from S of the points of inter- 

section, being the greatest and the least, show that 

^1^4 = = 7-9 TT. TTa » 

where e, e' are the eccentricities, and I, V the latera recta of the conics. 

14. FQ are two points on an ellipse whose vectorial angles referred to one 

of the foci (5, H) are (0( + i3) and Prove that if FH and QS meet 

on the curve then the eccentricity e is given by sin a/sin ^ ^ (e + 1/«). 

15. Find the equation of the normal at the point ^ = a of the conic 

I = r(l + e cos^), and prove that the part intercepted by the curve subtends 
at the origin an angle 2 tan-' (1 + + 2 « cos (X)/e sin OL. 

16. If the ellipses whose latera recta are /, V and eccentricities c, e' have 
a common focus and touch one another, show that the cosine of the angle 
between their axes is {{l-VY-{e’^V^-{-e'^P)}l2ee'll\ 

17. From the focus S of an ellipse whose eccentricity is c, radii SF, SQ 
are drawn at right angles to one another, and the tangents at P and Q 
meet at T. Show that the locus of T is an hyperbola, parabola, or ellipse, 
according as 6 is >, *=, or < l/\/2. 

18. If SF is drawn through a focus of an hyperbola parallel to one asymp- 
tote and meeting the curve at P, prove that the tangent at P meets the 
other asymptote on the latus rectum produced. 

19. Trace the curve rco8*a,= a cos (^— 3 a), and show that for all values 
of a it touches the parabola r = a sec® | B, 

20. If a normal is drawn at one extremity of the latus rectum, prove 
that the distance from the focus of the other point in which it meets the 

. l + 3«®-f6\ 

curve IS -7 5 — r 

1 -f 

21. The normal at a fixed point P of any conic meets the transverse axis 
at O, Show that points on the cui-ve which are equidistant from G are 
such that the arithmetic mean of their focal radii is equal to the focal 
distance of P. 
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22. If T is the pole of a chord PQ of / = r(l4tfCos^) which subtends 
a constant angle 2oc at the focus, 1/SP-¥1/SQ-2cobO(/ST is constant. 

23. If Of, y are vectorial angles of three points on 2a/r = 1 -f cosd, the 
normals at which are concurrent, 2 tan J Of = 0. 

Two points P, Q are taken on a parabola whose vectorial angles are 
supplementary. Show that the locus of the intersection of normals at P 
and $ is a parabola. 

24. A parabola is drawn with its focus at the origin to touch I/r = I -f ^ cos d 
at any point. Show that the equation of the locus of its vertex is 
r = a(l cos^), where 2a is the major axis of the given conic. 

25. If di, dj are extremities of conjugate diameters, prove 
(i) {e + cos ^,) (e + cos 6^) + (1 - e^) sin sin = 0 ; 

and (ii) 4 . sin^ = co8|(di-^2)-f « cos^ + 

26. Show that the two conics ? = r (1 4 ^ cos d), I = r (1 + e' cos d) have two 
real common tangents if C'^e' <2, 

27. A chord of a circle through a fixed point O on its circumference meets 
the circle in P, and a fixed straight line in Q and (OP, PQ) is harmonic. 
Prove that the locus of P is a conic. 

28. A right-angled triangle has its right angle at a focus of a conic 
section while the hypotenuse envelopes the curve and one other vertex 
moves on a given line ; prove the remaining vertex describes a conic. 

29. A chord PQ of a conic subtends a right angle at a focus 5. Show that 
the locus of the intersection of the circles on SP and SQ as diameter is 
a circle. 

30. The tangent parallel to the tangent at d = Of is 

I 4 2^ cos Of 4 1) **= — 1) {cosd-Of 4ecosd}. 

31. In the parabola r = asec^ Jd, p, g, r are the perpendiculars from the 
focus on any three tangents, and P is the radius of the circle circumscribing 
the triangle formed by the tangents. Show that pqr == 2 Pa*. 

32. The conic l/r = 1 4 ecosd is cut by a circle which passes through the 
pole in the points (rj, d,), (rj, dj), (rg, dj^ dj : prove that 

(i) 2l/r=2/Z; (ii) (1 4«) 2 tan^d =* (1 -e) 2tan Jdjtan -^dg tan Jd^. 

33. Three points are taken on the parabola a = rsin^^d whose vectorial 
angles are Of, jS, y. Prove that the radius of the circle circumscribed to the 
triangle of the tangents at the points is Ja cosec Jof cosec cosec 4 y. 

34. A circle is drawn through the focus of the parabola 2Z *= r(l 4co8d) 
to touch it at the point where d = Of, Obtain its equation in the form 
rcos® JOf = J cos (d-fOf). 

Show that no circle of curvature at any point on a parabola can pass 
through the focus. 

35. Show that the equation of the polar of the point (r^, dj) with respect 

to the conic = l4sco8d is - c cos d) - 6 cos d J s=cos(d-di). 

If pairs of points collinear with the pole are conjugates for each of the 
conics *=» 1 4 « cosd, « 1 4 esin d, prove that they all lie on the conic 
(//r~-!cosd) (J/r~^sind)4l « 0, or on the line d = Jtt. 

B b 2 
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36. Normals to the ellipse Ijr = 1 + ecos^ at three points whose vectorial 

angles are (X, /3, y meet at a point. Prove that ^ ~ 

C, D are the feet of four concurrent normals to an ellipse, focus S, 
On SA^ SBf SCj SB as diameters circles are described. If two of these 
circles intersect on a fixed circle r *= ccos^, prove that the other two will 
intersect on another fixed circle r = c' cos d, and determine the relation 
between c and c\ 

37. Tangents of lengths p and q are drawn to the parabola 2a/r = 1 + cos B 

from a point on the latus rectum produced. Prove that py q satisfy the 
relation p*q* (p^-^q^) (p^ — q^fy and that the angle subtended by the 

chord of contact at the focus is 2d, where 2p^tand 

38. Prove that two equal conics which have a common focus and whose 
axes are inclined at an angle 2cx intersect at an angle 


tan 


e* cos 20( + 2 e cos a + 1 J 


39. BSQ is a focal chord of a conic. Find the locus of the intersection of 
the tangent at Q with the perpendicular from S on the tangent at P. 

40. Chords of the conic l/r^ l-6Cosd are drawn through the origin 
and on these chords as diameters circles are described. Prove that their 
envelope consists of the two circles Z/r(^/r + ecosd) = 1±«. 

41. Prove, from the general polar equation of a conic 

r® (a cos® d + 2 sin d cos d + & sin® d) + 2r{g cos d ^/sin d) + c «= 0, 
that the locus of the extremity of a radius from a fixed point equal to the 
harmonic mean of the two mdii of the conic in the same direction is 
a straight line which, when the point is external, passes through the points 
of contact of tangents from the point. 

Prove also that, if the mean is arithmetic or geometric, the loci are 
conics, and that the centre of the conic in the case of the arithmetic mean 
is midway between the centres of the original conic and of the geometric 
mean conic. 

42. Find the equation to the chord joining the points d==a~j3 and 
d = a-i-jS of the hyperbola Z/r «= 1 + ^ cos d, and hence show that the 
equations to its asymptotes are e/r = cos d/a ± sin d/6. 

A line drawn through a focus S perpendicular to an asymptote cuts the 
hyperbola again in P, Q, Prove that SP.SQ = 6®/*/(6®-/®). 

43. At any point of the conic j*® cos 2 d = a® is drawn the parabola having 
,4 point contact : prove that the locus of the foot of the perpendicular from 
the centre of the hyperbola to the tangent at the vertex of the pai-abola is 

cos 2d « a® (cos^ d -f sin* d)*. 

44. P is the pole of a chord which subtends a constant angle at the focus 
5 of a conic, and SPis cut internally bj.the conic in Q. Find the locus of 
the harmonic conjugate of <Sf with respect to Pand Q, 

45. The parabola I » r(l~co8d) is turned about the origin through an 
angle co6*“’ 'J. If the new parabola cuts the initial line at P and Qy show 
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that the intercept made on the old parabola by the tangent at one of the 
points Pf Q to the new parabola subtends a right angle at the origin. 

46. Two parallel straight lines and a circle, centre F, being given, a straight 
line PAB is drawn from any point of the circle to meet the lines in A and B 
respectively, and through A a straight line is drawn parallel to BF to meet 
FP in Q: show that the locus of ^ is a conic, and determine whether it is 
a parabola, ellipse, or hyperbola. 

47. Prove that the equation r(l -fecosOt)^ = ?co8(d--0() + ?cco3(d-2(X) 
represents a circle which passes through the origin and touches the conic 
//r == l+ccosd. 

48. Find the equation of the polar reciprocal of the conic Z/r = 1 -f ^ cos d, 
with respect to a circle, whose centre is at the focus and diameter equal to 
the latus rectum of the conic. 

49. Find the equation of the polar of the point (r , 6') with respect to the 
circle r = c, and obtain the envelope of such polars when F) lies on the 
conic c/r = 1 + e cos d. 



CHAPTER X 


LINE COORDINATES AND TANGENTIAL EQUATIONS 

§ 1. In the previous chapters the position of a point has been 
indicated by the coordinates x and y, and the locus of a point, under 
various circumstances, has been represented by an equation involving 
the variables x and y. 

The position of a line can also be indicated by two coordinates ; 
for example, these coordinates might be the lengths of the intercepts 
made by the straight line on the coordinate axes. 

Such coordinates are called line coordinates. It is possible to 
develop a system of line coordinates quite independently ; we shall 
illustrate this. Line coordinates, however, are most valuable when 
used in conjunction with point coordinates ; we have therefore adopted 
that system of line coordinates which works most easily with our 
previous work on point coordinates. 

§ 2. Any straight line, including the line at infinity, can be 
represented by an equation of the form lx my nz 0. If we 
exclude the line at infinity, we can use the simpler form of this 
equation, Ix-^my -1-^ = 0, as the general equation of a straight line ; 
this equation involves three coefficients, ?, w, and n. If, further, we 
exclude straight lines which pass through the origin, so that n is not 
zero, we can take the general equation of a straight line in the form 
1 = 0; this equation involves only two coefficients, I and m. 
If the mutual ratios l:m:n are known, the position of the line 
lx-\’my'\'nz = 0 is known, and similarly, if the values of I and m are 
known, the position of the line lx-j-my-^1 = 0 is known. Thus 
(/, m, n) may be regarded as the coordinates of the line lx + my + nzz=0 ; 
and (7, m) as the coordinates of the line lx + my+1 =0. 

Note. When using point coordinates we found two coordinates (x, y) 
sufficient except when we had to deal with points at infinity, in which case 
we used the homogeneous coordinates (x, y, z). 

When using line coordinates wc shall find two coordinates (7, m) sufficient 
except when we have to deal with lines passing through the origin, in wh ich 
Ccise we shall use the homogeneous coordinates (7, n). 
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Let OLj OM be the coordinate axes^ rectangular or oblique, and let AB 
be the straight line (/, m). The Cartesian equation of the line AB is 
/a? + my + l=0, hence 1/^, OB = --Ifm, Thus the straight line 




(/, m) makes intercepts —1//, ~l/m on the coordinate axes. So also the 
line (^, m, n) makes intercepts — n//, — w/m on the axes. 

The usual convention of signs can be followed; thus in the figure the 
straight line A^B' is the line (~Z, -m). 

Note i. The Cartesian equation of any straight line through the origin 
is lx -f mi/ == 0 ; remembering that (?, m, n) is the straight line lx + my 4 - n = 0, 
we see that the homogeneous coordinates of this straight line are (/, wt, 0). 

Note ii. The coordinates of the axes OL and OM are (0,1,0) and 

(1, 0, 0). 

Note iii. The coordinates of a straight line parallel to the axis OL 
(e.g. y + a *= 0) are (0, 1/a). 

Note iv. The equation of the line at infinity is = 0; if ? and m are 
zero the equation lx my nz = 0 reduces to 2 ? «= 0. Thus the coordinates 
of the ‘line at infinity’ are (0, 0), or in homogeneous coordinates (0, 0, 1). 

Examples X a. 

1. Show that the straight lines (ia, ±b) form a parallelogram. 

2. Prove that the coordinates (Xa, Xd), represent, for different values of X, 
a system of parallel straight lines. 

3. The straight lines (a, 6), (6, a) cut the axes of coordinates in four con- 
cyclic points. 

4. Find the condition that the straight lines (1^^ t/t,), (/j, mj) should be at 
right angles. 

5. What angle does the straight line (^i, m,) make with the axis of x ? 

6. If the axes are rectangular, find the angle between the, straight lines 

7. What does (X, k, 0) represent (a) in point coordinates, (b) in line 
coordinates ? 

8. The perpendicular from the origin on a straight line is of length p, 
and makes angles (X and 0 with the coordinate axes : what are the coor- 
dinates of the straight line ? 
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9. If the axes are rectangular the straight lines (I, m, 0), (;», 0) are at 

right angles. 

10. If the axes are oblique (a)\ find the condition that the lines (Z^, m,, 0), 

(/., 0) should be hannonic conjugates with respect to the straight lines 

(6, 1,0), (1, 0,0\ 

§ 3. Any equation, </> (/, m) = 0, involving the coordinates /, m is 
satisfied by the coordinates of any one of a group of straight lines 
in the same way that an equation /(^y) = 0 is satisfied by the coordi- 
nates of any one of a group of points. If any value be given to t in 
such an equation, con’esponding values of m can be found, giving the 
coordinates of lines of the group. Any two lines of the group whose 
coordinates are (Z, m) and (l + h, i)i+k) intersect in a point ; as //, and 
therefore k, are indefinitely diminished, this point takes a definite 
limiting position, which is usually referred to as the point of inter- 
section of two consecutive lines of the group defined by c/)(Z, m) = 0. 
The series of points so determined trace out a curve, and the equation 
of this curve in line coordinates is (f) (Z, m) = 0. Every straight line 
(Z, m), whose coordinates satisfy this equation, touches this curve ; 
for such a straight line meets the curve in two coincident points, 
viz. the limiting positions of its intersections with the lines 
(l + h, m + k)f m--k>) when h and 7/ and therefore k and k^ 

are indefinitely diminished. The curve is therefore the envelope 
of the line (Z, m), when its coordinates are subject to the condition 
</) (7, m) = 0 

Thus the equation f{jc^ y) = 0 represents the locus of a point 
(x’, y) whose coordinates satisfy this equation, and the straight line 
joining two points on the curve is, in the limiting position when 
these two points become coincident, a tangent to the curve. 

The equation </> (Z, m) = 0 represents the envelope of a line (Z, m) 
whose coordinates satisfy this equation, and the point of intersection 
of two tangents to the curve, in the limiting position when these 
two tangents become coincident, is a point on the curve. 

If (f) (Z, m) = 0 represents the same curve as /(Xy y) = 0, it is called 
the tangential equation of this curve ; evidently <f> (Z, m) = 0 is 
the condition that the straight line (Z, m) or Z:r + my + 1 = 0 should 
touch the curve /(x, y) = 0. 

Cartesian coordinates are useful for the investigation of loci and 
their properties ; line coordinates are useful for the investigation of 
envelopes. We have learned how to interpret the equations of loci ; 
the object of this chapter is to interpret and discover the properties 
of tangential equations. 
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§ 4. The equation of the first degree Al + Bm + C = 0 repre- 
sents a point. The Cirtealan equation of the line (?, m) is 
lj;+»»y + l = 0, and Al + Bm + C = 0 is the condition that this 
straight line should pass through the point {A/C, B/C). Hence, any 
straight line whose coordinates satisfy the equation Al + Bm + G — 0 
passes through the point {A/C, B/C). This equation is then the 
tangential equation of this point. 

We have now the following reciprocal property of the equation 
lx + niy + 1 = 0 : — 

If I and m are constants, it is the Cartesian equation of the 
straight line whose line coordinates are (i, m). 

If X and y are constants, it is the Tangential equation of the point 
whose point coordinates are (r, y). 

Note i. So also in homogeneous coordinates; + + = 0 is the 

point equation of the straight line (/, m, n) and the line equation of 
the point (x, y, z). 

Note ii. The origin is the point (0, 0, 1) ; therefore the tangential 
equation of the origin is n = 0. 

It should be carefullj noted that when we are dealing with the origin or 
lines through the origin in line coordinates we must use homogeneous 
coordinates. 

Note ill. The homogeneous coordinates of a point at infinity are of tlie 
form (a?, y, 0) ; therefore the tangential equation of a point at infinity is of 
the form Ix-^my ^ 0. 

§ 6. (i) To fin I the equation of the qmnt of intersection of the straight 
lines (ij, Wj), (J 2 , 

If the point is 

a? -f bm -f 1 = 0 : (i) 

then, since it lies on the given lines, we have 

all + bm^ + 1 ^ (^1) 

and a/g + bm^ + l = 0 : (iii) 

these equations give the values of a and b ; or, in the determinant 
notation, eliminating the unknown constants a, b from (i), (ii), and 
(iii), we find that the equation of the point is 


1 ^ 

m 

1 1 



i 

mj 

1 ! 

© 

11 

4 

1 h 


1 

1 



Cor. i. If the straight lines are parallel, their coordinates are of 
the form (i^, mj), (Wj, and the equation of their point of inter- 
section is ?xm = 0, i.e. a point at infinity. 
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Cor. ii. 


The lines (Ji, mj, (l^, m^, Wj) 


h *>*i 

k ♦>»2 

I3 ***3 


= 0 . 


are concurrent if 


Cor. iii. The coordinates of a straight line through the inter- 
section of (ii, mi), (Ij, m 2 ) are of the form 

\ p+q ’ p+q } 


(ii) To find the coordinates of the straight line joining the points 
al + 6m -I- 1 = 0, o'! -h b'm 1 = 0. 

These are evidently found by regarding the equations of the points 
as simultaneous equations giving I and m. 


(iii) If u — 0, V = 0 are the equations of two points, to interpret 
the equation u + \v = 0. 

The coordinates of the line which joins the points u = 0, « = 0 
satisfy each of these equations, and consequently satisfy M-fAt; = 0. 
Hence this equation for different values of A represents points on 
the straight line joining the points m = 0, v = 0. 

(iv) I’o find the equation of the point tvhich divides the join of the 
points (U + bm+1 = 0, a'l + b'm + 1 = 0 in the ratio p:q. 

The Cartesian coordinates of the points are (a, b), (a', b'), and 
those of the required points are 

{qa +pa' qb +pb' } 

( p+q ’ p+q i ’ 

hence the equation of the point in line cooi’dinates is 

+ 1 = 0 . 

q+p q+p 

i.e. f/(al-i-6m+l)+i>(o'i + 6'»»+l) = 0, 

Cor. 1. The equation of the point midway between the points al + hm + 1 =0, 
a7 + 6'm+l=0 is (a + o')f-f-(6 + 6')w + 2*=0. 

Cor. IL If « = 0, V = 0 are the equations of two points in the form 
oI + 6m + l = 0, then the points pu + qv — 0, pu — qv^O are harmonic con- 
jugates with respect to w •= 0, 0 = 0. 

Example. The sides of a triangle ABC are divided at P, Q, li so 
that BP — p. PC; CQ — q. QA ; AR = r . BB ; find the condition that 
P, Q, R should be cdUinear. (Menelaus’ Theorem.) 
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Let the vertices of the triangle be 

li = a? + + 1 = 0, 

V ^ ofl + h^m + 1 *== 0 , 

w = a^l + Vm + 1 «=s 0, 

then the equations of the points P, R are 

f?+pM?®sO, fr-fgu=0, ti + n? = 0, 

and these are simultaneously satisfied by the coordinates of a straight line 

(?i , mj) if i\ =» 0, to^ -h gMj «= 0, = 0, 


i,e. if 



Wi 



or pgr=~l, 

which is the required condition. 




The reader should compare the solutions in point and line co- 
ordinates of the following elementary problems : — 


To find the locus of a point 
tvfvosc distance from the origin is 
constant and equal to c. 

(Point coordinates.) 

Let any such point be (^r, y), then 
a:•4-y^==c^ 

which is the equation of the locus. 


(Line coordinates.) 

Let ar/ + ym + l =0 be any such 
point, then -f «= c’. 

Now on any line (/', ni') two points 
of the locus will lie, whose x and y 
are given by 

-f yw' 4 1 *= 0, 
and a;* 4- y’ = c*, 

and the ratio x/y' is given by 
re® 4 y* = c’ (xV + y w')*. 

These two points are coincident, 
and the line (/', m') touches the locus 
if 

(c*r»-l) (c^w'*-l) = 

or + 

i.e. the equation of the locus is 
c*(p4-m») = 1. 


'To find the envelope of a line 
whose distame from the origin is 
constant and equal to c. 

(Line coordinates.) 

Let any such line be (I, in), then 

or c*(P4-m*)=l, 

which is the equation of the envelope. 

(Point coordinates.) 

Let Ix + my + l ^0 be any such 
line, then c^{P 4- m*) = 1. 

Now through any point (x\ y') two 
tangents to the envelope will pass, 
whose I and vt are given by 
lx' + fwy' + 1 = 0, 
and c*(/*4m*) = l, 

and the i*atio l/m is given by 

{P + nP) = (lx' + »/y')*. 

These two tangents aie coincident, 
and the point (x', y') lies on the en- 
velope if 

(c’-x'*) (c’-y'*) = ^'»y'*, 
or a?'* + y'*«c*, 

i.e. the equation of the envelope is 
0 ?^ 4 y* Bs c*. 
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Examples Xb. 

(The axes are rectangular except in questions marked with an asterisk.) 

*1. Show that the distance between the points 

al + hm + 1 *= 0, a' I + 6'm -f 1 0 

is V^{(® ■“ + (^ “ Vf + 2 (a - a') (6 - V) cos u)} , 

2. Find the peipendicular distance of the point a? -f + 1 = 0 from the 
line (?, , mj). 

♦3. Find the angle between the lines mJ, (/j, wij). 

♦4. Prove that the straight lines (/a, tw,) are perpendicular if 

I 2 4- Wj + (/j + 7a wq) cos o) = 0. 

*5. The points al + bm-^l = 0, a'l + h'm^l = 0 subtend a right angle at 
the origin if aa 4 W 4 {ah' 4 a'b) cos « = 0. 

6. Find the equation of the mid-point of the line joining the points 

Ixi 4 myi 4 nz^ *= 0, Ix^ 4 = 0. 

7. Plot the following points : 4 1 = 0, bm -1=0, l + m ^2^ 7 - m = 2, 

37 + 4m — 1 0. 

*8. Find the general equations of two points equidistant from the axis of /. 

*9. Show that for all values of X the point a7 4 5m 4 1 4 X {a'l 4 b'm 4 1) = 0 
lies on a fixed line, and find its coordinates. 

’•'10. Show that for different values of X the equation a74 5m » X repre- 
sents points lying on a straight line through the origin. 

*11. Find the coordinates of the line joining the points 374 4m = 12, 
57 — 6 m «= 2. 

12. What is the area of the triangle whose vertices are ai745im4Cj = 0, 
0,7 4 5am 4 c, «= 0, 0,7 4 58m 4 c, = 0. 

*18. Find the coordinates of a line parallel to (7^, m^) and passing through 
the point a7 4 5m 4 1 = 0. 

14. Find the coordinates of a line perpendicular to (7^, and passing 
through o7 4 5m 4 1 = 0. 

15. Find the condition that the line joining the points a745m4l >== 0, 
o'7 4 5'm4l “= 0 should be perpendicular to (7^, mj). 

16. Find the condition that the point 7a:4my4l=0 should He on 
a circle whose diameter is the join of the points 

a7 4 Twt 4 1 = 0, a'7 4 5' m 4 1 ■= 0. 

17. The centre of a circle is the point a7 4 5m 4 1 = 0, and Al 4 Bm 4 1 ■» 0 
is a point on the circle ; find the equation of the other end of the diameter 
through this point. 

♦18. Find the condition that the points ail + b^m + l =0, 0,7 4 b^m 4 1 = 0, 
a,7 4 58 m4l>=0 should be colHnear. 

19. A straight line (7, m) cuts the axes at.^ and B so that I/O -4*4 1/OB* 
is constant. Find the equation of its envelope. 

20. Find the coordinates of the straight lines bisecting the angles between 
the straight lines (8, 4) and (5, 12). 

*21. Find the coordinates of the stixight line joining the intersection of 
(Uf *^i)) (^a» point a74 5m4 1 *= 0. 
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22. What are the line equationR of the curves enveloped by the lines 
(a) (a cos a sin 6), (b) (a cos^, 6sin^), (c) (rt(9®, a6)^ where 6 is variable ? 

*28. A straight line cuts the axes at the points P, Q ; find the equation of 
its envelope in the following cases: — 

(i) 1/OP+l/OC- c; (ii) l/OP-l/Og = c; (iii) a/OP± 6/0^ - c ; 

(iv) OP+OQ^c; (v) OP - OQ = c. 

Show that the line at infinity touches the last two curves. 

*24. Find the equation of the centroid of the triangle whose vertices are 
m -f 1 = 0, ajZ + m 4- 1 = 0, + 1 = 0. 

25. Find the equation of the envelope of a line which moves so that the 
foot of the perpendicular on it from + 1 = 0 lies on the axis of m, 

26. Find the envelope of a line whose distance from the point (aj , is 
double its distance from the point (a^, b^), 

§ 0. The general equation of the second degree in line coordinates 
is u = al^ + 2hlm + hm^-\'2gl + 2fm + c = 0. If w has factors, i.e. if 
A = 0, the equation w = 0 represents a pair of points. The co- 
ordinates of the line joining them are (6r/C, F/C), (Cf. p. 109). 

The equation aP + 2Aim + 6m^ = 0 represents two points whose 
equations are of the form = 0, i.e. tw'o points at infinity. 

Definition. Two points at infinity which subtend a right angle 
at the origin are called orthogonal points. 

To find the condition that tlw points at infinity whose equation is 
aP + 2Wm + i>m2 = 0 should he orthogonal 

Let aP-h2hlm + bm^ S u (Z -f frm) (? + Jfc'wi), then, since the tangential 
equations of the points are Z -h = 0, Z -f Ic'm = 0, their point 
coordinates are (1, ft, 0), (1, 0). These points lie on the straight 
lines through the origin whose point equations are kx^y ^ 0, 
k'X'^y = 0, or, in one equation, 

(fcr— y)(jfc'a^-y) = 0, 
i. e. kk'x^’-{k 4- k') rry = 0, 

i. e. hx^ — 2hxy + ay^ = 0. 

Thus the Cartesian equation of the lines joining the points at 
infinity, aZ^H- 2Wm-h = 0, to the origin is hx^'-2hxyi-ay^ 0. 
These are perpendicular if a + + 27^ cos o) = 0. 

Note i. The lines (wc* + 2 hxy + = 0 are orthogonal if a 4 5 - 2 ^ cos o) =0. 

The points uZ* 4 2hlm 4 *= 0 are orthogonal if a-\b-{2h cos w = 0. 

Note 11. The Cartesian equation of the lines joining the circular points 
at infinity to the origin (called the circular lines through the origin) is 

ir® 4 yM 2xy cos w = 0. 
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This equation can be written 

{x+eri<^ij) == 0 . 

Hence the line coordinates of these circular lines are (1, 0), (1, 

and these lines therefore pass through the points at infinity whose equations 
are or, in one equation, 

{e*^l^m) = 0 , 

i.e. — 2 ?mc 08 ci) + m* = 0 ; 

this is therefore the tangential equation of the circular points at infinity. 

If the axes are rectangular, the circular lines are (1, i, 0), (1, — 0), and 
the circular points P + = 0. 

Note ill. The Cartesian equations of the lines joining the pairs of points 
at infinity, whose equations are aP + 2hlm + htrP = 0, P-2lm cos « + m* = 0, 
to the origin are + *= 0, 2a:y cos<i> + y® = 0. These lines 

are harmonic conjugates if a + fc + 2feco8o) *= 0 ; hence, orthogonal points 
at infinity are harmonic conjugates with respect to the circular points at 
infinity; and, orthogonal lines through the origin are harmonic conjugates 
with respect to the circular lines through the origin. 

Example i. If + 2 him + bm^ 4* + 2/m + c = 0 represents 

two points^ find the equation of the point midway between them. 

Let aZ* + 26Zm + Z>m^ + 2^Z + 2/w + c = c (|)Z + gm + 1) (p'Z + 5r'm + 1), then 
the equation of the point midway between the points 
pZ + gm+1 t= 0, p'Z4g'm + l = 0 
is (p-^p*)l’¥iq^q')m->t2 = 0, 

or gl +/m 4 c = 0. 

Example ii. To find the angle between the straight lines joining the 
points P, Q, whose equation is 

u = aP’\-2hlm'\-b^n^ -{•2gl-^2fm-\-c = 0, 
where A = 0, to the point R whose equation is pZ + gm4- 1 = 0. 

Method 1. The equation 

aP + 2 him 4 bm^ ~ 2 {gl +fm) {pi 4 qm) 4 c (jpZ 4 qmY =* 0 (i) 

is satisfied by the coordinates of lines which pass through one of the points 
P, Q and also the point R. 

It can be written 

{a-2gp^(p^}P + 2{h-gq--fp'¥cpq} lm+ {h-2/q-^cq^}m^ «= 0, 
or 

uP 4 2fjZw 4 wwP = 0. (ii) 

This equation therefore gives the ratios of the coordinates l/m of the 
lines PR and QR. If the roots of equation (ii) be Ifm^ and Zj/m,, since 
the Cartesian equations of the lines are l^x + mig + l = 0, l^x + nt^y’^l == 0, 

I +lxh/niini^ ti + w 


we have 
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Methods. The equation + = 0 represents two points at 

infinity, viz. the intersections of the lines FB, QR with the line at infinity. 
Hence the joins of the origin to these points are parallel to PR, QR ; the 
Cartesian equation of these straight lines is wu^ — 2vxy + uy'* = 0, hence 


tan PRQ = 


2 -v/r* — «n« 
w + u 


§ 7. The circle. Let the centre of the circle be the point (a-, p), 
whose equation is lx + my + 1 = 0, and let {I, m) be any tangent to 
the circle. The perpendicular from the centre on this tangent is 

equal to the radius r. 

The tangential equation of the circle is therefore 
r® (P + m®) = {lx + my+ 1)®. 

Compare this equation with the general equation 
oP + 2hlm + 6m® + 2gl + 2/m + c = 0, 

and we have 

a ^ — — — i. —-C — £ 

a;®— r® y®— r® ”* xy a:~.v”'l’ 

hence fg = c^xy, h = cxy ; H = fg—ch — 0 ; 
also hc—f^ = — c®r®, and ac—g^ = — c®f® ; 

.-. A = B. 

Hence the conditions that the general equation of the second 
degree should represent a circle are A =■ B and H — 0. 


I. When the centre of the circle is at the origin, the equation 
becomes r® (P + m®) = 1 ; this is the tangential equation of the circle 
a;®+y® = r®. 

The coordinates of any tangent to the circle can be put in the 



the Cartesian equation of this tangent is 


rccos^+ysin^ + r = 0, so that the coordinates of its point of contact 
are (— rcos0, — rsipfl); the tangential equation of the point of 
contact is then rl cos 0 + m sin 0 = 1. 

Again, the polar of the point (%, Pi) with respect to' the circle 
a;® +y® = r® is xxi+ypi = r® ; hence the polar of the point 


lxi + mpi + l = C 

with respect to the circle r®(P + m®) = l is the line ~fi)' 

Similarly, the pole of the line (ij, mj) is the point r^?il+r^im = 1, 
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These insults can be found independently as illustrated in the 
following example : — 

To find the equation of the point of intersection of the tangents whose 
coordinates are (~cos6>, isinfl^, (^cos<^, ^sin<f>y 

If the equation of the point of intei section is grw+l = 0, we have, 
since the given tangents pass through it, 

p cos + g sin ^ + r = 0 , 
pcos<^> + gsin<^ + r «■ 0 , 

and by cross- multiplication, dividing the result by sin 5(d — <;()), we have 

P ^ ^ ^ . 

C08l(S + <p) 8in^(S-h<p) C08^(S-<I>)* 

i.e. the equation of the point is 

f*/cos|(d + <^) + m8in + « cosJ(tf-0). 

Hence, putting ^ = 0, the equation of the point of contact of the tangent 

^jcos^, ^sindj is rZ cosd + m sin^ = 1 ; this is therefore the general 
equation of a point on the circle. 

The equation of the circle in homogeneous coordinates is 

{P 4- m^) = ; 

this is satisfied by the coordinates of the circular lines through the 
origin, viz. (1, i, 0), (1, — 0), and therefore the circle touches the 

circular lines through the centre. The equations of the points of 
contact are r(Z±im) = 0 or Z±im = 0, i.e. the circular points at 
infinity. ( Vide Chap. V, § 16). 

II. The equations of any two circles are 

{pl + qm + lf - {P + m^) , (i) 

(Pi? + qifn -h If = rf {P + m^), (ii) 

and the coordinates of any line which satisfy both the equations 
(i) and (ii) will also satisfy the equation 

rf{pl + qm^lf = + 1 )^ 

which is equivalent to the two equations 

ri (pZ + 2m + l)4-r(piZ-|-2iW + l) == 0, 
ri(pZ + gm + l)— r(piZ + giW + l) = 0. 

These equations represent two points dividing the line joining the 
centres of the circles in the ratio of the radii, i.e. the centres of 
similitude. Hence, the common tangents of two circles pass through 
the centres of similitude. 
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Example i, A straight line cuts tivo parallel straight lines in points 
tvhich subtend a right angle at a fixed point midway between the lines : 
find its envelope. 

Let the fixed point be the origin and let a; + a = 0, a; — as=0 be the 
Cartesian equations of the given parallel lines. Let (/, m) or + wy + 1 = 0 
be the straight line ; then the lines joining its intersections with x + a = 0 
and a: — a = 0 to the origin are /ar + »iy + x/a == 0 and /a? -f my - x/a = 0. 

These are at right angles, hence ~ -f = 0, i.e. the equation of the 

envelope of the line (/, m) is a* (P-f m*) =s 1, which is a circle whose centre 
is the origin and radius a. 

Example ii. Any point P on a fixed circle is joined to a fixed point 
A, and PQ is drawn perpendicular to AP : find its envelope. 

Let the straight line PQ be lx 4- my + 1=0, and the fixed point (rr, 0) ; 
and let the circle be a?* + y* = r*. 

The equation of the straight line through (a, 0) perpendicular to 
/a: + my + 1 = 0 is mx-ly = am, and these lines intersect on the circle. 
Eliminating a? and y from these equations and a?* + y* = >•*, we have 
{lx + my)* + {mx ~ /y)* = 1 + a*m*, 

i.e. (?* + m*) (a:* + y*) = 1 +a*m*, 

i.e. r* (Z* + m*) = 1 + a* m*, 

which is the equation of the envelope required. 


Examples Xo. 

1. Find the coordinatesof the chordjoining the points rl cos d + m sin 6^1 , 
rl cos + mw sin (^ = 1. 

2. Show that the polars of all points on the line {l\ m*) with respect to 
the circle r* (^* + m*) = 1 are concurrent. 

3. The locus of the intersection of tangents to the circle r*(/* + m*) = 1, 
which include a right angle, is 2i**(Z* + m*) = 1. 

4. A chord of a circle subtends a right angle at a fixed, point : show that 
the equation of its envelope can be put in the form 

(/* + m*) (a* — ?'*) — 2ai + 2 = 0. 

6. The sum of the perpendiculars from n fixed points on a straight line is 
constant : show that its envelope is a circle. 

If the points are aiZ + 6im + l =0, aa/ + 62^* + l = + l = 0, 

find its centre and radius. 

6. Find the condition that the point flZ + hm + l«»0 should lie on the 
circle r*(/* + m*) «= 1. 

7. Find the coordinates of the tangents from the point 2a^ = 1 to the 
circle 2 a* (P + m*) ■= 1. 

laeT 


c c 
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8. Show that — 4/>«“-4/-2w — 1 = 0 is a circle, and find its centre 
and radius. 

9. Find the conc^ition that two circles whose line equations are given 
should be orthogonal. 

10. Find the equation of the circle of similitude of the circles 

{pi + 1)* = + w®), {ql + 1)* = a® (P + m*). 

11. Show that the Cartesian equation of the circle 

{P -f m®) = {la ■\-mb-\-lY is (a: - a)* + (y - hf = i**. 

12. Through two points A and A\ AP, A' P' are drawn perpendicular to 
AA\ and AP' are perpendicular. Find the envelope of the join of 
the mid-points of AP and A'P\ 

13. Show that the equation c^) m* — 2 ft/-- 1 = 0 represents for 

different values of a system of circles passing through two fixed points. 

14. Show that the tangents from any point on the axis of m to the circles 

c^P-f (c* — 2XZ4-1 *= 0, 2/i/-f 1 = 0 are equal, and 

hence that the first equation for different values of X represents a system 
of coaxal circles whose limiting points are cl±l = 0. 

15. Show that the coordinates of the common tangents of the two circles 
in Question 1 4 are given by the equations (c* P -f 1) (X -f fi) -f- 2 (c^ + X/x) / = 0, 
(X + /Lt)m^ = 2/. Deduce that they intersect on the line of centres of the 
circles at distances from the radical axis whose product is c®. 

16. Two circles of a coaxal system can be drawn to touch any given 
straight line. 

17. Pairs of circles of a coaxal system are taken such that the sum of the 
distances of their centre from the radical axis is constant. Show that their 
common tangents envelope the curve == 2/d. 

18. For different values of c the equation c*m^--2c/-l =0 represents 
circles touching each other at a fixed point. 

19. A system of circles touch one another at a fixed point, and a line 
parallel to their common tangent cuts them. Show that the tangents to the 
circles at the points of interaection with the line all touch another fixed 
circle. 

§ 8. The general equation of the second degree. 

I. Tojind the Cartesian equation To find the tangential equation of 

of the envelope the locus 

^=al^ + 2hlm + bm^ + 2gl-i‘2fm ax^ + 2hxy+bg^ + 2gx + 2fy 

+ c = 0. -fc = 0. 

In other words, to find the equation In other words, to find the equa- 

of the envelope of the straight line tion of the locus of the point 
lx-^mg + 1 = 0, a?/-f ym + 1 *= 0, 

when I and m satisfy the equation when x and y satisfy the equation 
2«0. 5^=0. 
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Through any point (a?, y) two 
straight lines of the system defined by 
2 = 0 pass, for the values of I and m 
for such lines are given by 
lx -f my +1=0, 

and 

+ 2 him + hni^ — 2 (^? + fm) (lx + my) 
+ c {lx-{-myY = 0, 
i.e. (a - 2 T 

+ 2 (h —fx -‘gy + cxy) Itn 

+ (6~2/y + cy")m^ = 0. 

These two straight lines are coin- 
cident, and their point of intersection 
(r, y) lies on the enveloi^e if 
(« — 2 f/x + cx'^) [0 — 2fy + cy^) 

= (h-fx-gy + cxy)\ 
which at once reduces to 
Ax^ + 2 Hxy + By’^ + 2 Gx 

+ 2 Fy + C/ = 0, 
which is therefore the Cartesian 
equation of the envelope. 


On any straight line (/, m) two 
points of the system defined by n - 0 
lie, for the values of x and y for such 
points are given by 

xl + ym +1=0, 

and 

ax’^ + 2 hxy ■{ hi/ — 2 {gx + /y) (Lx + my) 
c{lx -ir myY = 0 , 

i.e. (a--2yif + c?2)a:2 

+ 2 —fl — gm + dm) xy 
+ (& — 2 fm + cm^)y^ = 0. 
These two points are coincident, 
and the straight line through them 
(/, m) touches the locus if 
(a — 2gl + cP) (h ~ 2/m + cni^) 

= (h—fl-gm-^^d)}/, 
which at once reduces to 
AP-¥2Hlm + Bm^-¥2Gl 

+ 2 Fm + 0 = 0, 
which is therefore the tangential 
equation of the locus. 


These propositions are very important, and another proof will be 
given later. 


Note! Since the envelope a^’ + 2^/m + 5m* + 2y? + 2/m + c = 0 is the 
same as the locus ^x® + 2 i/jry + J?y* + 2 0^ + 2 Fy + O = 0, the envelope 
is a oonio. 

Note ii. The Cartesian equation of the conic 2 = 0 and the ta^ngential 
equation of the conic = 0 are formed from these equations by the same 
process, viz. replacing a, h, c,/, y, h by A, B, C, F, G, H and interchanging 
Ij m and x^ y. 

Since the tangential equation of 5 = 0 is 

A^» + 21fifm + i5m’ + 2G; + 2Fm + C = 0, 
the Cartesian equation of the latter must be <9 = 0. This fact indicates 
the reciprocal relations which exist between the letters a, b, c, /, y, h and 
A, B, C, F, G, H, viz. 6c-/» = A, BC- c, a, 

fg-ch^H, FG-CH^ Cih, See.; 
these can be easily verified algebraically. 

Note iii. The conic Ax^ + 2 Hxy + J9y* + 2 Ga? + 2 Fy + C = 0 is an ellipse, 
parabola, or hyperbola according as AB-H\ i.e. Ac, is positive, zero, or 
negative: hence the conic 2 = a;* + 2 Wm + hm* + 2y/ + 2/m + c = 0 is an 
ellipse, parabola, or hyperbola according as Ac is positive, zero, or negative. 

The condition for a parabola, c = 0, corresponds to the fact that the line 
at infinity (0, 0) touches the conic 2 = 0. 

r e 2 
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Similarly, we can show that 

(a) 2 «= 0 is a rectangular hyperbola if -4 + JB-2^cosa) = 0 ; 

(b) 2 = 0 passes through the origin if C = 0. 

The latter can bo shown independently thus : since we are considering 
the origin we must use homogeneous coordinates ; the equation 2 = 0 can 
then be written aZ® 4- hm^ + cn^ + 2 fmn -f 2 gnl + 2 him = 0. 

The coordinates therefore of the lines which pass through the origin and 
touch the curve are given by w = 0 and aP -f 2 ZiZw + hm^ = 0. These tangents 
are coincident, i.e. the origin n = 0 lies on the curve if = 0. 

Note iv. (a) When A = 0 the equation S = 0 represents a pair of stmight 
lines. 

Now BC-F-^Aa, FG-CH^Ah, 

hence G^ ^ AC, F^ ^ BC, FG = CH. 

The tangential equation corresponding to S == 0, viz. 

AP + 2 -f 2 GZ 4- 2Fm 4- C = 0, 

can therefore be written 

GH'^ + 2FGlm-¥F^nP^2GCl^2FCm^CP 0, 

i.e. (GZ + Fm4-C)' = 0, 

which is the square of the line equation of the point [G/C, F/C)^ i.e. of the 
point of intersection of the lines 5=0. This is geometrically evident since 
all lines which meet 5 = 0 in coincident points pass through their point of 
intersection. 

(b) In the same way if A = 0, 2 = 0 represents a pair of points, and the 
corresponding Cartesian equation reduces to (G'a:*4-Ey 4- C)* = 0, i.e. the 
square of the Cartesian equation of the line (G/C, F/C), i.e. of the line 
joining the two points. 

The geometrical significance is that all pairs of points, the joins of which 
to the two points 2=0 are coincident, must lie on the line joining tue 
two points. 


II. To find the eqmtion of the points of intersection of S zzz 0 and the 
line (Zj , Wj). 

The coordinates of any straight line through the point of inter- 
section of the lines (Zj, m^), are 

line touches the conic 2 = 0 if 

« (jP^i + 4^^ + 2^ [fill + 4y {P^\ + 4 ^ 2 ) + ^ + 4^^.)^ 

■f 2g {pl^ + ql^) {p + q) + 2/(i?Wi + qm^ (jp + 4) + c (jp + qf = 0. (i) 

This equation is quadratic in tfee ratio p/q, so that there are two 
such lines, and if they are coincident the point of intersection of 
(Zj, Wj), (Z2, m2) must lie on 2 = 0. 



AND TANGENTIAL EQUATIONS 405 

We adopt a notation similar to that used for the general Cartesian 
equation of the second degree, thus 

i = a? 4- /iw -f -h hm -\-fj A' = 4- fm -h c, 

and so 

Li = a^i 4- hm^ -f fir, = lily^ 4- hm^ 4-/, iV^ = fif/^ 4- c. 

The equation (i) reduces to 

and this has equal roots if 

Si.22= + 

which is therefore the condition that the point of intersection of the 
lines (? 2 , should lie on 2 = 0. Hence the coordinates 

of any line through either point of intersection of m^) and the 
conic 2 = 0 satisfy 

2.2i = (Jii4-mJfi4-iV-i)2, (ii) 

which is therefore the equation of the points of intersection. 

Cor. If (/j, is a tangent to the conic, then 2^ = 0 and the equation 
(ii) reduces to IL^ -f mMy + = 0 ; this is therefore the equation of the 

point of contact of the tangent {1^, m^) to the conic 2 = 0. 

The equation is algebraically equivalent to 

/iL+mi3/4-A= 0. 

III. To find the equation of the point of intersection of tangents whose 
chord of contact is (?', m'). 

Let the tangents be wq), (Z^, Wg), then their points of contact 
are 4- wiif ^ 4- = 0, ZX 2 4- ~b -^2 ~ passes 

through both of these points, hence 

Z'Xi4-m'lfi4-i\^i = 0, 

Z'X2 4-m'ilf2 + 2V‘2 = 0, 

and these are the conditions that the lines (Zj, mj), (Zg, m.J should 
each pass through tlie point Z'X -h m'ilJT -f A' = 0, which is conse- 
quently the equation required. 

It is algebraically equivalent to IT/ niM' N' = 0. 

IV. To find the equat ion of the pole of (Z', wi'). 

Let (Zj , Wj) be any chord such that the intei'section of the tangents 
at its extremities lies on (Z', m'). 

The equation of this point of intersection is ZX^ 4- mM^ -f i^i = 0, 
and since by hypothesis it lies on (I', m') we have 

r/.i+w'iifi+i\ri = o. 
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But this is the condition that {l^, mi) should pass through the 
fixed point I' L + m'M + N' = 0. Thus the chord of contact of 
tangents from any point on m') passes through this point, which 
is therefore the pole of (1', m'). 

The equation is algebraically equivalent to iL' + mM' + N"' = 0. 

Cor. The pole of the line at infinity (0, 0) is ^ = 0, i. e. gl+fnt + c = 0, 
which is therefore the centre of the conic S = 0. Its point coordinates 
are (gfc,flc). 

V. To find the coordinates of the asymptotes o/ 2 = 0. 

Let (2^, m^) be an asymptote ; its point of contact is 

ILi + mMi + Ni — 0, 

and this point must lie on the line at infinity (0, 0) ; hence 

Ni = gk +fmi + c = 0. (i) 

Now since (li, mi) is a tangent to the conic, we have also 

ali^ + 2 Mimi + hmi^ + 2gli + 2fmi + c = 0. (ii) 

The equations (i) and (ii) therefore give the required coordinates ; 
these equations reduce to 

gl+/m + c = 0; al^ + 2hlm+hm^ = c. 

The ratio of the coordinates is given by 

c {aP + 2 him + ImP) = {gl +fm)‘^, 
i.e. BP-2Hlm + Am^ = 0. 

If the asymptotes are perpendicular, we have 

lil2 + mimj-\-{lim2+l^mi)coa(» = 0, 

or A+B—2H cos<t> = 0, 

which is the condition that 2 = 0 should be a rectangular hyperbola. 

VI. To find the condition that (Jj, mi), mfi should be conjugate 
lines of the conic. 

The pole of the line (2,, Wj) is 

ILi + mMi + Ni = 0, 

and this lies on (2^ , m.j) if 

l^Li + m^Hti + -Nj = 0, 

which gives the condition, symmetrical with respect to li, mi 
and 22 , wtj, 

alil^ + 2 »Wi«t 2 + h (lim 2 + 22 W»,) + g(li + 1^) +f(mi + Wj) + c = 0. 

If (li, mi) and (22, m 2 ) are diameters of the conic, each passes 
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through the centre gl +Jm + c = 0, so that = 0 and JV2 = 0 ; hence 
ahh + h (iiiHa + = c, 

or aclilj -f ch {lim^ + + hcmim^ = 

which reduces to 

A '/W2W1'2 "" "f" ^2^l) "i” ^1^2 ~ ^ > 
this is the condition that the diameters {1^ mx), (ig, ^2) should be 
conjugate. 

VII. To find the director circle of the conic = 0. 

Let = 0 be a point on the director circle, then the 

coordinates of the tangents from it to the conic satisfy the equations 
lX‘\‘my’\-\ = 0 and S = 0. 

The coordinates of these tangents therefore satisfy 

aV + 2hlm + 2 (gl 4- fm) (lx -j- my) -f c (L? + myY = 0, 

i.e. (cx‘^--2gx-^a)X^’\-2(cxy—gy’--fx-\-h)lm-\-(cy^ — 2fy^h)m^ = 0. 

This equation therefore represents two points at infinity on the 
tangents from Zoj + my + l = 0 to the conic ; if the tangents are at 
right angles these points are orthogonal, hence 

cx^—2gx + a^-cy‘^--2fy + h + 2(cxy-^gy^fx’\’h) cosco = 0, 
i. e. c + 2 xy cos co) — 2 a:? 4- /cos co) — 2 y ( /4' g cos co) 

4-a + Z> + 2/iCos(o = 0, 

which is therefore the Cartesian equation of the director circle. 

If the axes are rectangular the equation of the director circle is 
c(x’^^y'^)-2gx--2fy + a^’h - 0, 
and its tangential equation is 

(A 4- B) (l^ 4“ m^) 4- (gl -hfm 4- c)^ = 0. 

If the conic is a parabola we have c = 0 ; the equation of the 
director circle reduces to 

25^x4- 2 ^- a- & = 0, 

which is the directrix of the parabola. The line coordinates of the 
directrix of the parabola are then [ — 25r/(a 4- Z>), — 2//(a4- ?>)]. 

VIIL To find the foci of the cmiic 2 = 0. 

We have just shown that the tangents from the point (x, y) to the 
conic pass through the two points at infinity whose equation is 
(cx‘^ — 2 (/a; 4- a) Z- 4- 2 (cxy — gy — /r + h)lm + (cy^^ — 2fy 4* Z>) m'^ = 0. 
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Consequently, if {x^ is a focus, these points must coincide with 
the circular points at infinity whose equation is 

Z^ — 2Zmcosa)-|-m^ = 0. 

Hence, if (x, y) is a focus, 

cx^--2gx + a = cy'^--2fy-\‘h == — seca>(ciry— /c— + A). 

When the axes are rectangular these equations become 
c(!c^—if)—2gx-\-2fy-{-a—h = 0 
and cxy--fx--gy + = 0, 

i.e. = 5^^— /^— fe) = A — B 

and {cx - g) [cy -/) ch = IL 

Note. The tangential equation of the conic 

S = ax^ ’{•2hxy + hy^ + 2gx + 2/y + c = 0, 
is ^Z* + 2J97m + 5m* + 2(?/-f2Fy4-C = 0. 

The foci of the conic 5 *= 0 are therefore given by 

{Cx’-Gf-iCy-Ff^^ = A(a-6), 

{Cx-^G) {Cy-F) = FG--CII = A/i. (See p. 245.) 

When the conic 2 = 0 is a parabola we have c = 0, and the 
tangents from the point (^, y) to it pass through the two points 
at infinity 

(a—2gx)V^2(h^gy--fx)lm + {h’--^2fy)m^ = 0, 
and if (jr, y) is the focus, these points must be the circular points at 
infinity. Comparing this equation with that of the circular points 
we obtain two linear equations in x and y giving the coordinates of 
the focus. 

Example i. A conic touches three given straight lines, and the radius 
of its director circle is given (r) ; show that its centre lies on a fixed circle. 

Let the conic be aZ* + 2 him -f hin^ + 2gl + 2 fm +1 = 0 (since the conic 
has a director circle c^tO), and let the coordinates of the fixed lines be 

(Zi, wij), (Zj, m^y (Zg, ^Wg). 

The centre of the conic is the point {g,f), so that for the required locus 
we have x^g, y =f. 

Since the radius of the director circle is r, we have 

5f*+/*-a-5 = r®, 
hence a?® + y^ — a~5 = ?**. 

Since the lines (Z^, wq), (Zj, wq), (Zg, nig) touch the conic, 

oZi® + 2/iZiWq + 5mi® ~(2Zia; + 2nJiy-l) « 0, 
al^ + 2 ZiZj nq + hm^ — (2 Zg a; + 2 nqy — 1) = 0, 
aZ3* + 2ZiZ3m3 + 6m3*-(2(sa: + 2mgy-l) « 0. 
and a +5 - (a?* + — r*) =0. 
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Eliminating a, h, and b, we have 


1 + 

1 

1 

0 I 





h»h 

= 0, 

1 2l^x-\ 2m^y — \ 



I 2 ni2 

2l^x-^2m^y — \ 



h^s 



which is evidently a circle. 

§ 9. The tangential equations of the conics referred to their 
principal axes. 

These equations can be found from the known Cartesian equations 
by the method of § 1, or by comparing the general equation of a 
tangent to the conic with the equation lx+my + 1 — 0. We shall 
illustrate the latter method in this section. 

(1) The Parabola. The equation of any tangent to the parabola 
2/2— 4 ax = 0 is x—ty + at^ = 0, and if this is identical with 

Ix + my+i = 0, 

we have I = —m/t = l/at*. Eliminating t we get 

am2 = 1. 

(2) The Ellipse. The equation of a tangent to x^ja-+yyh^ = 1 
is {x cos 0)/a + {y sin 6)/b = I ; identifying this with lx + my +1 = 0, 
we have la = — cos 6, m?> = — sin 6 ; 

a2l2 + b2m2 = l. 

(3) The Hyperbola. In the same manner we find that the 
tangential equation of the hyperbola x'^ju'^—y^lh^ = 1 is 

an^-b^m* = 1. 

If the hyperbola is referred to its asymptotes as coordinate axes, 
its equation is xy — ; any tangent is A^x+y— 2cA = 0, whence 

l = —\/2c and »» = — l/2cA, 
and dc^lm = 1. 


Illustrative Examples. 

Example i. Find the envelope of a chord of an ellipse whose mid- 
point lies on a fixed straight line. 

Let ic’/«*+yV^* ^ ellipse and lx+my + 1 = 0 the chord, then 

the diameter conjugate to this chord is b*inx — a'ly ■= 0, and this meets the 
chord at its mid-point. The coordinates of the mid-point are therefore 
{ - on/Ca*/* + Mm*), - Mm/(o*i» + Mm*)}. 

This point lies on a fixed straight line, say (/', m'), so that 
0*11' + h*mm' e= oH* + 6 *m'. 
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This is the tangential equation of the envelope of the line (/, m). The 
coordinates of the straight line at infinity (0, 0) satisfy it ; the envelope 
is therefore a parabola. It also touches the given straight line {l\ m') and 
the tangents to the ellipse at its points of intersection with this line. 

Example ii. Through points on a given straight line straight lines 
are drawn parallel to their polars tvith respect to a fixed ellipse : find the 
envelope of these lines. 

Let the ellipse be a*/* + 6*m* = 1 and {h^ A:) the given straight line. Now 
the equation of the pole of any straight line (X, /li) is = 1, and if 

this point lies on the line (A, k) we have 

a^X^ + 6V^=l. (i) 

The coordinates of a line parallel to (X, n) are (cX, <?/*), and if this passes 
through the point a®/X + 6^mft = 1 we have 

+ = 1. (ii) 

Hence, using condition (i), 

a®cX* 4 a*hX 4- 

or a®c*X* + = d^hc\ + b^kcfjt. 

Consequently, the line (cX, c/i) envelopes the parabola 
P + ft* m* — a* km. 

This parabola touches the given straight line (^, A;). 

Example iii. Find the envelope of the polars of a fixed point with 
respect to a system of confocal conics. 

Let a;Y(a* + X) + = 1 be one of a system of confocal conics, and 

(fe, k) the fixed point. 

The equation of the polar of (hy k) is 

a;V(a’ + X) + yA:/(6* + X) = l. 

The coordinates of this straight line are therefore 

Z = — h/(a* + X), m = ~ A:/(t* + X). 

Eliminating the variable X we have 

+ = 0 , 

or (a* - V) Im-kl-- hm. 

This is a parabola, since it is satisfied by the coordinates of the line 
at infinity (0, 0). Writing the equation in homogeneous coordinates, 
(a*-5*)Zm *= kln-hmuy we see that it is satisfied by the coordinates of th^ 
axes ; the parabola therefore touches the coordinate axes. 

Example iv. To find the focuSy directriXy and the tangent at the 
vertex of the parabola {d^ hm. 

The coordinates of the focus can be found as above (§ 8, VIII). The 
following is another method. 
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If the point is the focus, then the line 

which is the join of the focus to a circular point at infinity, touches the 
parabola. 

Let — + then, since the line ^ ^ touches the parabola, 

we have, by substitution in the equation of the parabola, 

z{k — ih)-{-i{d^~-b^) = 0 ; 


« 2: = 


i (a* — 
k-ih 




¥TW ’ 


Th^ equation of the directrix of S = 0 (when it is a parabola) is 
2Gx + 2Fy^A--B^0, 

and since the tangential equation of the parabola is 
2{a*-~h^)lm — 2kl'^2hm = 0 , 

we have A « J9 = 0, H ^ (? = —A?, F ^ i.e. the equation of the 

directrix is kx--hy ^ 0. 

This is a straight line through the origin, its coordinates are (it, -ft, 0); 
the coordinated of a line parallel to it are (Xft, —Xft), and, if this touches 
the parabola, it is the tangent at the vertex. 

The condition for this is 


-X’^ft(a*-ft*) = X(P-fft*), 

* kh{a^~P)' 

The coordinates of the tangent at the vertex are 
[ ft’ + ft’ ft’ + ft* ) 

I ft (a* -ft*)’ ft (a* -ft*))* 

and its equation is therefore (ft* + ft*) (ftx-fty) = (a*-ft*)ftft. 


Example v. Points C, I) on an ellipse are sack that AC, A'D 
intersect on one of the equiconjagate diameters : find the envelope of CD. 

Let C be the point (a cos d, ft sin B) and D the point (a cos (f>, ft sin (/>). 
The equations of AC, A'D are 

(x cos iB)/a-h (y sin J B)/b = cos J B, 

(x sin I <f))/a - (y cos J <^)/ft = - sin ^ cp, 
and these intersect on the line through the origin 

sin i(f){(xcoai d)/a + (y sin ^ B)/b} + cos J d {(a? sin i </))/a - (y cos J </>)/ft} = 0, 
i.e. 2x sin J cos J B/a ~ y cos J (d -f (f>)/b *= 0. 
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If this is the equiconjugate diameter xfa-ylh ■» 0, we have 
2 sin J cos ^ d = cos + ^)> 
or 

sin J (d + </)) — sin J (^-0) = co8|(d + 0). (i) 

Now CD is the line ^rcos J (^ + <^)/a + y sin i (^ + (/>)/& = cos J (d — </)), so 
that its coordinates are given by 

al = -cos J(d + </>)8ec J(d— <^); hm = -sin J (d + 0) sec J (d -</>). 

Substituting in (i) we have 

tan ^ (d — </>) = — 6 w, 

and therefore a®/’ + — 1 *= {ctl — 6m)*, 

or 2ahlm = 1. 

This is the tangential equation of the envelope of CD ; it is a rectangular 
hyperbola whose asymptotes are the axes of the ellipse. 

§ 10. Interpretation of some special forms of tangential 
equations. 

Let w = 0, t; = 0, = 0, z ^0 be the equations of four points 

B \ 2 = 0 the general tangential equation of the second 
degree ; ^ = 0, <' = 0 the equations of two points T, T' on the conic 
2 = 0, and U a constant. 


1. uv = k . wz. 


This equation is satisfied by the coordinates of lines which pass 



through the pairs of points u = 0, 

= 0 ; It = 0, 0 = 0; t; = 0, «(; = 0 ; 

v = 0, 0 = 0, i. e. by the coordinates of 
the lines AC, ’AD, RC, BB, It is of 
the second degree ; it therefore repre- 
sents a conic inscribed in the quadri- 
lateral A CRD. 

Example i. Find the locus of the centres 
of conics inscribed in a given quadrilateral. 


Let ABCD be the quadrilateral, and take AC, BD as coordinate axes. 
The equations of the points A, R, C, D are of the fonn -f 1 = 0, + 1 = 0, 

c? + 1 = 0, dm + 1 = 0. 

The equation of a conic inscribed in this quadrilateral is 


(a/-f l)(c/ + l)-f-A:(6m + l)(dm + l} = 0, 


and its centre is the point | • 

The Cartesian equation of its locus is therefore, eliminating A:, 

2a?/(a + c) + 2y/(6 + d) = 1. 

This is a straight line which passes through the points {i(« + c), 0}, 
{0, i(6 + dj}, i.e. the mid-points of the diagonals. 
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Example ii. On ttvo given intersecting straight lines two sets of 
fixed points A, C and A\ B\ C' are taken. Points P, P' on these 
lines are chosen so tJuxt {AP, CP] = { A'P', C'P'}. Find the envelope 
of PP\ 


Let ACjCB k . AC IC'B\ then we are given that 
AC ^ AC ^ AF 
cb ' pb"^ CB' FB'* 

Hence 

PP “ * * PP'* 


(i) 


Take the given straight lines for coordinate axes, and let A, P be the 
points {a, 0); (&, 0) ; A', P' the points (0, a') (0, h'). Then from (i) we have 
(OP - a) (h' -‘OF) {OF - a) {b - OP). 

The coordinates of the line PP'are I = -1/OP, m = -1/OP; hence 

(a; + 1) {b'm 4- 1) = A; (am + 1) (6/ + 1 ), (ii) 

which is the equation of the envelope of PP\ This is a conic inscribed in 
the quadrilateral ABAB') it touches the lines AA', PP' and also the axes 
AB, A'B\ 

If the equation (ii) is made homogeneous, it becomes 
(al + n) (6'm -f n) = A; (a'm + n) (bl + n) ; 

it can be readily shown that the points of contact of the conic with the axes 
(0, 1, 0), (1, 0, 0) are points Oj, 0, such that {AB^ CO] == {A'B\ (TO,} and 
(AP, CO,} = {A'P'j C'O] where 0 is the origin. 


2. uv = k . w*. 

In this case the points C, D coincide, and the pairs of tangents 
AC, AD; PC, BD also coincide. The 
conic therefore touches the lines CA, CB 
at the points A and D. 

Hence uv = kw"^ represents a conic touch- 
ing the lines joining u = 0, = 0 and 

v = 0, = 0 at the points w = 0, v = 0. 

Example. Show that the parabola 

Im -f cfl -f bm = 0 

touches the coordinate axes, and find the 
points of contact. 

The equation of the parabola in homogeneous coordinates is 
Im -f- aln -f bmn *= 0 ; 

this can be written (l + 6n)(m + an) = abn^. 

Now 5n 0 is the point B{l/b, 0), m + an = 0 is the point A(0, 1/a), 
and n » 0 is the origin. Hence the parabola touches the coordinate axes 
OA, OB at the points A and P, 




414 


LINE COORDINATES 



points u = Of t; = 0 ; in other words the common tangents of the 

conics 2 = 0, 2— = 0 intersect at the points w = 0, t? = 0. 

[Note i. If « r= 0, f? = 0 are the circular points Q, Q' at infinity, the 
tangents from them to a conic intersect at the foci of the conic. In this 
case uv^P-2lm cos <o + w*, or in rectangular coordinates uv=P + m*. 

Hence 2 = A; (r* + represents a conic having the same foci as 2 = 0. 

Again, if w = 0, r = 0 are the equations of the foci S' of a conic, since 
the conic is inscribed in the quadrilateral SS'QQ' its equation must be of the 
form uv^h (/* + w®). 

Thus, if = 0, f? « 0 are the foci of the conic 2 = 0, the equations 
= 0 and 2 = 0 are identical ; it follows that 
2 + A: + m®) ^ m. 

Hence, for values of h for which 2 + A: (Z* -1- = 0 represents a pair of 

points, these points are a pair of foci of the conic 2 = 0. 

The condition that 

aP + 2hlm -f few* + 2^Z + 2 fni + c + A: (Z® + m®) = 0 
should represent a pair of points is 

a-f A; h g 

h h^k / =0, 

9 f 

i.e. cA;® + (ul+R) A; + A = 0. 

If c 9 ^ 0, this gives two values of k corresponding to the two pairs of 
foci, one real and one imaginary, of a centml conic. 

If c = 0, it gives only one value of k ; the equation 2 +A: (Z^4-m*) = 0, for 
this value has two factors, one of which represents the finite focus, the other 
the point at infinity on the axis. 

Note ii. If Zxj + my I +1=0, Zxj + my^ + 1=0 are the foci of a conic, the 
equation of the conic is 

(Zxj + my^ + 1) (Zxj + my^ + 1) « A: (Z* + m*). 
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This corresponds to the geometrical property that the product of the 
perpendiculars from the foci on any tangent to a central conic is constant 
and equal to the square on the semi-minor axis. 

Example. The equation of an ellipse, + = 1, may be written 

= (P + m*), 

or (1 — lae) (1 -f lae) = W {p + m®). 

The foci are (oe, 0), ( — a^, 0), and the perpendiculars from them on any 

tangent /a? + wy + l = 0 are and their product being 6*. 

note iii. The general equation of a conic having a focus at the origin is 
a ip 4- m®) -f 2^? 4- 2 fm 4- c = 0, 
for this equation in homogeneous coordinates becomes 
rt (/® 4- w®) 4- n (2 gl 4- 2/m 4- cn) = 0, 
so that the foci are n t= 0 and 2^/4- 2/m 4- cn = 0. 

Example i. Two points Q on a circle suhiend a right angle at 
a fixed point : show that PQ envelopes a conicy and find its foci. 

Let the fixed point bo the origin and the centre of the circle the point 
(a, 0). The equation of the circle is then a:* 4- y* — 2 ao? 4 - c = 0. 

Let lx 4 my 4 - 1 »= 0 be the chord F, Q ; the equation of the lines OF, OQ is 
a?®4-y*4-2aa:(Zx4'my) 4-c(/x4-my)* = 0; 
these are orthogonal if 1 4- 2 a/ 4- cF 4 - 1 + cm® = 0, 

i.e. c(F4-m*)4-2(o/-fl) = 0, 

which is the tangential equation of the envelope. The envelope is therefore 
a conic with its foci at the origin and the point (a, 0), i.e. the centre of the 
circle. 


Example ii. Find the equation of the auxiliary circle of the conic 
+ + 2/m-hc = 0. 

The focus of the conic is the origin, the auxiliary circle is therefore the 
locus of the foot of the perpendicular from the origin to a tangent to 
the conic. 

Let y,) be a point on the auxiliary circle, the line joining it to the 
origin is "= 0 ; a perpendicular to this through the point y^) is 

+ yVi *= ^ 1 * This is a tangent to ^he conic, its coordinates are 

{ yi ) 

I a?i® + yi®» V + yi*) 

Hence, substituting these in the given equation of the conic, we have 
<5(V + yi*)“2yx,~2/yi + a « 0, 
or the equation of the auxiliary circle is 

c(a?® + y*j~2ya?-2^4-o « 0. 
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Example iii. Show that the equation A S-hA:D*f = 0, whei'e 
J) = 0 i^the equation of the director circle of the conic S = 0, rejpresenta 
a system of conics mifocal with S= 0. Rectangular Coordinates. 

The tangential equation of the conic 

8 aa? + 2hxy + %^ + 2^ap + 2/y + c*=0 
is 2 = ^P + 2/f/m + J9m*+2 6ri + 2-Fm + C == 0. 

Hence the tangential equation of any conic confocal with this is 

2 4-Ar(/*4m*) *= 0, 

i. e. {A 4 A:) -f 2Hbn 4 4 A:) w*4 2 6^/4 4 C = 0. 

The coefficients of the corresponding point equation are 
(A^4ik)C~F2 = Aa4ifcC, 

FG-CH^Ah, 

(A-hh)C- G^^C^b + H'C, 

FH-{B + k)G^=^ 

(J/f - (^ 4 Ar) F = V- A-F, 

(^4A:)(^4A;)-^2^ Ac4A:(^4R)4AS 

i.e. the equation is 
A {ax^ 4 2 hxy 4 4 2 4 2/y 4 c) 

4Ar(ar*4Cy’-2(?:tr-2Fy4^4F)4A:^ = 0, 
or A S 4 A:D 4 P == 0. 


4, 2 = ku2. 

In this case A and IS coincide ; 2 = 0 and 2 = Arw^ have double 
contact, the pole of their cpmmon chord being A (w = 0). 



Example. The equation am*— /4A?(fl/4l)* ■= 0 represents a system of 
parabolas confocal with am* =* U 
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5. S = kut. 

T is a point on the curve 2) = 0 ; the two tangents from T to 
2 = 0 coincide, hence T lies on both the curves, and they touch 
each other at '1\ 

A 


Thus 2 = Imt and 2 = 0 touch at < = 0, and their two other 
common tangents meet at xi = 0. 

6. 2 = k . tt'. 

This curve has double contact with 2 = 0 at the points ^ = 0, 
^' = 0. T 

7. 2 = kut where xi = 0 is a 
point on the tangent to 2 = 0 
at ^ = 0. 

In this case one tangent from 
A coincides with the tangent at 
!/'; thus the curve 2 = has 
three coincident tangents in com- 
mon with 2 = 0 at T, and the 
fourth common tangent meets 
them at 

Thus 2 = 0, 2 = kut have con- 
tact of the second order at ^ = 0, 
it = 0 being the intersection of 
their common tangents. 

8. 2 = kt2. 

In this case the two points A 
and B become coincident at 2' 
on the conic 2 = 0; hence, the 
conics 2 = 0, 2 have four 

coincident common tangents at the point < = 0, i.e. have contact 
of the third order. 

1) d 




1267 
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9. 2 = k . S'. 

If S = 0, S' = 0 are two conics, then S = fcS' represents a conic 
touching the common tangents of the conics S = 0, S' = 0. 

Example. Chords of a conic suhtcnd a right angle at a fixed point : 
shotv that they envelope another conic^ a7id if the first conic is circum- 
scribed to a fixed quadrangle the second conic is inscribed in a fixed 
quadrilateral. 

Let the fixed point be the origin and the fixed quadrangle that formed 
by the common chords of 

iS' = aa?’^ + 2^a:y-f + + c = 0, 

S' = ax’\-2Wxij-¥b'y’^’{‘2fx^2fy-{-c^ = 0 . 

The first conic has then an equation of the form 

S^kS' = 0. 

The equation of the straight lines joining its intersections with the line 

+ + l = 0 to the origin is 

ax^ + 2 hxij + hif - 2 {gx 4-/y) {Jx + my) + c {lx + myf 

xij i-h' y — 2{f X ’^f'y) {lx-\ n^y) + c'(/x*i my)^\ = 0. 

These arc perpendicular if 

c (Z* + m^)-2(jl-2fm + a -f ^ + A; [c' (^ + m^)-2(fl- 2 f'm + a' + h'] = 0, 
which is therefore the tangential equation of the envelope of 

lx + my -f 1 5= 0. 

But this is the equation of a conic inscribed in the quadrilateral formed 
by the common tangents of the conics 

— 2^/ — 2 J'm -f « + ~ 0, 

c {P i 7tP) — 2gl — 2f'm-\-a^' 1/ — 0 . 

§ 11. When the solution of a problem in point coordinates has 
been obtained, the solution of the corresponding reciprocal problem 
in line coordinates follows by interchanging points and lines. The 
following examples worked out side by side illustrate this. 

Example!. Point Coordinates. Example!. Line Coordin'^tes. 

The vertices A^B, C of a triangle The sides a, hj c of a triangle 
are joined to two points B, P\ and are met hy two lines jp, jp', and 

these joins uneet the opposite sides these intersections are joined to the 

of the triangle in the points opposite vertices by the lines 

D, D'; E, E'-, F, F\ d, d' ; e, c' ; f,f. 

Show that B, B' •■,E,E' •, F, F' tie Show that d, d ' ; p, c' ; /, f touch 

on a conic, a conic. 
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Let the equations (in abridged 
notation) of the sides of the triangle 
be It = 0, V = 0, IV = 0, and let the 
values of m, t?, te?, when the coordinates 
of P, P' respectively are substituted 
in them, be Wj, 


A 



Let the equations (in abridged 
notation) of the vertices of the 
triangle be = 0, = 0, iv = 0, and 

let the values of u, r, jr, when the 
coordinates of p' respectively are 
substituted in them, be iq, tq, wq; 

Wj, f?g, 



Then the equation of the join of 
A, r is - — ^ - = Of and the equation 

of the join of P, P is -- = 0. 

Wi /Cl 

Since the equation 

u V w ^ 

iq Vi tv^ 

can be written + — ) = 0 

V [a \ 

or ( = 0, it represents 

\ i(i 1(^1 / 

a straight line through the points of 
intersection of the lines ylP, BC and 
BPy AC respectively, i. e* it is the 
equation of the join of D and E. 

Similarly, the equation of the join 
of D\ E' is 


Then the equation of the intersec- 
tion of a and « is - - = 0, and 

the equation of the intersection of b 

. . u If’ 

and « IS — — — =0. 

ff] Wi 

Since the equation 

ii + * 0 

/q t?! 

can be written ) = 0 

tq V Vi ti\/ 

/ W \ /V • , 

or — I- ( ) = 0, it represents 

i\ \tq wj 

a point on the join of the points aj), 
be and hpy ac respectively, i.e. it is 
the equation of the point of inter- 
section of d and e. 

Similarly, the equation of the point 
of intersection of d', e' is 


w 


r, W 2 


0. 


Hence the equation of any conic 


^ = 0. 

ti 2 V2 <^’2 

Hence the equation of any conic 


i> d 2 
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through the points D, D ' ; E, E' is of 
the form 

. /n r w \ 

\ xo^J 

-M. (i) 

\ Wj Vj \t\} 

This passes through the intersec- 
tion of the lines Cl\ - s= 0, 

«i t’l 

and AB, w> = 0, i.e. the point F if X 
has the value given by 

XwjVj = 2f--' 4 

xhJ 

i e X = 

The symmetry of the result shows 
that this is also the value of X for 
which the conic (i) passes through jF. 
Hence D, D'; E, E'; F, F' lie on a 


touching the lines d, d'; c, e' is of 
the form 

/ It , V IV \ 

X 1/17 = ( — + j 

\ til <^ 1 / 

f'- +-“-)• (i) 

\ tV^/ 

This touches the join of the points 
cpf ~ = 0, and ah. tc = 0, i. e. 

Wi rj 

the line /if X has the value given by 


\uiv,^2('^ 4- 
^ * \Wa 


i.e. X + 

The symmetry of the result shows 
that this is also the value of X for 
which the conic (i) touches /'. 
Hence d, d'; e'; /, f' touch a 


Example 2. The polars of a 
given point toith respect to a series 
of conics circmnscribed to the same 
quadrilateral are concurrent. 

Let Wj ~ aia?4-6iy 4- 1 = 0, 
li^^a^x + h^y-^-l = 0 , 

= + = 0, 

= 0 , 

be the equations of the sides of the 
quadrilateral. 

The equation of the conic is 

«lW2 + ^U3W4 = 0. 

The equation of the polar of the 
fixed point {x\ y') is therefore 
til U 2 ' 4- Wa Wj ' 4- Ar (u^ 4- W4 u^') «= 0, 

where Ui =aix' + bjy' + 1, &c., which 
for all values of h passes through 
the point of intersection of the lines 
whose equations are 

xiiU^ ti^tti = 0 , 

and M3 1^4' 4- M4M3' = 0, 

i.e. a fixed point. 


Example 2. The poles of a 
given straight line with respect to 
a series of conics hiscribcd in the 
same quadrilateral are collinear. 

Let Mj = 04/4 4 1 = 0, 

Ma ~ a^l -\-h2m-\ \ = 0, 

Mg = a^l + 63 m 4 1 = 0, 

Ui ~ 04 ^ 4- 64 m 4- 1 = 0, 
be the equations of the vertices of 
the quadrilateral. 

The equation of the conic is 

UiXi^ + ku^u^ = 0 . 

The equation of the pole of the 
fixed line (/', m') is therefore 

’\-k{u2U ^' = 0 , 
where m/ = T 4 - w' 4- 1 , &c., which 
for all values olf k lies on the line 
joining the points whose equations 
are 

Mi«a'4'MaM/ = 0 , 

and M 3 U 4 ' 4 - ®= 0 , 
i.e. a fixed line. 
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Example 3. Find the envelope 

Example 3. Find the locus of 

of thepolars of points on an ellipse 

the poles of tangents to an ellipse 

with respect to a coaxal ellipse. 

with respect to a coaxal ellipse. 

Let the ellipse be 

Let the ellipse be 

(i) 

+ 1, (i) 

and the coaxal ellipse 

and the coaxal ellipse 

, /..X 

+ ^2 - 1- (»>) 

1. (ii) 

Any point on (i) has coordinates 

Any tangent to (i) has coordinates 

{a cos &8i|i d), and the polar of this 
point with respect to (ii) is 



line with respect to (ii) is 

j^aC08^+ ^sin^ « 1, 

— 1 cos d -f -T- m sin d *= 1, 
a 0 

Q 

or, writing t = tan ^ , 

0 

or, writing t — tan 


= i+<’, 

a ^ 0 

i.e. 

i.e. 

o / - xa\ 2by , - ax . 

^ a / b (( 

The envelope of this line is there- 

The locus of this point is therefore 

fore 

/- aoc\ ax\ 

('+r-K'-jO- 

a j('- Vj= 

i.e. - 1, 

A. i 1 

or = 

which is another coaxal ellipse. 

which is another coaxal ellipse. 


§ 12. We have shown in § 8 how the tangential equation of 
a conic can be obtained from its Cartesian equation, and convei'sely ; 
in this section we give another proof of this property, and some 
immediate deductions. In order to obtain complete symmetry the 
equations are given in homogeneous coordinates. 

I. If the line i^ + my + 1 *^ = 0 touches the conic 

S = ax^-\- -f 2fyz -f 2gzx + 2hxy = 0, 

then AX^ -H Bnt? + Cn^ 4- 2Fmn + 2 Qnl -h 2 Him = 0. 

If the line -f my -f = 0 is the tangent at the point (.r', y\ z% 
then its equation must be identical with that of the tangent 
{ax' + Ay' + gz') x -f {Jix' + hy' y -h {goo' -^fy' + V == 0. 
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Thus I = ao/ + hy'+g 2 ', 

m = fix' + I)y'+f 2 \ 
n = gx'+fy' + ce'. 

Hence 

Al + Hm + Gn 

= x'{aA+hH+gG)+y'{hA + bH+/G)+e'{gA +fH + cG), 
but aA + JiH+gG = A, JiA + hH+fG = 0, gA+ /H+ cG=^0; 
therefore AI + Hm + = A x'. 

Similarly, HI + Bm + = A y', 

Gl + Fm +Cn = As'. 

Hence 

(A? + Hm + Gn) I + (HI + Bm + Fn) m + (Gl + Fm + Cm) m 

= A (lx' +my' + n 2 '). 

But since (x', y', g') is, by hypothesis, a point on the line 
Ix+my + ng — 0, we have Ix'+my' + ng' = 0; thus 

Al^ + Bm^ + Cn^ + 2Fmn + 2Gnl-\-2Hlm — 0. 

Conversely, 

II. If the point lx A my nz ■= 0 lies on the conic 

aP + hnP + CM® + 2fmn + 2 firnl + 2 him = 0, 
then Air® + By® + Cz ^ + 2 Fyz + 2 Gzx + 2 Hxy — 0. 

If the point Ix + my -\-nz = 0 is the point of contact of the tangent 
{If, mf, n'), then its equation must be identical with that of the point 
of contact 

(aV + 1m' + gn') l + (hl' + bm' +fn') m + (gV +fm' + cn')n = 0. 

Thus x = al'+hm' +gn', 

y = hi' +bm'+fn', 

z = gl' +ftn' + cn'. i 

Hence 

Ax + Hy + Gz 

= (ciA + hH + yC) r + {hA + bH -i-fG) m' + (yA AfH + cG) n ' ; 
therefore Ax+ Hy + Gz = A V. 

Similarly, Hx + By+Fz = Am', 

Gx + Fy + Cz = An'. 

Hence 

(Ax + Hy+Gz)x + (Hx + By + Fz)y+(Gx+Fy + Cz)e 

= A (I'x+m'y + n'z). 

But since (V, m', n') is, by hypothesis, a line through the point 
lx+my + nz = 0, we have I'x m'y + n'z := 0, thus 

Ax^+By^ + Ce^+2Fyz+2Gex+2Hxy = 0. 
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Note 1. If (h nif n) are the line coordinates of a tangent to the conic 
S = ax^ + 0 ^"^ •\-2jyz + 2gzx + 2hxi/ ^ 0, and {x, y, z) the point coordi- 
nates of its point of contact, we have the reciprocal relations 
I m n 

ax + hy + gz hx + hy -{- fz gx -^^fy -f cz 

, X ^ y z 

Al + Hm -\-Gn HU Bm + Fn Gl + Fm -f Cn * 

If (a:, y, z) is a point on the conic 

at^ + 6m* + cn* + 2/mn + 2 gnl + 2 him = 0, 
and (^, m, n) the coordinates of the tangent at this point, similar relations 
hold, the small and capital letters being interchanged. 

Note ii. The above formulae connecting the line coordinates of a tangent 
and the point coordinates of its point of contact were obtained from the 
equations of the tangent and the point of contact respectively. 

When (r, y, z) is not on the conic, or when (Z, m, n) does not touch the 
conic, the equation of the polar of (a*, y. z) or of the pole of (?, m, n) are of 
exactly the same forms as those of the tangent and point of contact. 
Hence, if (a;, y, z) is a point not on the conic S = 0, and (/, m, n) are the 
line coordinates of its polar, then 

I m n 

ax'^hyi'gz ~ 6a: + 6y + fz gx +/y + cz ’ 

and reciprocally, if (?, m, n) is a line not touching the conic 5 = 0, and 
(Xf y, z) are the coordinates of its pole, then 

X ^ y ^ ^ ^ 

Al + Hm + Gn HI + Bm -f Fn Gl -f Fm -f Cn 

III. Any conic being 

S = ax'^ -f ^ 2gx + 2fy -f c = 0, 

S' being the value of S when x\ y' are substituted for .r, y and 
JP = 0 being the equation of the polar of (x', y\ the equation of the 
pair of tangents from (r', y') to the conic is (Chap. VI, § 4 (v)) 

ss' = 

So also 2 = ilP-l-27/Mi-i- J?tn^ + 2GZ-f 2jFm-|-C = 0 being the 
tangential equation of the same conic, 2' the value of 2 when 
(Z', m') are substituted for Z, m and II = 0 being the equation of the 
pole of (Z', m'), the equation of the points of intersection of (Z', m') 
and the conic is (Chap. X, p. 404) 

22' = n2. 

These can be put in the same form. 

Making the equations homogeneous, for convenience of notation, 
we have 


S = nx"^ 4- -f + 2 fyz + 2cfxz -f 2//.ry, 

2 = Af^Bm^^-Cn^^2FmiU2Ghi^2mm. 
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Now the equation of the polar of {x\ y\ r'j with respect to aS = 0 is 
X {ax' 4- hy' 4- d^') 4- y {hx' 4- hy' 4-//) 4- ^ {gx' +fy' 4- cz') = 0, 
i.e. the coordinates (/, m, n) of this polar are 

I =z ax' + hy' 4- m = hx 4- hy' 4-/^', n = gx' •\‘fy' 4- cz' \ 

thus S' = lx' my' . 

Also 

Al Hm Gn 

= x^ {aA^lill^gG)^y' {]iA^m-VfG)^z' {gA^fll^cG) = Arr'. 
So III 4- Bm -4- = A y'^ 

Gl 4“ Fm 4" C'ft “ A j 

. • . I {Al’\- Hm 4- Gn) 4- m {III + Bm 4- Fn) 4- w (6f Z 4- Fm 4- Cn) 

= A {lx' my' + nz')^ 

i.e. S = A S'. 

Also the polar of {x'^ y'^ z') being lx 4- my + nz = 0, we have 
P= lx my nz ] hence the equation of the pairs of tangents from 
(x'j y', z') to S' = 0, viz. SS' = can be written S . 2 = A (Z;r 4- my 4- nzf. 
Similarly, the equation of the pole of (?', 7i') with respect to 

:s = o is 

l{Al' + IIm'-i^Gn') + m{Hl'+Bm' + Fn')-{^n{Gl' + Fm'‘¥Cn') = 0, 
i. e. its coordinates {x^ y^ z) are 

rr = AZ' 4- Hm' 4- Gn'. y = HI' 4- Bm' 4- Fn', ^ = GZ' 4- Fm' 4- Cn'. 
Thus = xl' 4- ym' 4- i^n'. 

Also ax 4- % 4- = A Z', 

hx -Vly -V fz = Am', 
gx^-fy-^rcz = An'; 

x^ax-^hy-^ gz) 4* y {hx 4 - hy +fz) 4 - z {gx ^-fy 4- cz) 

= A {I'x 4- m'y 4 - n'z) ; 

S=A.2'. 

Also the pole of (Z', m', n') is the point Ix-^-my^nz = 0, i.e. 

n = Zx + my + n^ ; 

hence the equation of the points of inter- 
section of the line (Z', m', n') and the conic 
^ = 0 being 22' = becomes 
2./S=r A (Za:4*m^4"n^)^ 
which is the same form as the equation of 
a pair of tangents. 

Thus, if Z, m, n are fixed, viz. the coordi- 
nates of PQ, 

2./S = A {Ix-^my + nz)^ 
is the equation of the tangents at the point of intersection of the 
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conic and PQ ; and if (x, z) are iixed, viz. the coordinates of 1\ it 
is the tangential equation of the points of contact of tangents from T 
to the conic. 


For an ellipse 


Illustrative Example. 




P 1 

6^ ^ 


A = 


1 



Let T be the point (a?, y ) ; then the equation of the points P, Q is 


or 

^~8 + ^ -1^ + + = 0. (i) 

Let the coordinates of P and Q be (Xi, f/j), (a^j, t/j) ; then their equations 
are 

(/.rj + mz/i + 1 ) (1^2 + w?f/2 + 1 ) = 0. (ii) 

The equations (i) and (ii) are therefore identical, and we have, putting 
in a factor to make the absolute terms the same, 

f -2 + -1 ^ + - (/x + m,/+l)» 

'a 0 J 

= - ( + Jj) (^^1 + »»yi + 1) + »''ya + 1), 


or 

S (a* + V - 1) - (/.r + m\j + 1)* = - (-S + 1) + my^ + 1) (1x2 + ^^ 1/2 + 1)» 

and this is identically true for all values of 7 and m. 

(a) Now put 7 = — , = r > then 

^ ir + cf/ x + iy 


S {a^-h^-(x-¥iy)^}= -{S+1) {^r-Xi + iy-yi} {aJ-aJa + iy -^ 3 }, 
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'I 

i. e. (x-^iyy^-a'^e^ = .y- 




Le. (x + iij’“ae)(x-\ i^ + ae) = — ^ + ^ • 2/ ~yij + ‘ • 2/ “J/a}* 

Now let TP, T0, TSj TS' make angles 6^, 0^, 0^, 0, with the axis of x ; 
then x-x^ = TPcob6^^ y- = TPsin 

x-x^ ~ TQ COB y-ij^=z TQBinS^y 
x-ae = STcOB(f)^y y — ST sin (f)i, 
x-\- ae ^ S' TcoB(p^, y ~ S' Tain (p^. 

Substituting and using De Moivre’s Theorem, 

ST.S'T {cos (^>1 + 02 4- 1 . sin (j)^ + ^ 2 } 

= .TP.TQ {cos + 1 . sin . 

O 

Equating real and imaginary parts we have 0i + 02 = + ^2 > which shows 

that ZSTP= ZS'TQ, and further 

TP. TQ ^ ^ 

ST. S't"^ S+V 


(b) Put /=---> m ~ — ^ then 
^ ae ae 

(x-ae + i yY = (iS + 1 ) (iti - e/e + i y^ (^2 + f 2/2)* 

So that if SPy SQ make angles 0^, 0^ with the axis of Xy 

(cos 2 01 + 1 sin 20,) = {S'¥l) * SP . SQ {co80i + 02 + ‘sin0i+^2} I 

01 + 02 = 201, 

i.e. LTSP^ ZTSQ, 

ST^ 


(c) Put / = ~ 


1 


Xi + i;/i 


a7, + it/i 


and we get 


S{xi-^tyi^-a^e^) + {x-x^^iy-y^y = 0 , 

whence, as above, SP, S'P are equally inclined to TP, and 


Similarly, 


TP«^ 

SP.S'P 

Sg.SQ 


= 5. 
= 5. 


Examples X d. 

1. Find the envelope of chords of an ellipse which subtend a right angle 
at the centre. 

2. Find the envelope of chords of a parabola which subtend an angle OC at 
the vertex. What does the envelope become when OC = 90® ? 

3. Find the condition that the point pl + qm + l =0 should lie on the 
imrabola aw^ + 2/ = 0. 
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4 . Two circles touch externally, the centres are fixed. Find the envelope 
of their common tangents. 

5. Three points Z, M, N on the sides of a triangle are collinear and 
LM : MN h:Jc, Show that LN touches a fixed parabola. 

6. Find the envelope of the polars of a fixed point with respect to a series 
of circles which touch two given straight lines. 

7. A variable tangent meets a fixed tangent of a parabola and through 
their point of intei-section a straight line is drawn perpendicular to the 
variable tangent : find its envelope. 

8. Find the equation of a parabola whose focus is al-^ hm + 1 = 0, the 
coordinates of the tangent at the vertex being ( p, g). 

Also find the coordinates of its directrix. 

9. Circles are drawn with given centres A and B : show that the common 
tangents of pairs of these circles, the difference of whose radii is constant, 
touch a fixed parabola. 

10. Find the coordinates of the normal through the point of contact of 
the tangent (t^/aj t/a) of the parabola am^ = 1. 

Hence show that tliree normals can be drawn through a given point 
pl + qm+ 1 = 0, and the parameters of the corresponding tangents are such 
that 2 (1/^) e= 0. Interpret this geometrically. 

11. Find the envelope of a line on which two fixed circles intercept equal 
lengths. 

12. Two finite lines are each divided into n equal parts : find the envelope 
of the lines joining corresponding points of division. 

13. Find the envelope of the polar of any point on the circle 

3a*ZH4a*m*-2aZ~l = 0 
with respect to the circle 3 + 4a*m® + 2a? — 1 = 0. 

14. A system of conics have their foci at the points + 1 = 0, ai - 1 = 0. 

Find the envelope of the tangents to them at their points of intersection 

with the straight line (X, p). 

15. Two points are taken on an ellipse so that the sum of their ordinates 
is constant ; show that their join envelopes a parabola. 

16. X, F are fixed points on two lines OX, OY, and points P, Q are taken 
on the lines such that 

(i) XP.F<? = c“; (ii) XP+F<?=c; (iii) XP--YQ^c; 
find in each case the envelope of PQ, 

17. Circles are drawn with their centres on the tangent at the vertex of 
a parabola and touching the parabola. Show that the envelope of the 
common chords of the circles and the parabola is another parabola, and 
find its focus. 

18. The envelope of the polars of points on the auxiliary circle of an 
ellipse with respect to the ellipse is another ellipse. 

Find its equation and its foci. 

19. The bisector of the angle between the tangents from a point to an 
ellipse a^P + h'^m’^ = 1 is parallel to the line (Ij, wq) : find the envelope of 
the chord of contact and the coordinates of its asymptotes. 
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20. A variable circle of radius r passes through a fixed point (7/, 0) : show 
that the envelope of the common chord of this circle and the circle 

+ is a conic. Find the foci of the envelope. 

21. PJR is a diameter of a circle, QE passes through a fixed point : show 
that FQ envelopes an ellipse or an hyperbola according as the fixed point 
lies inside or outside the circle. 

22. A chord of a parabola which subtends a right angle at the focus 
touches a conic one of whose foci is the focus of the parabola : prove this 
and find the other focus. 

23. Find the condition that the lines (Ij, ^w,,0), (/j, ^ 2 * 0) should be 
conjugate diameters of the conic + 

24. The four lines (Ij, m^), (7j, m^), (/j, Wg), form a quadrilateral; 

find the coordinates of its three diagonals. 

25. (i) Three conics are drawn circumscribing the quadrilaterals formed 
by two sides of a triangle and two given straight lines. Show that their 
other common chords pass each through a vertex of the triangle and are 
concurrent. 

(ii) Three conics are drawn inscribed in the quadrangles formed by 
two of the vertices of a triangle and two given points. Show that the points 
of intersection of their other common tangents lie each on a side of the 
triangle and are collinear. 

26. (i) If a triangle circumscribes the ellipse ^ ^wo 

vertices lie on + = 1, the locus of the third vertex is a coaxal 

ellipse. 

(ii) If a triangle is inscribed in the ellipse + = 1 and two 

sides touch + 1, the envelope of the third side is a coaxal 

ellipse. 

27. (i) Two sides of a triangle inscribed in an ellipse pass through fixed 
points : find the envelope of the third side. 

(ii) Two vertices of a triangle circumscribed to an ellipse lie on fixed 
lines : find the locus of the third vertex. 

28. Find the general tangential equation of a rectangular hyperbola 
which has contact of the third order with the parabola am® = I, and the 
locus of its centre. 

29. Find the envelope of the polar of a fixed point with respect to a conic 
circumscribed to a given quadrilateral. 

30. A system of conics is inscribed in a given quadrilateral : show that 
their director circles form a coaxal system. 

31. A conic has double contact with a parabola at the ends of the latus 
rectum : show that the envelope of the polars of points on this conic with 
respect to the parabola is another conic having double contact with the 
parabola. 

32. The sum of the abscissae of two points on a parabola is equal to the 
latus rectum. Show that the chord joining them envelopes a parabola and 
find its focus. 
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33. The normals at the extremities of two chords of an ellipse are con- 
current : prove that 

(a) If one chord passes through a fixed point the other envelopes a 
parabola ; 

(b) If one chord touches an hyperbola whose asymptotes are the axes 
of the ellipse, the other chord envelopes a rectangular hyperbola. 

34. If 2 = 0 is the tangential equation of the conic S ^ 0, show that the 
equation 2 + A; (P + m^) = 0 represents a pair of foci of the conic if 

35. The sum of the squares of the semi-axes of the conic 

aP + 2hltn + bnP -f 2/m + 2(jl-¥c = 0 

is -i,A^B)/c\ 
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MISCELLANEOUS THEOKEMS 

§ 1. Transformation of Coordinates. Application of De 
Moivre’s Theorem. 

I. To change from one set of rectangular axes to another, the origin 
being xinchangcd. 



Let the new axis of x make an angle a with the old axis. 

Let P be any point whose coordinates referred to the two sets of 
axes are (x, y), {X, 1^), and let OP — r, Z POx = 0, Z POX = 
i.e. e' — O-cx. 

Thus x+iy = r (cos * sin 0), 

X+iY — r(cos0— oc + isin^— cx) 

= r (cos $ + i sin 9) -7- (cos a + i sin oc) 

= (* + iy) -r (cos a + i sin a). 

Hence x + iy = {X + iY) (cos a + i sin a), 

and X+ir = («+fy)(coso(— isina). 

Equating real and imaginary parts, 

X = X cos a — Fsin a, y = X sin a + T cos a, 
and X = a; cos a + 2 / sin a, Y = i/cosa— a;sina. 

II. To change from one set of axes inclined at an angle o) to another 
set inclined at an angle the origin being unchanged. 

Let the new axis of x make an angle a with the old axis, and let 
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P be any point whose coordinates are (x, f/), (X, Y) referred to the 
two sets of axes. 




(a) Let the coordinates of P referred to rectangular axes Ox^, Oy^ 
where Ox^ Ox^ coincide, be t/J. 

Then Xi=^ x-^-y cos o), 

Vi—y sin o). 

Thus x^ -\-iyi ~ x-\-y (cos ca -f i sin co). 

(b) Again, suppose the coordinates of P referred to rectangular 
axes Ox^y Oy^, where Ox^ coincides with OX, be [x^y y-^y then in 
the same manner 

+ ii/2 = X + r (cos 0)' + i sin a>'). 

Now [Xiy y^y [x^y y^ are the coordinates of P referred to two sets 
of rectangular axes, the a:-axes making an angle ol with each other. 

Hence, by the first part of this section, 

= (*^2 + '^2) a + i sin cx). 

Hence 

x-\-y (cos 0) -f i sin co) = (cos a + i sin a) [X + Y (cos (o' + i sin o>')]. (i) 

This, multiplying by (cosoa — isina)), becomes 
x (cos CO— i sin o)) + y 

= X (cos oc — o) + i sin cx — co)+ Ylcosco'-f- a — co+ isina)'+ a—o)). (ii) 

Equating imaginary parts in (i) and (ii) 

y sin CD = X sin (X + Y sin (a -f cd'), 

.r sin CD = XsincD — a+ Ysin (cd — cx — cd'). 

The values of X and Y in terms of x and y can be found by 
writing the equations (i) and (ii) in the forms 

;r(cosa~isin(x)+y (cosw — cx + i sincD— a) = X + Y (cos cd' + i sin co'), 

x(coscx + co'— i sin (X -f cd') + jy (coscd—x — cd'+ isincD — a — cd') 

= Y+X(cosco'— isinca'), 

YsincD' = ^sincD— (X — a:sinx, 

Xsin co' = jrsina + a>'-f y siiix 4 - — 


whence 
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Invariants. We have seen in Chap. Ill, § 6, that if by any 
change of axes the equation 

ax^ -f 2hxy ■\‘2gx-\- 2fy -f c = 0 
is transformed into 

a'X2 -f 2//Xr + b' + 2(/'X + 2/' Y + c' = 0, 

(i) a change of origin only does not affect the coeflScients of the 
highest terms, viz, a, h, b ; 

(ii) a change in the direction of the axes does not affect the 

ab — li^ a + i>-‘2/icosa> , 

expressions . ~ . « ; and these expressions are 

siir CO sin-^ CO 

called invariants. 

We propose here to add another important invariant, and then to 
illustrate their use. 

If by any change of axes ax^ -f 2hxy -h by^ 2fy + c becomes 

a'X2 ^ 2h'XY^ V ^ 2(/X -f 2 f' Y+ c', 

then 

abc’\-2fgh—af '^—bg'^’-ch^ _ a'6'c'4* 2/7/A'— — — 

sin^co ^ sin-^co' ^ 

in other words, is an invariant. 

sin^ CO 

Make both the expressions homogeneous by introducing 2 and Z, 
where in the present case z and Z will both be unity : the expressions 
are ax^’\‘ 2 hxy-\-by^^ 2 gx 2 -]- 2 fgz^C 2 ^ and 

a'X2 + 2 A'X Y+ 6' Y‘" + 2/XZ-f 2/' YZ 4- c'Z'K 
We have relations between xyz, XYZ of the form 
X = /X -f Y-f n^Zy 

z^Z. 

This is a particular case of the quite general transformation 

y = l^X-\-m, 2 ,Yi^n<^Zy 
z — ? jX “h Y 4" fi’^Zy 

which for the sake of symmetry we will first consider. 

Make these substitutions in the first expression ; then 
(Y = cUi^ 4 " bLj^ 4 " 4 ” 2/?2 4 " *+* 2 hli 

or 

a' = li {all + hl^ 4“ gk) 4- k 4- bl^ +fl^) 4 - (gk ’\’fh + cJJ. 
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Similarly, 

V = twi (ami -f + gm^) + [hm^ + hm^ +/wiy) + m-;, [gm^ +//H 2 + cm 3 ), 

c' = Wi (ani + /m^ 4 - <7^3) + ^^2 (*^1 “i- +/^0 + ^^3 +/^^2 + » 

/' = ^1 (aril + ^^^2 + ^^ 3 ) + ^^2 {^^^1 + ^^2 +/^.i) + {^^1 +/% + <^^ 3 ) 

= Wi (ami -f hm^ ^gm^ 4- (hmi 4- hm.j, '^fm^ 4- Wj (gnii 4-/m2 -f cm 3 ), 
(all 4- /«?2 4-^0 4- W 2 (^^^1 + ^^2 "i" ^3 +/^2 + ^^ 3 ) 

= ?i (ani 4- hn^ + gn^ 4- h + ^^2 +/%) + h [O^i +/^2 + 

/fc' = (ami 4" hm2^'^gm^ 4- ^2 ^^^^2 +/^^0 + ^3 {g^i 4'/^>^2 4- cm 3 ) 

= mi (all 4- hh'^gl^ + (hli 4- hl^ +fm^ 4- m 3 (^^i 4*//2 4* cZg). 

Hence, by the ordinary formulae for the multiplication of deter* 
minaiits, 

a h' g' ali-{-Ul<2^-{- gl^ 4 - i>^2 4'/^2 't’ ^^3 I 

li h' /' = ami + Zim.^+^mj /emi 4' &m 2 4-/m3 ^mi 4-/m2 4- cm 3 

g' /' c' ani 4 - /m 2 -f ^^3 /mi 4* ^>^ 2 +/^3 ‘ 4-/>^2 "t" ^^3 

ii ^3 

X mi m 2 

ni n 2 W 3 



h 

h f 

a 

h 

0 

Htj 

»h 

»l3 ! X 

h 

b 

f 

«1 

«2 

«a i 

9 

f 

c 


In the proposed case, when we are transforming Cartesian co- 
ordinates, we have ?3 = 0 , = 0 , na = 1 , hence 

a' h' g' a h g \ 

U 6' /' = /i 6 / X (/img — ?2^i)^' 

g' f' c' g f c ! 

Now the factor (/im 2 — is independent of the change of 
origin, this only affecting ni, to find its value then, consider 
the particular case of the transformation of ax'^-\’hg^’i-2hxg-}-c to 
a'X^^ + 2h'XY-^b'Y'^ + c' 
without change of origin, so that c = c'. 

Then from the above 


a' 

Ji 

0 

a 

h 

0 

h' 

b' 

0 

= h 

b 

0 X (/xm2 — ?2^i)^> 

0 

0 

c 

0 

0 

c 


i.e. 


(a'6'~/i'^) = (ab-h^) x (km.^-l^mif ; 


(/img-^a^i)^ 


ab — sin* (o 


by the former invariants. 



1207 
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Examples. 


(a) To deduce formulae for oilique axes from corresponding formulae 
for rectangular axes* 

I. To find the angle between the lines ax^-\-2hxg-{~bg'^ = 0 when the 
axes are inclined at an angle w. 

Suppose that when the axes are transformed to rectangular axes the 
expression ax"^ •k'2hxy becomes a'X‘^4-2/i'XT4-h'y®; then 

/ . ,, a + 6 — 2/t cos 0 ) 

a ^ r-ii 1 


and 


ah'-h'^ = 


ah --Id 


But the angle between the lines is 


tan“^ — 5:; — 

a 

. 2 sin Cl) V'/i* — oh 

r= tan ^ 


0 + h-2Acosa) 


Cor. The lines lx + my + a == 0, Vx + m'y + n' = 0 are parallel to 
IV + {Inx -f Vm)xy + miWy^ = 0, 
and hence include an angle 


tan ^ 


(Im' — Vm) sin o) 


IV + mm — {Im' + Vm ) cos w 


II. To find the length of the perpendicular from (x', y) on the line 
Ix + my i-n ^ 0* 

Suppose by change of axes to rectangular axes (without changing the 
origin) the expression /jj + my + n becomes VXi-m'Y+n\ then the expres- 
sion + + n becomes TX' + w'F' + n. 

Now the perpendicular from (X\ Y') on VX + m'Y+n = 0 is 

VX-^m'r-h n 

But since Ix^my becomes VX-^m'Y^ {lx-\-myf^ becomes {IX-^m'Yf^ 
i.e. ?’x* + 2/m-ry -f w’y’ becomes V"^ X^ ■\-2VniXY ■{■ Y^ \ hence 

i/a /2 — 2/mcos<») 

r* -f m * = ) 

8in*a) 

i.e. the required length of the perpendicular is 

(lx' + wy' + n) sin <0 


m’-2/m cos Q) 
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(b) To find the axes of the conic ax^ + 2hxy + by^ + 2gx + 2fy + o = 0 
and the lotus rectum when it is a parabola. 

If the conic is a central conic, when the coordinate axes are transformed 
to the axes of the conic the equation takes the form 




■1 = 0 , 


i.e. the process of transformation reduces the given equation to one of the 
form X -f Oi* y* = 0. 

Note that since we choose (X, to be the actual lengths of the semi axes 
of the conic, we must introduce the arbitrary constant X, for in the above 
work we have assumed that the lesultant equation is obtained from the 
given one by substituting linear relations for x and y with no subsequent 
division or multiplication by any factor. 

The invariants now give us 


a 4- 6 - 2 /t cos o) 




== x*a»^^ 






L sin* o) 

(a + 6-2/ico8Q)) ^ 



A* 8in*<i> 


Hence Ot*, are roots of the equation 

^ (a4 6~2^cosa))+ - ^ *= 0. 

When the conic is a parabola the equation, when the axes of coordinates 
are transferred to the axis of the parabola and the tangent at the vertex, 
takes the form X(F*~4/y) = 0. 


Hence 


-4^*X*, 


a + h — 2 h cos o) 




A . siii^o) 

(a + ^--27»C08a)? 


the latus rectum being 4/. 


E e 2 
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§ 2. Similar and similarly situated conics. 

Definition i. If the radii drawn from two points respectively, 
one to each of two conics, in directions which contain a constant 
angle, are in a constant ratio, the conics are similar. 

Definition ii. If the radii in the above definition are drawn in 
the same direction and their ratio is constant, the conics are similar 
and similarly situated. 

Suppose that a straight line is drawn from a point 0 (a, ft) to 
a conic, meeting it in the points 1\ Q ; and also one from the point 
0' {ex', ft') in the same direction to meet another conic in the points 

If these two conics are similar and similarly situated, the ratios 
and are constant, hence also the ratio constant. 

As in Chap. VI, § 5 (i), we can show that if the conics are 

/(^f y) = + 2/uy + hif -f &C., 

and f' (x, y) = a V -f 2h' xy -f -f &c., 

then OV . OQ = / (a, ft) -r (a cos^ 6 + 2 A sin 0 cos 6 + 6 sin-^ 6), 

O'r' • O'Q' =/'(«', /3')"T-^^cos^^ + 2A'sin^cos^ + 6'sin^0). 

The condition above requires that the ratio 

a cos^ ^ + 2 A sin 0 cos 6+h sin^ 0 
a' cos^ ^ -f 2 A' sin 6 cos 6> -f 6' sin'-^ 6 
should be independent of 6. 

Hence - 


A 

h' 


b 

b'' 


This is the required condition that the conics should be similar 
and similarly situated ; it is also the condition that their asymptotes 
should be parallel. 

Again, if the straight lines through 0 and O' are drawn in the 
directions 6 and <#> respectively, the ratio of the rectangles OF . OQ 
and O'P ' . O'Q' becomes 

a cos^ ^ -f 2 A cos 6 sin 9-\-b sin^ 6 
a' cos* 0 -f 2 A' cos 0 sin 0 + V sin* 0 
If the conics are similar, this ratio must be constant when 
is constant. 

If 0— <^) = y, the ratio becomes 

g cos* (<^ 4- y) -f 2 A sin {(f) + y) cos (^ + y) -f fe sin* ((f) 4- y) 
g' cos* 0 -f- 2 A' sin (f) cos (f>+b' sin* <f> ’ 

and must be independent of (/>, 
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The ratio may be wntten 

a -f b -f (a — ?>) cos 2*(c/) + y) -f 2/i sin 2 ((/) + y) 
a' + H- [a' — h') cos 2(|) + 2h' sin 2(p 

Equate the ratios of the coefficients of cos2<^, sin2(|), and the 
terms independent of (|), then 

a-f & _ — ^ cos2)/-f 2Asin 2y _ 27^cos2y--(a — />)sin 2y 

a ^/ "" ( 7^1/ ““ 217 

Hence, eliminating y, 

(a + 6)2 _ (a + i>)2-.(a-6)2-4A2 _ ab-h‘^ 

(a' + by ““ {f7^b'f-(a'-}/f-4h'^ 

This is the condition that the conics should be similar, and is also 
the condition that the angle between the asymptotes of each conic 
should be the same. 


§ 3. The gereral equation of the second degree. Curvature. 

When the origin is on the curve, c = 0, and the general equation 
becomes + 2hxy -f 6^^ ^ 2gx-\‘2fy = 0. The equation of the tangent 
at the origin (0, 0) is gx-^rfy = 0, i.e. is represented by the terms of 
the lowest degree. 


Cor. i. If any tangent and the corresponding normal are taken as coordi- 
nate axes, the equation of the curve takes the form -\^2hxy = 2fij ; 

this form is often useful. 

Cor. ii. The equation of the circle of curvature of 
ax^ -f 2 hxy 2gx-\-2fy — 0 


at the origin is of the form 

X {:c^ f 2xy cos o) + y’) + 2gx + 2/y = 0, 

and X must be chosen so that one of the common chords of the circle and 
conic, which passes through the origin, should be gx^fy — 0. 

Hence ax^ -\^2hxy -f — X (a;’ -f 2ary cos w + y*) has gx -f fy for a factor, and 

X f/ 

therefore vanishes when < 7 a;+/y = 0 or when g * ^ value of 

ao;* + 27ia:y + 
a;* + y® 4 2a;y cos 0 ) 

when gx+fy == 0, and unless y or / is zero this 

/^-2/y cosw + y*’ 

and the equation of the circle of curvature is 

l^^2xy CO* .. + y*) + 2gx + 2/y = 0. 
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This method can be used to find the cirtsle of curvature at any 
point {x', y') of the conic 

ax^ + 2hxy+by^ + 2gx^ 2fy + c = 0. 

Change the origin to the point (a^, then the equation becomes 
ax^ + 2hxy + by^ + 2X'x+2Y'y = 0, 

where, as usual, 

X' = aaf + hy'+g, Y' = hx' + btf' +/. 

The equation of the circle of curvature at the origin referred to 
the new axes is 

(x^ + 2xycoB<^+y^)^^Pfy^^^,+2X'x + 2rg = 0; 

for the equation of the tangent at the origin is X'x + Y'g = 0. 
or {x'^ + 2xy cos w + if) {bX' ^-2hX'Y' + aY'^) 

+ 2 (X' 2 - 2 X' r cos 0 ) + r' 2) {X'x + Y'lj) = 0. 
But 6X'2-2AX'r + ar2 = C5'-A = -A, since {x', y') is on 
the curve ; the equation of the circle referred to the new axes is 
A(a;2+y2+23^cos«))-2(X'2_2X'r'cosa)+r'2)(X'a;+r» = 0. 
The equation referred to the original axes can be found by sub- 
stituting («—«'), {y—y') for X and y respectively. 


Example. To find the circle of curvature of the ellipse ^ ^ = 1 

at the point (acoB<f>, ftsinc/)). 

Tmnsfer to parallel axes through the point (acosf/), fcsin^) and the 
equation of the ellipse becomes 

r.2 


X* 2 X * ^ 

+ lo + — cos ^ sm </) = 0. 


The circle of curvature referred to the new axes is 


y*)-f CO80+ |8in(^)^ = 0, 


X ti 

where ~ co8<i> + f- sin d) = 0 is one of the lines 
a ^ 0 




x = 


1 


a* sin* (^ + cos* </> 


i.e. tlift circle of curvature is 

(.^*+y*) + 2 ^^cos<^+ Isint/) j fa*sin*</) + ^*C0R*<^) 


0 , 
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or, referred to the original axes, 

(x-a cos (/>)* + (y ~ sine/))® -f 2 cos -I- | sin <^ - (a® sin* </> -f 6* cos* </>) *= 0, 

i.e. a?* + f/*-2a? — - — co 8 * 9 - 2 y * — ~ S3n^9 

-f- (a* — 2 &*) cos* 0 + (^6* - 2 a*) sin* (/? «= 0. 


§ 4, Equation of conic when a pair of tangents and the chord 
of contact are given. Special Notation. 

Let the equation of the tangents in abridged notation be 0, 
V = 0, and the chord of contact ?(; = 0 ; then the equation of the conic is 
uv = 


(Strictly, the equation should be Jc.uv=^w^ where Jc is a deter- 
minate constant ; this can, however be included by considering 
hi = 0 to be the equation of one tangent.) 

Let Uj, Vj, tVi be the values of the expressions ti, y, iv when the 
coordinates of any point P are substituted in them ; evidently we 
can express these coordinates in terms of any t\vo of the quantities 
W|, Wiy and conversely, if the values of Wj, u\ for any point are 
known we can determine its coordinates. It should be clear that 
we can use the values of u, Vy and w at any point to indicate the 
position of the point ; only the two ratios u:v:w are necessary, 

Now if is a point on the curve, w^e have and 

hence, if Ui = then -r^, i.e. the coordinates of a point on 

A 


the curve are connected by the relation 


M, 


1 


A ’ 


and con- 


versely, if A is known the ratios e<i : / j are known, and the 
position of the point is determined : we shall refer to this point on 
the curve as ‘ the point A 


I. To find the equation of the chord joining two points A, fx on the 
ctnre. 

Let the chord be Ah + Bv + Cw = 0 ; then 
^A2 + B + CA = 0, 

+ B + Cp = 0 ; 

__A_ __ B ^ C 

4 ^ B ^ c _ . 

1 \p —(k+p)' 
the equation of the chord is 

« t-Aiui’— (A + p)je = 0. 
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II. The equation of the tangent at the point X follows hy putting 
jut .= A, viz. w-f A^i; — 2A|£? = 0. 

Hence, if the tangent at A passes through the point we 

have X2vi-2X«;i + Ui = 0, 

i.e. two tangents pass through this point, and the parameters Aj, A 2 
of their points of contact are given by this equation. Hence 

Wj t Vy • ^ (^1 "t" ^ 2 )* 

Conversely, the point of intersection of the tangents at the points 

Ai , A 2 IS { A j A 2 • 1 1 ^ (A^ -f- A 2 )} . 

III. To find the chord of contact of tangents from the point {u ^ , , w’l). 

Let the points of contact be A^, Ag. 

.*. the chord of contact is 

+ AiA2t‘— (Aj-h A2)|(^ = 0. 

But we have shown in II that in this case 

: Vx : = Ai A 2 : 1 : ^ (A^ -f Ag) ; 

.*. the equation of the chord of contact is 

uvi + vui ^2wwi = 0. 

Note. By the usual argument the polar of any point («i, Vj, 1^1) takes the 
same form. 

IV. If tf, t;, and w are taken in the form rreostx + y sino(— 2 ; = 0, 
the equation must be taken in the form uv Ic . w^y in which case 
any point on the conic is indicated by 

u:v:tv := A^ : fc : A. 

This is sometimes useful, for we then know for example that 
w — t; = 0 bisects the angle between w = 0, t; = 0. 

Example i. The anharmonic ratio of the pencil formed hy joining 
four fixed points on a conic to any fifth point on it is constant. 

Let the conic be uv ss tv^ and four fixed points Xj, Xj, X3, X4 and any fifth 
point X. 

The equations of the rays of the pencil are 

ti + XXiV-(X + X,) w = 0, 
w + XXar — (X + Xj)u; = 0, 
u + AXgi'-iX+Xj)!^ = 0, 
ti + XX4f;--(X+X4)tt^ = 0. 
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Now ti — \w^0, w~-Xv = 0 are straight lines: let us write a? = n~Xt(>, 

— Xr, then the equation of the rays of the pencil become « = 

X == >5^, X == Xjy, X = \^y and (Chap. II, § 10) the anharinonic ratio of this 
pencil depends only on X,, X3, X4 and is independent of X. 

Example ii. If OP, OQ are tangents to a conic from a point 0, and 
the line bisecting the angle POQ meets PQ in V, and if PS is any chok'd 
of the conic passing through V, prove that OR, OS are equally inclined 
to OF. 

Let OP, OQ be the lines 

W^x cos OL-^y sin Oi — p = 0, v^x cos 3 + »/ sin ^ — 

and let PQ be = 0 (including any necessary constant factor), then the 
conic is wy = 

The bisectors of the angle POQ are the lines u-v — 0, w-f-r = 0. 

Let R and S be the points X, /x. 

RS is the line n + X/xd- (X - f /x) = 0, and by hypothesis this passes 

through the intersection of u -t? = 0, w = 0 ; /. X/x = — 1. 

The lines OR, OS are u — X^v = 0, U'-fx'^v = 0. 

Now the anharmonic ratio of the pencil u - r == 0, n 4- r = 0, u—\^v = 0, 

u-fi^v = 0 is (Chap. II, § 10) which since ,1 = - ^ is 

equal to —1, i.e. the pencil is harmonic; and since u + t? = 0, u-t) = 0 are 
perpendicular they are the bi.sectors of the angles between u-X^v = 0, 
u-'fPv = 0. 

Illustrative Examples. 

I. To find the locus of the poles of tangents to the conic 

S' = a'x^ + 2h'xy’{‘b'y^'\‘2g'x^2f'y-{’C' = 0 
with reject to the conic 

S = ax^ 2hxy -\-ly^ + 2 gx -h 2fy c = 0. 

The tangential equation of = 0 is 

A'P + 2H 'Im + + 2 07 + 2 P m 4- O' = 0, 

and if 7a;4*my 4 1 *= 0 is any tangent to S' — 0, (?, m) satisfies this equation. 

Let (a?', y') be the pole of 4 4 1 = 0 with respect to 5' = 0 ; the 

equation of the polar of (a:', y') is 

X (ax' 4 4 ^f) 4 y {hx' 4 by' 4/) 4 gx' 4 /y' 4 c = 0, 

or arX'4yr4Z'«0. 

This equation is therefore identical with Za7 4wiy 4 1 « 0. 

Hence IjX — mjY' = \jZ * ; therefore (dropping the accents) the locus of 
{x',y') is A'X*-^2H'XY^B'Y^ + 2Q'XZ^2F'YZ^eZ^^0. 
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II. To find the length of the equi-conjugate diameters of the conk 


S = 0, and to show that they are inclined at an angle sin" 
to one another. 


2^0 

a~{-l) 


If 2r iathe length of the equi-conjugate diameters, their extremities lie 
on a circle whose centre is the centre of the conic and whose radius is >• : 
hence they are common chords of .9=0 and 

»• 

Thus their equation is of the form 

Transfer the axes to parallel axes through the centre of the conic ; their 
equation then becomes 

X ( ax^ 2 hxi/ 4 hj^ + 4 .r® 4 — r’ = 0. 

Now X is to be determined so that this represents a pair of straight lines 

through the origin ; cr X = ~ the equation of the equi- 

conjugate diameters referred to parallel axes through the centre of the conic 
is 

4 4 4 ^6/*® 4 y’ = 0. 

The condition that these should be conjugate diameters of 

ax^ 4 2hTij 4 4 ^ = 0, 

0 


IS 


i.e. 


a 4 4 6^ar*4 = 2/iV, 


2 (ab - P) > ® = - (a 4 6) - » 


or r’ = - 

2C'‘ 

which gives the lengths of the equi-conjugatcs. 

The angle between the lines follows from the usual formulae. We might 

1/* 

here usefully employ invariants: in the conic ^ ^ = 1 the‘equi-con- 

jugates are length of the equi-conjugates is then 

4 20CB 

-5-jr — and the angle between them is sin”' • 

6 CX*4p 

Now suppose that the equation of the conic 

acc* 4 2hxy 4 hy^ 4 2 r/ap 4 2/y 4 c = 0 


4 
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bjr suitable change of axes reduces to 


then we have shown that 
Hence 


a — cos 0) ah — h^ 


sin^w 


sm'o) sin*a) 


7-4— are invariants. 

in* 




k* 


A =» — 


a>|3* 


also 


A _ , a + b a*+6’ 

c~ “ ~T~ ’ 

a» + i3’_ , A 

2 ~ 

2^/C 

a + h + 


III. What locus is represented by 


H^Uo, 

a h c I = 0, 

7.2?3 + >H27M3 Z3i|4m3mi ?iZ2 + ^l^”2 

u = Jo: 4 wy 4- 1 /or each suffix and a, b, c are constants ? Show 
that for all values of a, fo, c it passes ihrottgh a certain fixed point. 


The equation is of the second degree and represents a conic : it is satisfied 
by the coordinates of any point which also satisfy any two of the equations 
w, «= 0, w, = 0, Wj = 0, i.e. it represents a conic circumscribing the triangle 
whose sides are = 0, »= 0, — 0. 

The coefficient of a is 

[ -* (^1 h + ^2) d* + w»8 W,) Wal, 

= say. 

Now = 0 represents a straight line through the point of intersection of 
t<3 = 0, fij = 0 : further, the coefficients of x and y in the equation are 
— tWj (/j ni j — /j W5) and 4 (/sWj — i.e. = 0 is perpendicular to 

= 0. Hence, if ABC be the triangle whose sides BC, CA, AB are 
Hi = 0, 1^2 ■=* 0, Uj *= 0, then L\ — 0, and (using similar notation for the 
coefficients of h and c) C/q = 0, 0 represent the perpendiculars AD, 

BEy CF of the triangle. Hence Ui = 0, = 0, U^ — 0 are concurrent at 

the orthocentre. This point clearly lies on the conic since the equation of 
the conic is at^ + bu^ 4 cwj = 0. 

Again, since the pairs of lines 1*1 «= 0, C/j = 0 ; Wj = 0, U2^0; «3 = 0, U^ — O 
are perpendicular, the coefficients of x^ and y* in each term of this equation 
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are equal and opposite, hence the sum of the coefficient of a® and y* in the 
whole equation is zero, i.e. the conic is a rectangular hyperbola. 

Finally, then, the equation represents a rectangular hyperbola circum- 
scribing the triangle whose sides are iq = 0, = 0, % = 0, and all such 

rectangular hyperbolas pass through the orthocentre of the triangle. 

IV. Prove that 

(.r cos a -f 2 / sin a — jp) (x cos oc + y^inoc — j/) 

+ -- — r=^(a;sina— ycosa— = 0 

A 

is the general form of the equation of a conic of which 

X cos (X + y sin a — jp = 0, x cos ok 4 * 2/ sin a — 2 / = 0 
are the directrices. 

The tangents from the circular points at infinity, il and 12', to 
a conic intersect in pairs of foci, and the directrices being the polars 
of the foci it follows that the conic circumscribes the quadrilateral 
formed by the directrices, and that the tangent to the conic at each 
vertex of this quadrilateral passes through 12 or 12'. 

The directrices are parallel to the axes of the conic, so that one 
pair is perpendicular to the other pair. 

Let the conic be 

[x cos a -h sin OK — (x cos ot -}- y sin ok —jp') 

+ A(a:sinOK— ^cosOK — r)(jrsinOK — y cosa — r') = 0. 

The equation of the tangent to this conic at the point of intersec- 
tion of the lines a?cos0K-fysin0K— jp = 0 and a?sin OK — f/cosa — r = 0 
is (oJcosOK + ^sinOK— jp')4-jfc(:rsinOK— 2 /cosOK — r)(r— r')= 0; and, 
since this passes through 12 (1, i, 0), we have 

(cos a + i sin a) (p — i?') -I- h (sin ok — i cos ok) (r — r') = 0, 
i.e. p —2?' = (r — r'). 

If we put r + r' — 2q, the equation of the conic can be written 

{x cos a + 2 / sin a — p) {x cos ok -f ^ sin ok — p') 

+ 7c(a:sin0K— 2/cosa — g)^--iA;(r— r')^ = 0. 

Now let (p— pT = ^^7 so that 

= -A;2(r--r')2 or ^|A;(r-r')2 = }A. 

The equation of the conic then becomes 
{x cos OK + y sin oc — p) {x cos a + y sin oc — p') 

+ 7 (p— p')^ (iTsina— y cosOK— + = 0 . 

A 
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Examples XI. 

1. (i) A conic is circumscribed to a quadmngle : show that the product of 
the perpendiculars from any point on it to one pair of opposite sides is 
in a constant ratio to the product of the perpendiculars from it on the 
other pair. 

(ii) A conic is inscribed in a quadrilateral : show that the product of the 
perpendiculars from one pair of opposite vertices on any tangent to it is in 
a constant ratio to the product of the perpendiculars from the other pair of 
vertices on the tangent. 

2. The conic a;V(a^ 4 +yV(^H A-y^) = 1/(1 +A:) is for all values of k 

inscribed in the same quadrilateral. 

3. Find the locus of the foci of conics which pass through the vertices 
of a given rhombus. 

4. The director circles of all conics inscribed in a given quadrilatei*al are 
coaxal. 

5. Find the equation of the chord of curvature through and the length of 

the radius of curvature at the origin for 2/y = 0. 

Deduce the length of the radius of curvature at any point on the conic 
5^=0. 

6. A variable chord subtends a constant angle at a given point of a conic : 
find its envelope. 

7. Chords of a conic which subtend a right angle at a fixed point envelope 
a curve of which the fixed point and its polar are focus and directrix. 

8. A conic is drawn touching the axis of x at the origin and having its 
centre at the point (a, h) ; the axis of y intersects the conic again* at P ; 
prove that the tangent at r passes through the point (a, 2h) and that the 
normal at P touches the parabola whose equation is (y — 26)* == A: ax, 

9. If the four points of intersection of two parabolas lie on a circle their 
axes must be at right angles, and the coordinates of the centre of the circle 
referred to the axes of the parabolas must be equal to the semi-latera recta. 

10. A stmight line is drawn to be cut harmonically by two given circles. 
Show that its envelope is a conic whose foci are the centres of the two 
circles. 

11. Show that the pair of tangents to = 0 at the points where the conic 

is met by Xa:4 fiy + r = 0 are given by 5. 2- A (Xa; + /uy + r)* «= 0, and 
deduce that Xx + fiy + r = 0 is a directrix if (X*-fi*)/(a-6) X^//i = 2/A. 

12. Show that a third pair of straight lines through the four points where 
the straight lines 5=0 cut the axes are cS+4i/a:y = 0. 

13. Find the equations of the conjugate diameters common to 

+ + 6y* = 1, 

2a;* + 6a?y + 9y*= 1. 

14. Prove that the locus of the poles of tangents to (w;* + 2/iary + 6y* = 1, 

with regard to the conic -f 6'y* = 1, is 

a (A'x + 6 y)* - 2h {ax + h'y) {Kx + 6'y) + 6 (a'o? + h' y)* ^ ah 
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15. Show that, if the pole of one common chord of a circle and a fixed 
conic lie on the circle, the pole of the opposite common chord lies on the 
circle ; also show that the lines joining these poles to the centre of the conic 
make equal angles with the major-axis of the conic, and that the rectangle 
under them is constant. 

16. Two concentric conics are equal in every respect. Prove that the 
points of intersection of their common tangents always lie on the director 
circle, whatever the angle between the major axes. 

17. Prove that the locus of the foot of the perpendicular from the origin 
oil a chord of the conic 5=0, subtending a right angle at the origin, is the 
circle (a -f b) {x^ + y^) + 2gx -f-/y -f c = 0. 

18. The equations of two conics touching one another at the origin 0 are 
-f 2hxy -f -f 2/f/ = 0 and a'x^'\‘2h'xy 4 6'ty^ + 2/'y = 0, and they also 

intei-sect at PQ ; find the equation of PQ and of the pair of straight lines 
OP, OQ, 

19. (i) If the chords of intersection of 


ajc^ + 2hxy + 5i/* *= 1 , 
aa^ + 2h'xy + b'y^ = 1 

which pass through the centre are at right angles, a + 5 *= a' + 5' ; 

(ii) If the chords which do not pass through the centre are at right 

a-5 a'-5' 

angles, = -jr- t 

20. Show that the area of the parallelogram formed by drawing tangents 


to the conic = 0 paiullel to the axes of coordinates is 


4 A . sin 0 ) . 


{ab^hy 

where © is the angle between the axes and A = a5c + 2fgh — bg^ - cK^, 

21. In oblique coordinates what is the locus of a point P of which the 

coordinates are a cos 0, b sin </> ? Give a geometrical interpretation of 0. 
What are represented by the equations y* = a* and = 5*? If 

the tangent at P to the first locus meets the locus y* = a* in the points 
Q, Q\ then two of the lines joining Qy Q' to the points 0) and 

(- V^(a*--5*), 0) are parallel. 

22. Show that the equation of the director circle of the conic 

u = ax’^ -^2hxy -f 5y’ — 1 == 0 


is i; = (a5-^*)(a;® + y*)--(a + 5) = 0. 

Assuming that the directrices are chords of intersection of the conic and 
the director circle, show that the equation of the four (two real and two 
imaginary) directrices is !?** - (a + 5) wt? + {ab - h^)u^ = 0. 

23. Find the foci of 2a?’ + 3ary~2y*-12a?-4y + 8 = 0. 

24. Prove that, if at a point on a hyperbola the sum of the tangents of the 
angles which the normal makes with the asymptotes is 2, then the vertex of 
the parabola of closest contact at the point lies on a line through the i^oint 
inclined at an angle tan*'^ 3 to the normal, and at a distance from the normal 
equal to three-eighths of the radius of curvature. 

25. A conic has four- point contact with the parabola y* ■* 4aa?, and the 
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radius of its director circle is constant and equal to c. Prove tliat the locus 
of its centre is the cuiv6 

(y*--4aa:) (y* + 4ax4-8a*) + 16a^c* = 0. 

26. Show that the points whose rectangular coordinates are (6, c), (c, b), 
(c, a), (a, c), (a, b), (5, a) lie upon an ellipse whose eccentricity is independent 
of a, 6, c, and whose centre is fixed if a + 6 + c is constant. 

27. Prove that if 6 = 6' the conics 

+ 2 hx^ + bi/^ = x, 
a'x^ + 2h'xy + 5 y* = x 
will have three-point contact at the origin. 

Two pambolas have three-point contact at r and intersect at (?. Prove 
that the tangents at the line QP^ and the line through Q parallel to the 
common tangent at P form a harmonic pencil. 

28. Find the equation to the common conjugate diameters of the conics 

ax’^ ‘\'2hxy ^by^ 1, a xy ^b' if ^ 1. 

29. Parallel tangents inclined at the angle 45® to the positive direction 
of the axis of x are drawn to the conic aa?*-i-2/wjy + 6y* + 2^a; + 2^-fc «= 0: 

prove that their distance apart is ~ - 2 A (2 ^ + a + 5). 

30. Prove that the conics which pass through the origin and which are 
confocal with the conic a?* + 2a:y + 2y* — 2a;-2y + 5 = 0 are both real and 
pass both through the intersections of the circle a:*-f y^-2a? = 0 and the 
conic a:’*f 2icy + 2y* — 2x — 2y e= 0. 

31. Show that the straight line /jc -I- my + n = 0 will be a tangent to the 
conic ox’ + 2/ixy + 5y* s= 1 if 5^ — 2hlin + am* = (oh — /i*) n*. Show that the 
pair of tangents to this conic from any point on the conic (a5 — xy + h=^0 
are equally inclined to the axis of x. 

32. Find the envelope of the chord common to an ellipse and its circle of 
curvature at any point, and show that its equation may be put in the form 
U^+ F* «= 0, where F = 0 is the equation of a similar and coaxal ellipse, 

=a 0 that of its equi-conjugate diameters. 

33. Show that the angle subtended at the origin by the intersections 
with the circle a:* + y* + 2/y-l-2yx + c «= 0 of any tangent to the parabola 

+ c)* = 4/yary is bisected internally and externally by the axes of 
coordinates. 

34. Find the equation of the conic which passes through the origin and is 
confocal with the conic ax^ -\^2hxy -i- btf = 2x. 

35. If e is the eccentricity and 21 the latus rectum of the conic given by 
the general equation in rectangular coordinates, prove that 

(2~g*)<^ _ ^ If ^ 

(a -1-5)® (a5-5*)® A* 

36. Show that the lines H(x^-y^) = {A--B)xy are conjugate with regard 
to the conic ox* -f 2 hxy + 5y* + 2gx -f 2/y c = 0. 

37. Show that the general equation of conics having the points (a, b), 
(~a, -6) as their foci may be written (a?*-a*-X) (y’-5*~X) = (xy-ab)^, 

38. A conic touches the axes of coordinates (not necessarily rectangular) 
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and has its centre at the point /, g. Show that the locus of its foci is the 
rectangular hyperbola — 2/ir + 2 = 0. 

39. If Wj + + c = 0 is the equation of a conic and A is its discriminant, 

show that the asymptotes are given by C (tq + tq 4 c) = A. Find the condition 
that the asymptotes should form a rhombus with the lines = 0. 

40. A series of conics being drawn having four-point contact at the origin 
with the conic 4 2 /ixy 4 4 2/y = 0, prove that their director circles 
form a coaxal system, and that — /^/(a^4 /t^), 4a//(a^4 7i^) is one of the 
limiting points. Find the equation of the radical axis. 

41. A variable circle passes through a fixed point A and also through the 
point of intei'section of two fixed straight lines which it cuts in P and Q, 
Find the locus of the centre of gravity of the triangle AFQ. Show also that 
the envelope of the straight line FQ is a parabola touching the two fixed 
straight lines. 

42. Interpret the equation (ax-\-\)\j -Vf - = 0, and find the value of X 

if it represents a parabola. 

If it represents a parabola, and if a 46 is constant, prove that the locus of 
the focus is a circle, and find its centre and radius, the axes being either 
rectangular or oblique. 

43. If cx = 0, (X' = 0 are the equations of a pair of tangents to the conic 

*= 0 and y = 0 their chord of contact, explain the geometrical meaning of 

u— a*s=o, w— acx'=:0, w — y* = 0. 

An ellipse passes through the origin, touches the axis of y, and has double 
contact with a fixed circle whose centre is at the origin. Show that the 
locus of the foci is a pair of circles. 

44. Interpret the equation LM *= iV*, where L = 0, Ar=0, -^*=0 each 
represents a straight line. 

Find the equation to the tangent to this curve at the point (L', il/', A"'). 

Deduce the equation of the pair of common tangents, other than the axes, 
to the conics A;*(a;/a4y/6-l)* = 4a;f/, 4:^(a?/a'4y/6'- 1)* = ^xg, 

45. The equation of a conic referred to two tangents and. their chord of 
contact being LM. = P*, find the equation of the tangent at any point in the 
form — 2 /iP4 M = 0. 

Through the point of intersection of P = 0, 2L4iV/ = 0 two tangents 
are drawn to the conic P*, touching it in FQ, Find the equation of 

the conic which has double contact with LM = P* at P, Qy and which has 
the triangle formed by L = 0, AT = 0, P = 0 for a self-conjugate triangle. 

46. Find the equation of the tangents to the conic ax'^ h- fcy* + c = 0 at the 

ends of the chord po? 4 = 0 in the form 

ipep^ 4 cag® 4 ahy^) {ax^ 4 hy^ 4 c)— ahe (px 4 gg 4 r)* = 0. 

47. Prove that the equation of the family of conics inscribed in the 

rectangle formed by the lines a: + a = 0, = 0, is 


- . y’ 

a» 6’ 




Prove also that the locus of the foci is and if two conics 

intersect on this locus they do so at right angles. 



MISCELLANEOUS THEOREMS 


449 


48. Determine the magnitude of the axes and the foci of 

2 (d® + - a*) + 2 (d* + (X® - /S*) - 8 (Xfixy = (d* + a® 4- /3®) (d® - a® ~ jS®). 

49. The coordinate axes being the lines joining the middle points of the 

opposite sides (2a, 26) of a parallelogram, prove that the coordinates of 
the point of contact with the line + — 1 = 0, of the conic which can 

be inscribed in the parallelogram to touch this line, are (X®a®-/i®6® + l)/2X, 
(-X®a® + /i®6®4l)/2/i. 

50. Find the equation of the director circle of the conic 

aa?® + 26a?y + 6y® + 2^a: + 2/y + c = 0. 

If the conic is a parabola show that the coordinates of its focus are 

{FH+i(A-B)G} ^ \GH+i(B-A)F} 

(F^+G^) ’ (F'^+G*) 

51. Prove that the four points of intersection of two conics, and the four 
points in which the asymptotes of one cut those of the other, all lie oh 
a conic, which is a rectangular hyperbola whenever the other conics are both 
rectangular hyperbolas. 

52. A conic circumscribes a right-angled triangle ABCy and at the right 
angle A it touches the circumscribing circle. It also passes through the 
centroid of the triangle. Prove that its eccentricity is {2/(1 — sin B sin C)}^* 

53. Prove that 


X, 

t/f I 


Cx, 


CN-A 


1 

= 0 and 

A, 

H, 

GN-^dx' 


F, C 


H, 

B, 

FN — Ai/ 


are conjugate diameters of the conic 

ax^ + 2hxy + by^ + 2gx + 2fy + c = 0, 

where A is its discriminant, A^ R, (7, F, (?, H are the minors of N is 
gx +fy'-\-c, and a?', y is any point on the curve. 

54. Show that if tangents are dmwn to a series of confocal conics from 
a fixed point on one of the axes, the locus of the points of contact is a circle, 
and prove that two such circles corresponding to two points, one on each 
axis, cut each other orthogonally. 

55. A parabola is drawn touching the sides AB, BCy CD, DA of the 
cyclic quadrilateral ABCD. Show that its directrix passes through the 
intersection of AC and BD, 

56. Trace the curve \/2a~2a:+ -y/x + y + \/2y~2a? = 0. What portions 
of the curve correspond to the various arrangements of the signs of the 
radicals ? What is the length of the latus rectum ? 

57. A conic is drawn having one side of a triangle for directrix, the 
opposite vertex for centre, and the oithocentre for focus. Prove that 
the sides which meet in the centre are conjugate diameters. 

58. Show that the general equation of conics, having the points 
(a, 6), (a', 6') as their foci, may be written 

y!^{x{b-'h')‘-y{a-^a') + aV^a'by 
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59. Find the conditions that the conics 

ax^ ■\-2hxy + + 2gx -f 2fy « 0, 

+ + + = 0 
may have (i) three-point contact, (ii) double contact. 

A variable parabola S' has three-point contact with a fixed parabola S, 
their common chord and common tangent being equally inclined to the 
axis of S: show that the focus of S* lies on the curve 27 ay’ = a? (a? -9 a)’. 

60. A parallelogram circumscribes a given circle and one vertex moves on 
a fixed line: prove that one of the others describes a conic. 

61. Through the four points of intersection of a circle and a rectangular 
hyperbola two parabolas are drawn. Show that the tangents to the four 
curves at a common point form a harmonic pencil. 

62. Show that the equation for determining the foci of the conic 

5=aa;’-f 2 /?a:y + 5y’-t2yj? + 2 /y-J-c = 0 
may be written in the form a5— « (/i5— ^i;)Beca>, where 
^ — aX'^hy-\-g^ ri — hx-\-hy^-f, and <» is the angle between the axes of 
coordinates. 

Show that the equation of the axes of the conic is given by 

a h h 

4’ I*? >)* “ 0 - 

1 cos 6> 1 

63. Show that the length of the diameter, conjugate to the diameter 
through the origin, of the conic aa?’ + 2/iiry-h5y’4-2ya?-f 2 /y + c == 0 is 

[h^-ab + — ’ 

the axes being rectangular. 

64. .Show that the locus of a point whose coordinates are determined by 
the relations a?/(aiX’-f -fCi) =• y/(aa^* + ^a^ + <^ 9 ) ~ l/(asX’-t- 53 X-f C 3 ) is in 
general a conic section. 

Find the equation of the lines, through the origin, parallel to its asymptotes. 
Can the locus be a pair of straight lines ? 

65. Prove that the locus of the centre of a conic, with respect to which four 
given pairs of straight lines are conjugate lines, is a straight line. 

66 . The length of the diameter of the conic S = 0 , which is conjugate to 
the diameter which passes through {x\ y')» is 

2 {A (X'’+ r ’)/(C’^~aA)}i. 

67. Two straight lines OA, ORC contain an angle determine how many 
parabolas can be drawn through R, C to touch OA at A, and find their 
equations. 

Prove that the diameter of curvature of one of the parabolas at the point 
A is a* cosec B -f where a, h, c are the lengths of OA, OB, OC* 

68 . Employing as coordinates .the distances r,r' of a point from two 
given points, interpret the equations r*— « a*, 

— 2 ar-f a* » 0 , and prove that the equation 

(1+p) (r-r')*-2c(c-l-jjg)r*-2c(c-pj)r'’ + c*(c* + j®) = 0 
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represents a pair of straight lines, the angle between which is bisected b}’ 
the line joining the two poles, c being the distance between these points. 
Interpret the constants and gr. 

69. Show that through any four points there can in general be drawn two 
parabolas and one rectangular hyperbola. 

Prove also, that if , 1^ are the semi lateiu recta of the parabolas, the 
distances of the centre of the rectangular hyperbola from the axes of the 
parabolas, then p^ + = p^ + . 

70. A triangle is inscribed in the conic ax^-Vh/ = 1, and two of its sides 
touch the conic Ax^ + 2 Hxy + BxJ^ == 1. 

Show that the envelope of the third side is the conic 

[(Ab + Ra - AR -f Hy -f 4 (H* - AB) ah] {ax^ + V - U 

^ A {H^-AB)ah [Ax^ + 2 Hxxj + - 1]. 


F f 2 



CHAPTER XII 


TRILINEAR AND AREAL COORDINATES 

§ 1. The position of a point is fixed when its coordinates referred 
to two axes are known, consequently the coordinates of a point 
referred to three or more axes (e. g. the point’s distances from three 
fixed straight lines) must be connected by as many identical 
relations as the number of coordinates exceeds two. The best 
known multiple coordinates are the Trilinear and the Areal. 

In trilinear coordinates the position of a point is given by its 
perpendicular distances (X, /i, y from the sides BCy CAj AB of a 
triangle ABC, which is known as the triangle of reference. 

If a point P lies within the triangle of reference, its coordinates 
(a, y) are all positive ; if P lies outside the triangle, (X is positive 
or negative according as the points P and A are on the same side or 
on opposite sides of BG ; similarly for /3 and y. 

The sides of the triangle of reference divide the plane into seven 



parts ; the signs of the coordinates of points within them are shown 
in the diagram. It may be noted that not more than two of the 
coordinates can be negative. 

The areal coordinates (a?, y, 0 ) of a point P are the ratios 
AJSPC A CPA A APB 
AABC' AABC' AABC^ 

with the same sign convention as that given above for trilinear 
coordinates. 
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Thus the areal and trilinear coordinates of a point are connected 
by the relations 2Sx = ad, 2Sy = I ft, 2Sz = cy, where a, b, c are 
the lengths of the sides, and S is the area of the triangle of reference. 

Note i. When a figure is projected orthogonally into another 
figure, the areal coordinates of a point are unaltered, since corre- 
sponding areas in the two figures are in the same ratio. The 
projection of the triangle of reference is taken as the new triangle of 
reference. 

Note ii. A point is the centre of mean position of masses, 
proportional to its areal coordinates, placed at the vertices of the 
triangle of reference. 

Identical relations between the coordinates. 



A 



Let P be the point (a, ft, y) ; then in Fig. (i), where P is within 
the triangle, we have 

ao( = 2APPC, 6/3 = 2ACPA, cy = 2AAPP. 

Hence ad + bft + cy — 2 C^ABC. 

In Fig. (ii) the point P is outside the triangle ; the coordinates 
(ot, ft, y) of a point are supposed to contain their signs, so that in 
this case the numerical value of /S is negative, and 

a(X + bft-\-cy= ABPC- A CPA -f A APB = 2 A ABC. 

In every case we have similarly, 

aa-hbP + CY = 2S. (i) 

This result can also be written 

otsin A-f^sinP-fysinC = S/R = 4i?sin A sinPsin C, (ii) 

where R is the radius of the circumcircle of the triangle of reference. 
Now if (*, y, e) are the areal coordinates of P, we have from Fig. (i), 

x+y+g = A BPC/S+ A CPA/S+ A APB/S = 1, 
and, with due regard to sign, we can show in general that 

ac-l-y + 8 = 1. 


(iii) 
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Note i. By means of these relations any equation can be made homo* 
geneous in the coordinates. 

Note ii. Areal coordinates will be generally used rather than trilinear 
because the identical relation is so simple. Throughout this chapter 
trilinear coordinates are called (X, /3, y and areal coordinates x, y, z. 

Now the position of a point is known when any two of its 
coordinates are known, and the third coordinate can be found from 
the identical relation. 

Also a point is fixed when the mutual ratios of its coordinates, 
0(:/3:y or x:y.e, are known. We shall use (cx, y3, y) to denote a 
point when the actual values of the coordinates are given, and 
(a : /3 : y) when their mutual ratios are given. 

In trilinears suppose a ; /3 ; y = 1 : «t : then we have 
a _ /3 __ y _ oa + l)/3 + cy _ 2S 

al + bm + cn ~ al+hm + cn’ 

hence a = -r , &c. 

al + bm + cn 

So also in areals if x:y'.e = l:m:n, we have 

a; _ y _ x+y+e 1 

I ~ m~ n~ l + m + n~ l + m + n' 
so that X = 1/(1 + w+m), &c. 


To find the coordinates of a point R dividing the distance between the 
points P{<Xi, I3i, yj), ^ 2 » ^ 2 ) 


Since the perpendiculars from P and Q to the side BC of the 
triangle of reference are (Xi and exjj we can show in exactly the same 
way as in Chapter I, § 6, that the perpendicular from the required 


point R to BC is 


wai + lotj 
l+w 


The required point is then 


j woti + loia ml3i + ll32 
( l + »» * l + m ’ l + m ) 


If the areal coordinates of the points P and Q are {x^, y, ^i), 
(a' 2 , Pi, then their trilinear coordinates are 

{ 28 xi/a, 2Spi/b, 28 iSi/e], { 28 x^/a, 28 yjh, 28z2lc]. 

28 mxi + lx^ 


The Of-coordinate of the point R is therefore, as above. 


l + »n 


and consequently its avcoordinate is 


mxi + !«, 

l + m 
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Thus the areal coordinates of the point dividing the distance 
between the points yi, ^i), (^2> ^2) ^ ratio l:m are 

C mxi -f 1X2 my I -f ly 2 mz^ -f IZ2 ) 

( ?-{-m ’ i-l-m ’ i + m 3 

Note. It should be carefully noted that in the above work the actual 
values of the coordinates have been used ; if the points P, Q are given as 
{a?i : we must calculate the actual values of the coor- 
dinates (viz. &c.) before using the formulae to find the 

coordinates of R, 

The point + lies on the straight 

line joining the points (xi : yi : {x2 : y^ • -^^2) values of the 

ratio l/m. 

The actual values of the :r-coordinates of the points are 

^1/(^1 + yi + ^1) and ^2/(^2 + ^/2 + -2^2) ; 
hence the rc-coordinate of the point dividing the distance between 
{Xi : yi : z^ and {X2 : ^2 • ^2) the ratio m (^2 +^2 "^^2) (^1 
{Ixi + myi)/ { i (^1 + yi + ^1) + m (arg + y 2 *+“ ^2) 1 » 
with similar results for the other coordinates. Hence the point 
{ {Ixi -f mx2) : {lyi + my 2 ) : + mz .^) } lies on the line joining the points. 

Example. Find the trilinear and areal coordinates of the centroid 
of the triangle of reference. 

The trilinear coordinates of the vertices -4, P, C of the triangle of reference 
are (2 P/a, 0,0), (0,25/6,0), (0, 0, 25/c). The mid-point .4' of PC is therefore 
(0, Sib, Sic). 

The centroid G divides AJ* in the ratio 2:1, so that G is the point 
{25/3a, 25/36, 25/3c}. 

These are the actual values of the coordinates ; the point can be referred 
to as {1/a : 1/6 ; 1/c}. 

We have seen that a point is the centroid of masses, proportional to its 
areal coordinates, placed at the vertices of the triangle of reference. 

Hence the areal coordinates of G are all equal, i. e. the point G in areals 
is (1 : 1 ; 1). 

This is also evident by elementary geometiy, since the triangles .4CC, 
CCP, BGA are equal. 

The actual values of the areal coordinates of G are (i» J, i). - 

Examples XII a. 

1. What are the actual values of the areal coordinates of the points 
(1:2:5), (3: -2:7)? 

2. If the sides of the triangle of reference are 3, 4, and 5, find the actual 
values of the trilinear coordinates of the points (2 : -3 : 0), (1 : 6; -3). 
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3. Find the trilinear coordinates of the mid-point of the line joining the 
points (1, 8, 5), ( — 1, —1, 3). 

4. Find the areal coordinates of the points midway between the following 
pairs of points : — 

(i) (4, 2, «5), (-2,4, -1); 

(ii) (1:2:3), (5: -1 : -2). 

5. The trilinear coordinates of three points are (4, —2, 2), (6, 2, —2), 
( —3, 4, 1). Find the mutual ratios of the sides of the triangle of reference. 

6. In what ratio does the point ( — 4 : 15 : 7) divide the line joining the 
points (1:6:— 5), ( — 2:3:5)? (Areal coordinates.) 

7. If A' is the mid-point of BC, find the areal coordinates of a point P in 
AA' such that (a) AP = PA’ ; (b) AP = 3 PA'. 

8. Find the coordinates of the points of trisection of the line joining the 
points (oTi, ifi, z^), (xj, yj, ?,). 

9. Find the values and the mutual ratios of the coordinates of the follow- 
ing points (a) in trilinears ; (6) in areals : — 

(i) the in-centre ; (ii) the ex-centres ; (iii) the circumcentre ; (iv) the 
orthocentre of the triangle of reference. 

10. Find the areal and the trilinear coordinates of the points where the 
bisectors of the vertical angle A and the exterior vertical angle of the triangle 
of reference meet the opposite side. 

§ 2. Transformation of trilinear and areal coordinates to Cartesian 
coordinates. 



(A) Take the sides CA, CB for axes of coordinates, so that u> = C. 
Let the coordinates of a point P be (X, T) in Cartesians, (a, /3, y) 
in trilinears, and (x, y, z) in areals. Then we have 
a = X sin 0, /3 = T sin C, 
and therefore cy = 25'— aa— 

= 25— oXsin C—bY sin C, 
or y = bsinX- XsiuA — XsinP. 

Conversely, X = a cosec C, X = /3 cosec C. 

Again, x = aoc/2S = X/6 

y= Y/a 

z — 1— X— ^ = 1— X/6— r/a. 
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(B) Occasionally it is convenient to change to rectangular axes. 
Take CA as axis of X and a line through G perpendicular to it for 
axis of Y. Then 

X = a cosec cot C, Y /3 ; 

and conversely, 

a = X sin ( 7 — Y cos C, /:J = Y, y = a sin R— X sin A — Y cos A. 

(C) More generally, let OX, OY be any pair of rectangular axes, 

the origin 0 being any point inside the triangle of reference. Now 
let the perpendiculars from the point 0 to the sides of the triangle 
BCf CAj AB make angles (all measured in the positive 



direction) with the axis OX. The equations of the sides of the 
triangle of reference, referred to OX, OY as axes,. are then 

Xcos^i+ Ysindi— = 0, Xcos^g^ YsinO^^p^ = 0, 

X cos dg + Y sin dg — ^g = 0, 

where l)i, J? 2 > JPj are the lengths of the perpendiculars from 0 to the 
sides. 

Now if P is any point whose Cartesian coordinates are (X, Y) and 
trilinear coordinates (a, /3, y), we have 

(X — Xcos^i— Ysindj, 

^ = ^>2 — Xcosdg—T’sindg; 
y = ^g — X cos 0^-^Y sin dg ; 

the point 0 being inside the triangle, the signs of (X, /3, y, when P 
is also inside the triangle, are the same as the signs of the perpen- 
diculars from 0 to the sides ; the reader should verify that these 
formulae give the correct signs for a, y when P is outside the 
triangle in various positions. 

We have, from elementary considerations, the following relations: 
dg — dj=:7r— C; t:--A\ dg— di = 7r-fP. 
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§ 3. The straight line. The gene’s! linear and homogeneous 
equation of the first degree, in trilinear or areal coordinates, when 
transformed to Cartesians evidently gives a linear equation ; 
l£X+>n/3+wy = 0or Ix + my + m — 0, therefore, represents a straight 
line. 

This can be shown independently: let {xi, yi, Si), y^, 
be any two points on the locus Ix + my-^nz = 0, and {x, y, e) any 
third point on this locus. Then 

lx + my + m = 0, 

Ixi + myi + nZi — 0 , 

lx2 + my2+nz2-= 0 ; 

hence 

. X y z 
yi 

I ^2 ^2 ' 

This is the condition that constants A, p, v can be found, which 
are not all zero, such that Xx+ ixXi + vx^ = 0, Xy-\-y.yy-\-vy.^ = 0, 
Xz-{-iJ-Zi-\-vz.^ = 0 . 

Hence the coordinates of the point (x, y, z) are of the form 
{ix'xi + v'x^, y-'yi + v'y^, + i-e- the point (x,y,z) is a 

point on the straight line joining the points [x^, yj, Zi), (a;^, y^, z.^). 

To find the equation of the straight line joining (ajj, y^, z^, {X 2 , y^i ^ 2 )* 

Let the equation be Zx + my + = 0, then we have 

Ixi + my I + nz^ = 0 axid Ix^ + my^ + nz^ = 0. 

Eliminating I, m, n, we obtain the equation of the straight line 
in the form 

j. y A 
Xx Vi = 0 . 

^2 y 2 ^2 

Note i. This equation is the same whether x, y, z are the actual 
values of the coordinates or only their mutual ratios. 

Note ii. The trilinear equation of the straight line joining the 
points («!, /Jj, yi), ( 0 ( 2 , y.jj is exactly similar. 

Note iii. It follows at once that the condition that the three 
points (Xj, yi, ^i), (X 2 , y^, {X 3 , y^, z-^ should be collinear is 

Xx Vx ^x I 
X 2 y^ H — 
x-.\ Va ^3 

Since the general linear equation in trilinears or areals transforms 
into a linear equation in Cartesians and vice versa, the following 
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properties, proved in Chapter I for equations in Cartesian coordinates, 
hold also for equations in trilinear or areal coordinates. 

(a) If w = 0, i? = 0 are the equations of two straight lines, then 

+ 0 represents a straight line through their point of inter- 

section. 

Now the equations of the sides of the triazigle of reference are 
a: = 0, «/ = 0, ^ = 0, so that, for example, 4* = 0 represents 

a straight line through the point of intersection of ^ = 0, ^ = 0, 
i. e. through the vertex A of the triangle of reference. 

Example. The equations of the straight lines joining the point , z^) 
to the vertices A, R, C of the triangle of reference are y/yi-^/^x — 0^ 
z/z^-xtx^ = 0 , x/x^ -y/yi = 0 . 

(b) The straight lines w = 0, t? = 0, ii + kv 0^ w— fcy = 0 fonn 
a harmonic pencil. 

For example, ^ = 0, z = 0^ + = 0, = 0 is a har- 

monic pencil whose vertex is the point A. 

Example. The straight lines joining the vertices A, R, C of a 
triangle to a point P meet the opposite sides of the triangle in the points 
A', B'j C, If B'C\ C'A'j A'R' meet BC, CA^ AB respectively at 
A", R", C", these points are collinear. Show also that AA', AA" 
are harmonic conjugates with respect to AB and AC. 

Let ABC be the triangle of reference and P the point (a?,, Cj). The 
equation of RPis then zjz^ — xlx^ = 0, so that R' is the point of intersection 
of this line and ^ = 0. 

The equation of any straight line through R' is therefore of the form 

+ = 9 . 

Similarly, the equation of any stmight line through C' is of the form 
== 0 . 

The equation -^xjxx^-ylyi'\-zjz^ = 0 is in both of these forms and there- 
fore represents R'C'. 

The coordinates of the point A' are therefore given by a? = 0 and 
-x/xy^-yly^ -\z/zi = 0 ; evidently, then, A'" lies on the line 

= 0 . 

It is evident by symmetry that R^, C* also lie on this straight line. 

The equations of the straight lines AC, AB, AA', A A"' are y = 0, z === 0, 
Vlyi^^l^i = 0, ylyi-^zjz^ = 0 ; these form a harmonic pencil. 

To find the equation of the straight line drawn through a given point 
(^i> yi) a given direction. 

Let 0 be the point y^), and let P(o(, fd, y) be any other 

point on the straight line. Suppose that OP makes angles 6^, 6^, ^3 
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with the perpendiculars from 0 to the sides, measured in the same 
way as the angles between OX and these perpendiculars in § 2 (C). 
Then, if OP = r, we have 

= r cos^i ; /i = rcos^a ; 71 — 7 = ^cos^g, 


so that ^ ^ = — r. 

cos Oj cos ^2 cos 63 

This equation is not homogeneous ; it is sometimes useful since 
r is the actual distance between (ot, /3, y) and (a^, /3i, y^). 

The areal equation of a straight line, px-\‘qy’\-rz = 0, can be put 
in this form: let (x^ be a fixed point on the line, {Xy y, z) 

any other point. 

Then + = 0, 

and px^ 4- qyi + rz^ = 0. 

Hence P ^1) + 2 (2/— Pi) + ^ (-e- -s^i) = 0, 

and [x--x^)‘h{y-yi)‘h(is-z^) = 0, 

since + ^ = 1. 


Hence 


q-r r---p 


Z^Zi 

P-i 


Conversely, if the equation of a straight line is given in this 
non-homogeneous form, we can obtain the homogeneous equation 

of the line. Let the given equation be ^ ^ ^ = - — — 9 

® ^ I m n 

and let each fraction equal k. 

Then x-x^-^lk^Oy y— mA;=0, < 8 ?— — wA; = 0 ; hence, we 
have 


X 

Xi 

I 


y 

Vi 

m 


z 

n 


= 0 


for the required equation. 


Examples XII b. 

1. Find the equation of the line joining the points (2 ; - 3 : 5), (1 : - 4 : -2). 

2. Find the areal equations of the straight lines joining the in-centre of 
the triangle of reference to the ex-centres. 

3. Find the trilinear and areal equations of the medians of the triangle of 
reference. 

4. Find the equation of the straight line joining A to the point of inter- 
section of BC and Ix-^^my-^nz^ 0. 

5. Find the equation of the line joining the vertex A to the point of 
intersection of the lines Ix + my + nz ^ 0, I'x + tn'y + n'z = 0. 

6. Find the trilinear and areal equations of the bisectors of the angles of 
the triangle of reference. 

7. Prove that acosdi + ftcosdj + ccosd, =»0, where are the 
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angles made by any straight line with the perpendiculars from any point 
to the sides of the triangle of reference. 

8. Prove, by using § 2 (B), that the straight line 4•m^ + n'y = 0 makes 
with AC an angle 6 such that tan d = (? sin C— n sin A) /{I cos C — m + n cos A). 

§ 4. Line coordinates. If {Xy y, z) are the areal coordinates of 
a point, JX’\’my-\-nz =^0 is the equation of any straight line. The 
straight line is fixed when we know the values of m, w, or of 
their mutual ratios l:m:n. As we have seen in Chapter X, Z, m, n 
are called the tangential coordinates of the straight line. 

Let the straight line lx-{-my + nz = 0 meet BC at D, and draw 
perpendiculars Ai, BM, CN to 
it from Ay By G. We shall call 
the lengths of these perpen- 
diculars p, g, r. The signs of 
the ratios p:q:r are determined 
by the following convention : 
q and r have the same sign 
when the line cuts BC externally, 
and opposite signs when it cuts 
BC internally ; and similarly p 
and q have the same or opposite 
signs according as the line cuts 
AB externally or internally. In 
the figure p, g, r are all of the same sign. 

Now B is the point of intersection of a: = 0 and lx-^my + nz = 0 ; 
it is therefore the point (0 : « : — w). We have then 
q _ BB _ A BAB __ m 
r'^BG^'KBAG^’n' 

for since B and B are on opposite sides of AC, while C and B are 
on the same side of AJ?, the areal coordinates of B are 
( ADCA t^BAB\ 

I ' A ARC’ A ARC) 

The reader should work out similarly the case where the line cuts 
BC internally, paying special attention to the signs. 

In all cases we have then limxn ^ piqWy so that (p, r), with 

the sign convention explained above, may be regarded as the line 
coordinates of the straight line Za;-htny + n;ef = 0. It is evident then 
that the point equation of the straight line (p, q, r) is 

px + qy+rz = 0. 

Note. In trilinear coordinates, if p, q, r have the same meanings, the 
equation of the straight line is ap(X + + rcy = 0. 
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Identical rdation between the coordinates of any straight line. 

Let the straight line make an angle 0 with BC; then we have 
from the above figure 

q—r = aBinO, (i) 

_p— gr = csin(R— 0). (ii) 

Hence from (ii) 

p— g' + ccosRsin0 = csinRcosd; 
a(p— 3 ) + ccos 5(2— r) = acsinBcos^. (iii) 

Eliminating 6 from (i) and (iii), we have 

d^p^ + l^q^ + c^r^— 2bcqr cos A — 2 carp cos B—2abpqeoa C = 4S®, 
which is generally referred to as [ap, bq, cr}* = 45*. 

Note. This relation can also be written 

a*{p-q)(p-r) + b'‘ {q-r){q-p)+c'‘{r~p) (r-q) = 4S*, 
or {q — >•)* cot A + (»• — p)* cot J5 + (p — q)* cot C =2S. 

The tangential equation of a point. 

The equation in point coordinates of the straight line {p, q, r) is 
px+qy + rg = 0; this passes through a particular point (Xj, Pj, ^j) 
if pxi + qyi + rgi = 0. So any straight line, whose coordinates 
p, q,r satisfy this equation, passes through the point (aji, Pj, «,). 
Hence px^ + qyi + rgi = 0 is the tangential equation of the point 
whose areal coordinates are {x^, y^, g^). In general, then, the 
equation px + qy+rg = 0 is the point equation of the line {p, q, r) 
or the line equation of the point (a^, y, g). 

Note 1. The coordinates of the sides BC, CA, AB of the triangle of 
reference are (1:0:0), (0:1:0), (0:0: 1). 

Note li. The equations of the vertices A, B, C of the triangle of reference 
are p =» 0, g 0, r = 0. 

Note ill. The coordinates of a straight line parallel to (p, q, r) and at 
a distance k from it are p + Jb, q±k, r±k. 


Illustrative 
Ceva’s Theorem. 

The lines joining the vertices of 
a triangle ABC to a given point 
meet the opposite sides at P, Q; B ; 
show that 

bb’pc'qa~ 

Let the given point be 

(*ii yii *»)• 


Examples. 

Menelaus’ Theorem. 

A straight line cuts the sides 
of a triangle ABC at the points 
P, Q, B ; show that 

■i? ii ^ -_i 

bb‘pc'qa~ 

Let the given straight line be 

(l>u?i.n)- 
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The equation of the join of A to 
the given point is 

= 0- 

A 


B pc 


The coordinates of P, the inter- 
section of this line and PC, are 
therefore (0 : yj : z^). 

Hence BP : PC — \ this rela- 

tion is true for all positions of P, if 
we use the usual convention of signs, 
viz. PC=-CP. 

Thus PP:PC = ;?i:yi, 

CQ \ QA. s=» 2^2 • ^1* 

AR : RB = yi : iCi . 

Multiplying these together we get 
the required result. 


The equation of the intersection of 
BC and the given line is 


g/qi-r/r, = 0. 

A 



The coordinates of AP^ the join of 
this point and A^ are therefore 
(0 : : r,). 

Hence BP : CP = ; this rela- 

tion is true for all positions of P, if 
we use the usual convention of signs, 
viz. PC = - CP. 

Thus BP : PC = 

CQ:QA^ 

AR : RB = Pi : — . 

Multiplying these together we get 
the required result. 



§ 6. (i) To find the distance hetween the points ^Tj), (xg, ^2* ^2)- 

Let (Xi, Yi)y (X2, Y2) Cartesian coordinates of the points 

referred to CA, CB as axes of x and y, and d the required distance. 

Then d^ = (Xj - + 2 (X^ - X2) ( Y^ - F,) cos C. 

Now Xj = hxi and Yi = ay^ ; hence 
d 2 = 62 ^ ^2 4 . 2 (a?! - 0:2) (yi - ^2) C 

= 6* (iCi - + o* (^1 - ^ 2 )* + (Xj - 3 : 2 ) (^1 - ya) (a® + 6® - c®) 

= a® (S'! -y2) (®i + yi - 3-2 -y2) + ?>® (^1 - *2) («i + yi - «2 -1/2) 

But Xi+pi + ei=il, 3;2+y2+«2 = l; 

••• d® = - a* (yj - ya) {ei - e^) - ?>® (^1 - ^2) (*i “ <*^2) - c® («i - *2) (^i - ^2)- 

Thus d* = - 2 a* (yj - ya) («i — ^a)- 

This expression can also be written d® = 2 &ccos A (sTi— 3:2)®. 

Symmetrical expressions for the distance between two points, 
whose trilinear coordinates are given, can be deduced. 
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Cop. i. If — y— = = ~~n' * ~ ^ equation of a straight 

line, where p is the distance between the points (x, y, z), (ajj, Zj), 
then l+m+n = 0 and a^mn + b^nl+c^lm = —1. 

Cor. ii. The equation of the straight line {p, q, r) in the non- 
homogeneous form is 

x-Xi _ y-y -i _ Zj-Zi ^ 

q—r r—p p—q 
and each of these fractions 

~\^a^r-p){p-q)S “ 2 S’ 

where p is the actual distance between the points (x, y, z), {x ^ , y^, Zi) ; 
for we showed in § 4 that 

a^{p-q){p—r) + b^{q-r){q-p) + c^{r—p){r—q) = 45®. 

We have taken the positive sign of the radical ; there is no loss 
of generality, since (i) p, q, r can all have their signs changed, only 
the signs of their mutual ratios being determined by our sign 
convention, and (ii) we can regard p as positive or negative according 
to which direction we choose as the positive. 

Thus the equation of the straight line (p, q, r) can be written 

x-xi _ y-yi _ z-zi _ _p_ ^ 

q—r r—p p—q 25’ 

where (xi, y^, Zj) is a fixed point on the line, and p the distance 
of any other point {x, y, z) on the line from it. 

(ii) To find the area of the triangle whose vertices are the points 
(^i» yi. «i)» i^2, y^y (»3> Vsy «3)- 

Let the Cartesian coordinates of the vertices referred to CA, CB 
as axes be (X^, Yj), (X 2 , Y^, (X 3 , Y 3 ); then the area of the triangle 

Yi 1 

= 1 X 2 Y 2 1 sin C 

X 3 Y 3 1 
bxi ayi 1 

= ^ bx^ ay^ 1 sinC 
bx^ ay^ 1 



Xi yi 1 


Xi yi Zi 

= 5 

*2 yj 1 

= 5 

y, 0% 


*3 ^3 1 


®3 ys «8 


since ajj+yi + ^i = 1 , &c. 
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In trilinear coordinates the result is 


A 

2S 


/^i Vi 
^2 ^2 72 

^3 ^3 ^3 


(iii) To find the length of the perpendicular from the point yj 

to tht line loc-hm/B-^ny = 0. 

Transform the equation ia-f w/S-f ny = 0 into rectangular Carte- 
sian coordinates by § 2 (0) ; the equation becomes 

?7 = (? cos -f cos O^-hn cos ^3) X -j- {? sin -f n? sin ^2 + ^ ^3) 

- {Ipi-¥mp2-¥np^) = 0. 

If (Xi, Fj) are the coordinates of the point (a^, jS^y y^), the 
length of the perpendicular from it to the straight line is 

-r { (i cos cos cos ^3)^ -f (I sin sin ^ sin ^3)^} 
where Ui is the result of substituting X^, for X, Y in U, 
Evidently Ui loCi-{-mf3i-^nyi. 

Now (I cos Oi-hm cos ^2 4* n cos 6^)^ + (I sin -f m sin ^2 -t- ^ sin ^3)^ 

= 4- n* + 2 mn cos (^2 — ^3) + 2 nZ cos (^3 — ^i) + 2 Int cos (^1 — ^2) 

= Z^-f 4- «^—2mw cos A — 2nZ cos R—2Zin cos C 
= {Z, m, n}2. 

The length of the required perpendicular is then 
(Zofi-f m/3i4nyi)/|Z, m, n}. 

Cor. In areal coordinates the length of the perpendicular from 
(i^i> ^if ^ 1 ) to Ix-hmg-hnjsf = 0 is 2S(lXi + mgii-nZi)^ {al, bm, cnj. 

Note. If p, q, r are the perpendiculars from the vertices of the triangle 
of reference to the straight line Za? 4- wiy + nz = 0, we have 

p = 2Sl/{al, bm, cn}, 
q = 2Sm/{aly bm, cn]y 
r = 2Snl{aly bm, cw}, 

which verifies our previous result, limin ^ p:qi7\ 

If we substitute these values of Z, m, n in the formula for the perpendicular 
from (a?i , , z^) to the line Za? + my 4 - nz «* 0, we obtain px^ 4- qgi + rz^ for its 

length. 

Now the equation of the straight line is pa: 4 - 3 ^ 4 - « 0, hence, applying 
the formula to this, we find that the length of the perpendicular from 
(a?i, yi, «i) to it is 

2 S(pxi + qgi 4- rz^) -4- (ap, bqy cr } . 

Hence {ap, bq, cr} =25, 

or a^p"^ - 2bcqr cos A^2cafp cosB ^2abpqcos C = 45^ 
which we proved independently in § 4. 

mi Q g 
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(iv) To find the angle leitveen the straight lines ?(X-f m/3 + wy = 0, 
Z'a + m'/3+w'y = 0. 

Transform the equations by § 2 (C) ; then in Cartesian rectangular 
coordinates the straight lines are parallel to 

X (? cos 01 + m cos 02 + n cos ^ 3 ) +Y {I sin 0i + m sin 02 + n sin ^ 3 ) = 0, 
X {V cos 0{ + m'cos 02 + n' cos ^3) -f Y (V sin 0^ 4- m' sin 02 + n' sin ^3) =- 0. 

Using the formula for the tangent of the angle between two 
straight lines, Chapter II, § 8, the numerator is 

{I cos 01 + m cos 02 + n cos ^3) {V sin 0i 4- m' sin 02 + n' sin ^3) 

— (Z sin 01 + m sin 02 + n sin ^3) (V cos 4- ni' cos 02 4- n cos ^3) 

= m'w) sin (^3 — ^2) + ^3) 

4“ (?m'— Tm) sin (^2““ ^1) 

= (mn' — m'n) sin A 4- {nV — n'l) sin B + {Im' — Vni) sin C 

sin A sin B sin C 
z=z I m n 
V m' n' 

The denominator is 

(I cos 01 + m cos 02 + n cos ^3) cos 0i 4- m' cos 02 4- n' cos ^3) 

4- (I sin 01 + m sin 02 + n sin ^3) (V sin 0^ 4* w' sin 02 4- sin dg) 
= K' 4- mm^ 4- nn' 4* (mn' 4* m^n) cos (0^^ 6^2) 4- (nl^ 4- w7) cos — ^3) 

+ {Im' 4- Vm) cos [02 — ^i) 

= IV 4 - fnm' 4- n/nf — (mn' 4- nfVn) cos A — (nV 4* n'l) cos B 

— (Jm' 4“ Vm) cos C. 

The tangent of the required angle is therefore 
sin A sinJ5 sin 0 

I m n rr 2(niw'4- wi'w)cos A}. 

V m' n' 

In areal coordinates the angle between the lines px + qy + rz 0, 
p'x + q'y+r^z = 0 is the same as the angle between the lines whose 
trilinear equations are apoL+hq^ + cry ^=^0^ ap'oL + hq' ^ + cr'y 0, 
viz. the angle whose tangent is 

sin A sin B simC 

ap bq cr -f- { 2 a^pp'^ 2 (3/ 4- q'r) be cos A j 
ap' bq' cr' 

1 1 1 

= tan*”^ 2S p q r •+ {Sa^pp'--S(q/ + q'r)bcco3A}. 

p' q' r' 
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Conditions that two straight lines should he (i) parallel or (ii) perpen- 
dicular. 

(a) Trilinears. 

The straight lines + ny = 0, n'y = 0 are 

parallel if 

1 sin A sin B sin C 

\ I nt n = 0 ; 

' V m' n' 

this is equivalent to 

= 0. 

The straight lines Sire perpendicular if 

2 zr — 2 (mn' 4- 'nn'n) cos A = 0. 

(b) Areals. 

The straight lines px-^-qy-k-rz^ 0, 4 4 = 0 are parallel if 

1 1 1 
p q r = 0 . 

P' g' r' 

The straight lines ave perpendicular if 

2 (gr'4^V) 6c cos A = 0. 

This result can also be written 

^a'^\{p-q){r' -p')-^(p' -q')[r-p)\ - 0 , 
or 2 ( 624 .^ 2 — a®) = 0, 

or 2 (^ — r) (r^'— /) cot A = 0. 

Note. The reader can obtain the results of (iii) and (iv) by using 
either of the transformations in § 2, (A) or (B). 

§ 6. (i) The straight line at infinity. Let a straight line 

Z.r4wy4w£f = 0 cut the sides of the triangle of reference, each 

externally, at the points D, E, F. We have shown in § 4 that 
BD/CD = nijn ; CEjAE = njl ; AF/BF = l/m. Now as the straight 
line recedes in any direction each of the ratios BBfGD, CEIAE^ 
AFjBF tends to become equal to unity. Thus, when any straight 
line recedes in any direction, its equation tends to the limiting 
form rr4?/4£r = 0. This is then the equation of the ^straight line 
at infinity ’. The corresponding equation in trilinear coordinates is 
aoc-^hlB^cy = 0 . 

G g 2 


a 

b 

c 

1 

m 

n 

V 

m' 

n' 
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Now the condition that the straight lines px-^-qy + rs ^ 0^ 
= 0 should be parallel, is 


1 1 1 

p q r 
p' q[ r' 


= 0 ; 


this is the same as the condition that the three straight liaes 
a: -f t/ 4* ^ = 0 , jpo; H- + r<er = 0, p'x + 4 r'z = 0 should be concurrent. 
Thus, analytically, parallel straight lines meet at infinity. 


Note i. The equation pa? 4 gy 4 4 X (a? 4 y + 5?) = 0 represents for different 

values of X a system of straight lines parallel to pa: 4 gy + rz = 0. 

Note ii. The equation of a straight line through (a?i, y^, z^) parallel to 
px + qy + rz^ 0 is (px^hqy + rz) (xi-ht/i-hz^) = (x + y-^z) (px^-^qy^i-rz^). 

Note iii. The * point at infinity * on the line px-¥qy-^rz = 0 is 

{«-»•. »— P. P-9}- 

Note iv. The line coordinates of the line at infinity are in areals (1:1:1) 
and in trilinears (a:h: c). 


(ii) The circular points at infinity, 12, 12'. In Cartesian rect- 
angular coordinates ia?4j5Iy4^=0 is the general equation of 
a straight line and 4 = 0 is the tangential equation of the 

circular points at infinity 12, 12'. When the general trilinear 
equation of a straight line, loc + mIB + ny = Oj is transformed to 
Cartesian rectangular coordinates we have seen that 
L^l cos dj 4 m cos ^2 4 w cos d j, 
ilf = Z sin 4 w sin sin dg. 

The trilinear equation of the circular points at infinity is therefore 
(Z cos dj 4 cos dg 4 w cos dg)^ 4 (Z sin dj 4 w sin dg 4 n sin dg)^ = 0, 
i.e. Z24m^4^i^-“2mwcos A — 2wZcos R— 2Zmcos C = 0 , 

or {Z, m, nY = 0. 

The corresponding equation in areal coordinates is 
a^p^ 4 4 ^2 ^2 _ 2 bcqr cos A — 2 carp cos R — 2 ahpq cos 0 = 0 , 

or {ap, crY = 0 . 

The separate equations of 12 , 12 ' are 

(Zcosdi4mcosd24ncosdg)4i{Zsindi4msin d24wsind3) = 0, 

i. e, Ze*’^^ 4 4 = 0 , Ze-'^* 4 me-''- 4 = 0 , 

or, in areal coordinates, 

ape ^^^ -4 4 = 0, 4 4 = 0. 
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The triiinear cuordinates of D, Q,' are then 

(e’"* : : e'\ : c"*'' : e-'^% 

or (e“'" : e*’' : - 1), {e*" : e~' ' : - 1), 

with corresponding results in areal coordinates. 

§ 7. The general equation of the second degree in areal co- 
ordinates is 

uj(? -f* vy^ + tvz"^ -h + 2gzx + 2hxy = 0, 
where u, v, tv replace a, b, c, since the latter have a special signifi- 
cance in this chapter. 

The condition that this equation should represent a pair of 
straight lines can be found in a similar manner to that used for 
Cartesian coordinates, viz. 

uhg 

A = t; / = 0. 

9 f 

If the equation represents straight lines, we have 

iix^ -f vy"^ -f- tvz"^ -f 2fyz -f 2 gzx + 2 hxy 

= {lx -f my -H nz) (i'a; -h m'y + n'z), (i) 

The straight lines are perpendicular if 

'^aHV = IS (mn' -f wi'n) be cos A. 

Comparing coefficients in equation (i), we get this condition in 
the form 

= ^2/fcccos^. 

Hence the equation -f vy"^ -f wz"^ + 2 fyz 4- 2 gzx -h 2hxy = 0 repre- 

sents a pair of perpendicular straight lines if A = 0 and 

2/60 cos J. — 2^ca cos jB — 2/ia6 cos C = 0. 

Note. In triiinear coordinates, the equation 

represents a pair of perpendicular straight lines if A = 0 and 
u4-r + ir-2/co8^ — 2^cos J? — 2/tcos C = 0. 

lllufitrative Examples. 

Ex. 1. On the three sides of a triangle similar isosceles triangles are 
described : show that the triangle formed by their vertices is copolar with 
the given triangle and when the base angles of the isosceles triangles are 
each d, find the equation of the axis of perspective of the triangles. 

Let ABCt the given triangle, be the triangle of reference and use triiinear 
coordinates. 
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If PN is pei-pendicular to BC, since FB = PC, the coordinates of P are 
{ — PC sin B, PC sin C + B, PC sin B^-B] or { ~ sin d : sin C + ^ ; sin R + . 

A 

Q 


P 

The equation /3sinR + ^ — y sin C+d = 0 represents a straight line 
through A and P, i.e. the straight line AP. Symmetrically the equations of 
BQ and CR are 

y sin C + d — 0( sin A + d = 0, Oc sin + d — /3 sin R + d = 0. 

Hence AP, BQ, CR are concurrent at the point 

{cosec -4 + d : cosec R + d : cosec C + dj , 
and the triangles ABC, PQR are copolar. 

Again, since the coordinates of Q are (sinC+d: -sind: sin^ + dj, the 
equation of P^ is 

<X y 

— sind sinC + d sinR + d =0, 
sinC-l-d — sind sin-i-fd 
and this meets the side AB, whose equation is y ■= 0, where 

(X {sin A + dsi u C -f d + sin dbin R + dj + j3{sin R + d sin C + d + sin d sin A 4- d} « 0. 
This point evidently lies on the straight line 

0(/(8inR + dsin C+d-f sindsin A + dj +i3/{sin C + dsin A + d + bind8inR-f d) 

+ y/{8in-4 + dBinR"f d + sind sin C + d} == 0. 

The symmetry of this result shows that the points of intersection of RP, 
CA and QR, BC also lie on this line ; it is therefore the axis of homology of 
the triangles. 

Ex. 2, If the diagonal points of a quadrangle are taken as the 
vertices of the triangle of reference^ the coordinates of the vertices of 
the quadrangle are of the form {xi : : z^, (— :yi :^i), (^i : — 2/i :^i)» 

Let PQRS be the quadrangle and A, B, C the diagonal points. 

Let P be the point (x^ : ; then since PR passes through A, the point 

R is (Xd?! ; where X is some constant. 
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So the points S are {x ^ : 

Now Qli passes through C, so that XiCj : : fti/j, i.e. X/i = 1 ; similarly 

jiv = 1 and yX *= 1. 



Hence either X«fis=i/s=l orX— /A = y=~l; the positive value is 
inadmissible, for in that case P, Q, S would be identical, thus 

X»/x»i/ = —1. 

The coordinates of the vertices are then {x^iyiiZi)^ ( ~ • J/i : 

{xi : — t/i : Zi)f [xy ; : — 2’i)* 

Note, This is the simplest way of denoting four points^ no three 
of which are collinear. 

Ex. 8. If the diagonals of a quadrilateral are taken as the sides 
of the triangle of reference^ the equations of the sides of the quadrilateral 
arc of the form pX‘\-qy-\-rz = 0, ^px-^qy ^rz = 0, xyx-^qy-Vrz = 0, 
pr^qy-rz — 0. 

Let PQUS be the quadrilateral and AB, BC, CA the diagonals. 

Let FQ be the line px + gy + = 0, then, since PQ and RQ intersect on AB, 



whose equation is ^ « 0, the equation of QR is of the form px + gy + = 0. 

Similarly the equations of RS and PS are of the form Xpjc + gy + #^ = 0 
and px pqy rz = 0. 
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Now rSf QR and BC are concurrent, i. e. px + pqy + « 0, + j'y H- = 0 

and a? « 0. Hence ftv — 1. 

Similarly Xft = 1 and v\ «= 1, so that Xs=/i = j/=l orX«=/x=si/=-l. 
The positive value makes the equations of the four sides the same and 
is inadmissible; therefore X = ;it=v«= -1. The equations of the sides 
of the quadrilateral are therefore jpa’ + gy + = 0, — pa; + = 0, 

pa? — gy + ra; = 0, pa? + gy — nz? = 0. 

Note. This is the simplest tvay of denoting four straight lines no 
three of which are concurrent. 


Examples XII c. 

1. Find the area of the triangle whose vertices are the feet of the perpen- 
diculars from the vertices of the triangle of reference on the opposite sides. 

2. Find the area of a triangle whose vertices are given by 

(X = 0 I ^ = 0 I y = 0 ) 

— M y = 0J ny — /a=0j /a - = 0) 

3. Show that the orthocentre, centroid, and circum centre of a triangle are 
collinear, and find the areal equation of the line. 

4. Find the equation in trilinears of the line joining the points where the 
bisectors of the angles B meet the opposite sides. 

1 th 1 tb 

5. Find the equation to a straight line which cuts off - and - from 

the sides AB^ AC and the coordinates of the point where it meets BC. 
(Areals.) 

6. Find the lengths of the perpendiculars from A, R, C on the straight 
line joining the in-centre and circumcentre of the triangle of reference, and 
deduce the length of the perpendicular on it from the centroid. 

7. Find the area of the triangle whose sides are 6i3-l-cy = 0, cy-f aa *= 0, 
aOL-^h? = 0 . 

8. Show that the straight line (a?-y -f «)cotR = (a; + y-«)cot C bisects 
the side BC of the triangle of reference at right angles. 

9. Find the equations of the straight lines parallel to px + qy-^^rz = 0 and 
distant d from it. Hence show that the length of the perpendicular from 

^i) to pa? + gy + r2; « 0 is pa?i + gy^ + . 

10. Find the equation of the point of intersection of the lines (pj, rj), 

11. Show that the line ((Pi + wpj, ^gi + wgj, passes through the 

intersection of the lines (pj, g^, rj, (p,, g,, for all values of l/m. 

12. What are the conditions that the lines (p^, g^ (pj, ^* 2 ^ should 
be (a) parallel, (b) perpendicular? 

13. Interpret the equations : 

(i) g-hr«0; (ii) q^r^O; 

(iii) gtanR-f rtan C = 0 ; (iv) p 4 g-f r = 0. 
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14. Prove that the equation ap±hq±crts*0 represents the in-centre and 
ex-centres of the triangle of reference. 

15. Find the equation of the line joining th^ feet of the perpendiculars 
from By C to the opposite sides. Prove that this line intersects the line 
bisecting AB, AC in the point whose trilinear coordinates are 

{ninC-B ; sinC-A: sinA-R}. 

fd. ^"ind the equation of the straight line joining the point of inter- 
section of a:; «= ^ cos By y ^ z cos A to the vertex C. 

17. Find the equation of the straight line through the centroid of ABC 
parallel to the straight line pa? + ^ + ra? = 0, and of the line through A 
parallel to BC. 

18. Use the formulae to find the distance between the circumcentre and 
orthocentre of the triangle of reference. 

19. Show that (X + /3 + 'y = 0 is perpendicular to the join of the in-centres 
and circumcentres. 

20. Prove that (a-f-d)(X4-(5-l'd)^ + cy 0, 

(a + d)0( 4- (6 — d) c> e= 0 

are perpendicular for all values of d, 

21. Find the equation of the line through (a^, |3|, Vi) perpendicular 
(i) to BC\ (iij to fa + m3 + ny = 0. 

22. ARC is a triangle; through any point P, DPE is drawn parallel to 
AB cutting CA in D and BC in E ; similarly FPG is drawn parallel to CA 
and HPK parallel to PC. DG and EH are produced to intersect in Q : 
show that CPQ is a straight line. 

23. A point 0 is taken inside the triangle ABC; AO, BOy CO meet the 
opposite sides in A', B\ C\ If a line through A meets A'R', CA' in R", C^ 
respectively, show that the intersection of the lines RR^, CC' lies on R'C'. 

24. Find the equations of two straight lines through the mid-point of RC, 
equally inclined to RC, in areal and trilinear coordinates. 

25. 0 is the orthocentre of a triangle ARC ; RO, CO meet AC and AB at 
M and N; MN meets RC at P. Prove that OP is perpendicular to the line 
joining A to the mid-point of RC. 

26. Find the equation of the three lines joining the feet of the perpen- 
diculars from the angular points ARC on the opposite sides and show that 
these lines meet the corresponding sides in three collinear points. 

27. Find the equation of the lines through the centroid of ARC perpen- 

dicular to the lines joining the centroid to the vertices A, R, C, and show 
that they meet the corresponding sides of the triangle in three collinear 
points, 

28. Prove that the lines through R parallel to ^cosC + ycosC-A ~ 0 
and through C paiullel to ^ cos A — R -i-y cosR *= 0 meet at the circumcentre. 

29. Find the equation of the bisectors of the angles between the lines 

a cos A-f/ScosR-y cos C = 0, 

0( cos A - jS cos R 4- y cos C »= 0. 
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30. The mid-points of the diagonals of the quadrilateral formed by a « 0, 
= 0, y = 0, y + ~ 4* ~ = 0 lie on 2a/(6j3 + cy-aOC) = 0. 

31. Find the equations of the lines isogonal with AP, BP, CP when Pis 

the point (a^, y^) and show they are concurrent. When P is the centroid, 

find the coordinates of the point of intersection. 

32. If 6 is the angle between the straight lines 

lx + my + nz = 0, /'a? 4- m'y 4 n'z = 0, » 

prove that {al, hm, cn} {al\ hm\ cn'} sin d = . 2 

33. If - = - — — = - — - = L), where u is the distance between the 

\ y. V 

points (a?, y, z), (x\ y , z), prove that X®fcccosA-f /it “ca cos P 4 cos C ■= 1. 

34. Prove that the sine of the angle between the straight lines (j?, g, r), 


(p'* g', is 



P Q 
P 2 
1 1 



35. The sides of a quadrilateml are lx±niy±nz = 0 ; find the coordinates 
of the mid-points of its diagonals and prove that they are collinear. Find 
the equation of the line. 

36. If {x, y, z), (x\ y\ z) are the points at infinity on two orthogonal 
straight lines, prove that 2 xx cot A *=* 0. 

37. The distance between the points (o^i , 0 ^ , y^), (Otj) 1^2 > 72 ) can be written 
in the form abc2 ( 0 (^ - cos A/4a9®. 


§ 8. The general equation of the second degree. In the 
preceding sections we have assigned to x, y, z precise meanings ; 
in the following work the results, except where they involve metrical 
quantities such as lengths and angles, hold equally well if we 
attach to x, y, s no more precise meaning than that a; = 0, y = 0, 
^ 0 represent three straight lines which form the triangle of 

reference. The coordinates of a point are then connected with its 
coordinates in a Cartesian system by three linear equations of the 
forms a; = ZiX4-% y = + ^ + r+na; 

but we need not attach any special values to the constants &c., 

as we do in areals. The vertices of the triangle of reference are 
given as the points of intersection of the straight lines a; = 0, 
y = 0, = 0 taken in pairs, i. e. (1:0: 0), (0:1: 0), (0:0:1); the 

actual values of the coordinates evidently cannot be found unless 
we know the identical relation which connects the three coordinates 
X, y, z, corresponding to the relations a?+y-b5^=l in areals and 
aa-f 6/34- cy = 2/S in trilinears. 

An equation of the second degree in x, y, z transforms into an 
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equation of the second degree in Cartesian coordinates ; it therefore 
represents a conic. 

The general equation of the second degree is 

f{x, y, z) = ux^-^vy^ + w'z^-\-2fye-\‘2gzx + 21ixy = 0. 

We shall use a notation similar to that employed for the general 
Cartesian equation of the second degree, thus 
^ A = uvw + 2 fgh — uf^ — vg ^ — 

W=ut; — 

F^gli — uf, G^fh—vg, H^fg-^wh, 

X = ux + hy + gz, Y = hx^vy-J^-fz, 

Z ^ gx-\-fy^wz. 

(1) To find the egmtion of the tangent to f{xy y, £:) = 0 at the imnt 

^1) ^i)- 

Let the equation of the tangent be 

_ y^yj _ ^--^1 _ 

I m n ~~ 

where p is the distance between (a?, y, z) and Zy), 

Now substitute x =: Ip -{-Xiy y = m/j + y^, z = n,^-f -s'! in the 
equation of the conic, and we obtain an equation in p giving the 
distances of the points of intersection of the tangent and the conic 
from {Xy , yy , Zy ) ; evidently both these values of /> are zero. The 
equation is p'^ ./(i, m, n) -{-2p {IXy -f mYy + nZy\ -^-fixy , yy , Zy) = 0. 
Now /{Xy, yyj = 0 since {xy, y^, Zy) is on the conic, so that one 
value of p is zero. The second value of p being zero we have 

IXy -f- Wil j ’^^iZy — 0. 

Hence, if (.r, y, z) is any point on the tangent, we have 
(a,'-,r,)Xi+(y-»/,) \\+{z-z^)Zi = 0. 

Since x^Xi + t/^Yi + z^Zi — /(Xi, y^, e^) = 0, the equation of the 
tangent at , yy , is 

xXy 4- y Tj + zZy = 0. (A) 

The method of Chap. VI, § 4 (v) can also be used. 

(2) To find the tangential equation of /(x, y, z) = 0. 

By identifying the equation px-^qy^rz^O with the equation (A) 
of the tangent, we can show in exactly the same way as in Chapter X, 
§ 11, that the straight lino (p, g, r) touches the conic f{x, z)^Q if 
F{p, q, r)= Up^+Vq^+Wr^ + 2Fqr + 2Grp + 2Hpq^0. (B) 

This is therefore the tangential equation of the conic f{Xf y, z) = 0. 
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Cor. If the conic is a parabola it touches the line at infinity; 
thus the coordinates of the line at infinity satisfy the tangential 
equation. These are in areals (1:1:1) and in trilinears (a : : c). 

Hence, in ai'eal coordinates, f{x, y, z) = (i is a parabola if 
U+ F+Tr+2F+2G + 2H= 0; 
we shall refer to this aa K=Q. 

Also, in trilinear coordinates, /(a, /3, y) = 0 is a parabola it 
0* U+ V+ <? TF+ 26cjP+ 2coO + 2abH = 0. 

The point equation corresponding to a given tangential equation 
is found in the same way by calculating the minors of its dis- 
criminant. 

For the tangential equation (B) we shall use the notation 
P — Up + Hq -I- Gr, Q = Hp ■\-Vq + Fr, It — Op + Fq+ Wr. 

(3) To find the equation of the point of contact of a tangent {pi, qi, rj) 
to F(p, q, r) = 0. 

Let pxi+qpi + rZi = 0 be the equation of the point of contact, so 
that (xj : pi : Zi) are the point coordinates of the point of contact. 

The equation in point coordinates of the tangent (p^, q^, rj) is 

PiX + qiy + riZ = 0. 

This is therefore identical with 

xXi+yYi + zZ^ = 0. 

“““ £=|?=i. (i) 

Now ux,+Hy,+az, 

— Xi{uU+hH+ gG) + yi(hU+vH +fG) + Si{gU +fH + wG) 

= Axi. 

Similarly, HX^ + VYi + FZ^ = Ay GXi + FY^ WZ^ = A z^. 

From equation (i) then we get 

= ^ = 
l/i Si 

Hence the equation of the point of contact of the tangent 
(Pi> 2i» *-i) is 

pPi -1- 3^1 -p rBi = 0. (C) 

(4) The equations of the polar of the point (x^, y^, Zi) with respect to 
f{x, y, z) = 0, and of the pole of the line (pi, gj, fj) with re^ct to 
^’(P, 2, r) = 0. 

We can show in the same way as in Chapter YI, § 4, and 
Chapter X, § 8, that 
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(a) The equation of the chord of contact of tangents from a point 
(a?!, ^ 1 , 0i) to the conic /(a;, y, = 0 is xXi-^^yYi-^-zZi = 0. 

(b) The equation of the point of intersection of tangents at the 

points where the line r^) cuts the conic F(p, q, r) is 

pPi -f iQi + rRi = 0, and we deduce similarly that 

(c^ The equation of the polar of 0^) with respect to the 

conic /J^Xy y, z)=:0 is 

xXi -f- y -f -sfZi = 0. (D) 

(d) The equation of the pole of the line q^y r^) with respect to 
the conic F(py g, r) = 0 is pPi + qQi -f rR^ = 0. 

Cor. The centre of the conic is the pole of the line at infinity ; 
hence, 

(i) If yoy ^ 0 ) centre of the conic f{Xy yy z)=^0 in areal 

coordinates, its polar + ^ is the line at infinity 

^ + y + ^ = 0. We have therefore Xq = Yq := Zq, 

The areal coordinates of the centre of the conic f[Xy = 0 are 
therefore given by the equations X = Y Z. 

(ii) The line coordinates (areal) of the line at infinity are (1:1:1); 
the equation of the centre of the conic F{py g, r) = 0 is therefore 

p{U-^H^G)^q{H+V-^F)‘^r{G + F^ W) = 0. 

It follows therefore that the areal coordinates of the centre of the 
conic F{p, g, r) ?= 0, and therefore of the conic /{Xy y, 0) = 0, are 
{U-¥H-^G):{H+ V^F) : ((? + JP+ W). 

Note. Corresponding results can be found in trilinear coordinates by 
using a(X + + cy = 0 for the equation of the line at infinity. 

( 6 ) The equation of the pair of tangents which can he drawn from the 
point {Xiy Ply Zi) to the conic f{Xy y, z) = 0. 

This equation can be found as in Chapter VI, p. 237, viz. 

A^i, Vu ^ 1 ) •/(«, !f, e) = (a:Xi + yri + «Zi)2 
and in a similar way we get the equation of the points of intersection 
of the line (pj, q^, rj) and the conic F(p, q, r) = 0 {v. p. 404), 

F{Pi,qi,r^).F(j},q,r) = (pPi + qQ^ + rPj)*. (E) 


(6) The Asymptotes. 

(a) The Asymptotes are the tangents to a conic ft-om its centre ; 
if (j?!, Pi, e^) is the centre, their equation is 

/(». y, «i) = {a:Xi+yri + «Zi}2. 
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Since (a;j, «/, , Hi) is the centre, we have Xj = Ei = Zj = X, also 

/(«i, l/i, ^i) = aJiXi + yiri + «riZi 

The equation of the asymptotes therefore becomes 

/(®, y, = X{a: + y + «')® 

if the coordinates are areal, so that Xi + 2 / 1 + ^i = 1. 

Now uXi + hyi +g 0 i—\ = O, 

hXi+vtfi+fzi—\ = 0 , 

= 0 , 

Xi + yi + Zi-1 = 0. 


Therefore 


u h g >^ \ 

h V f X 

g f w \ 

1111 


or 


or 

or 


u h g 1 

}l V f I 

g f w 1 

1110 


+ A — 0, 


X(U+ F+ IF+2F+2(? + 2^)= A, 
\K= A. 


The equation of the asymptotes is therefore 

Kf {x, y, e) = A{x+y+ zf. (F) 

(b) Another form of this equation can be found as follows : if 
(Xi, 2 / 1 , Zi) is a point on an asymptote, the equation of its polar is 

a;Xi + 2^ri + ^;Zi = 0. 

The point at infinity on this polar is therefore 
(r,-Zi):(Zi-X,):(X,-ri), 

and this lies on the curve ; hence f Zj — X^ , X^ — Fj } = 0. 

The equation of the locus of {x^, y^, z^, i.e. of the asymptotes, is 
then f{Y-Z, Z-X, X-Y}, or 
M (F- Z)2 + V {Z-Xf + w (X- F)2 + 2/(Z- X) (X- F) 

+ 2g(X-.Y){Y-Z) + 2h{Y-Z){Z-X) = 0. 

Further, since X— F= — (F— Z+Z— X), this equation may be 
written 

(w + M - 2^) ( F- Z)2 + 2 (w -/~p + /») ( F- Z) (Z- X) 

+ („+^<,_2/)(Z-X)“ = 0, 
from which form the separate equations of the asymptotes may be 
found. 
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(c) If the tangential equation of the conic, -F(p, 5, r) 0, is 
given, then, since the asymptotes touch the curve and pass through 
the centre, their coordinates can be found by finding the common 
solutions of the equations of the centre and the curve, viz. 

Wr^-\-2Fqr-\-2Grp’\-2Hpq = 0 , 
and^ (tr+if-f G)p + (H+F+F)? + ((? + F+TF)r= 0. 

If 0.21 ^2 two sets of values found, the areal 

equations of the asymptotes are 

+ + = 0 , P2X-\‘q^y^r^z = 0 . 

Cor, i. The straight lines /(a?, y, a?) + X (a? -f y 4- 2:)2 -- q perpendi- 

cular if 

(u + X) a®-f (v‘\'\)h^ + (w + \) c^-2 (/-f X) he cos A 

— 2 (y -f X) ca cos B — 2 (h-^\)ah cos C «= 0, 
i.e. + +w>c*-2/fcc C08-4 — 2yca cos B- 2 hab cos C= 0, 

for the coefficient of X 

= a* -f- 2)* -f c® — 2 6c cos ^ — 2 ca cos B — 2 ah cos C 
= 0. 

The condition, therefore, that the conic /(a;, y, = 0 (in areal coordinates) 
should be a rectangular hyperbola is 

D = wa® + vV -f wc^ — 2 fhc cos A — 2 gca cos R ~ 2 hah cos C « 0. 

Note. In trilinear coordinates /(a, /S, 7) = 0 is a rectangular hyperbola if 
n + t?-ffc-2/cos A~2y cosR - 2/icosC= 0. 

Cor. ii. We have shown (Chapter XI, § 2) that 

(a) Conics are similar provided that their asymptotes contain equal 
angles ; 

(b) Conics are similar and similarly situated provided that their 
asymptotes are parallel. 

These conditions can be obtained from the equations of the asymptotes ; 
in practice it is not necessary to find these equations, for by eliminating 
z from the equations /(^r, y, 2?) = 0, y4-2r = 0 we get the equation of a 

pair of straight lines through the vertex C parallel to the asymptotes. 

§ 0. The Circle. The equation of the circle, whose centre is 
[Xqj and whose radius is p, is obviously 

{y-y^ (^-•«'o) + {x—Xq) + c® (x-Xq) + / = 0, 

Making this equation homogeneous by means of the relation 
x+ff + g= 1, we have 
a^yg + b^gx+c^xy 

- {«* (y^o + ^yo) + («»o + ««'o) + c® (^yo + xoy)} (x+y+g) 

+ (a’‘yoii^o+^\‘>^o+c%yo+p^)(x+y+^!)’‘ = 0 , 

which is evidently of-the form 

a^yg f + c^xy +{kc+my+ng){x + y-Ve)=^ 0. 
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Kote. In trilinear coordinates this equation is 

a^y + by(X + c0t^ + {l0C + m^ + ny)(a0C + b^ + cy) = 0 . 

To prove, conversely, that the equation 

a^ye + h^ex+c^xy-y{Jx-\rmy-\rne){x-k-y-\-e) — 0 
always represents a circle, and to interpret I, m, n. 

The equation is that of a conic. If the conic is a parabol^ it 
touches the line at infinity, hence the conic a^yz + l'^nx + c^xSi = 0 
also touches the line at infinity, and is a parabola ; in this case 
a* + h* + c*—2b^c^—2c^a^—2a^ly^=0, or a + 6 + c = 0, which is clearly 
impossible. 

The conic is therefore a central conic, i. e. it has a finite centre ; 
let this centre be (ajg, Pq, Zq). 

Now, if f{x, y, z) = 0 is the general equation of a conic and 
(*o> Vot ^o) is its centre, we have 
f{x, y, z)^ 

=f{x-XQ-^XQ, y-yo+^o. «-«o+^o} 

=/(«-»o> y-Voi 

+ 2 {(a;-a:o)Xo + (y-yo) Yo + {z-Zo)Zo} +/{Xo, y^, z^) 
= f{x-XQ, y-yo, yo. ^o). 

since Xq = Tq = Zq and x-Xo + y—iJo + z-Zo = 1-1 = 0. 

Apply this to the case 

f{x, y, z) = a^yz + b^zx + c'^s^j + {lx+my + nz){x+y + z), 
and we have 

/{x, y, z) = (y-yo) + c® (^-a’o) [y-Vo) 

+/(a^o> yo. ^o) ; 

/(«, y, e) = f(xa , yo , ^'o) - OP*, 

where 0 is the point {xq, y^, Zq) and P any point {x, y, z). 

Hence (i) if P lies on the conic, then /{x, y, z) = 0, and we have 
OP^=f{Xo, Po, Zo)- 

Hence OP* is constant, i.e. the conic is a circle; its radius is 
-//K. yo, «o)- 

(ii) If P does not lie on the circle, and p is the radius, we have 



f{x, y, z) = p^—OP^ = —PT% where PT is the tangent from P to 
the circle. 
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In particular, the square on the tangent from A to the circle is 
—/(I, 0, 0) or — Z ; similarly for the tangents from B and C. 

If, then, ti, tg, ta are the lengths of the tangents from A, B, C 
to a circle, its equation is 

(ti 2 x + t22y + t322) (x-hy-fz) — (a 2 yz-fb‘^zx + 0*^X3^) = 0 , 
and. the left-hand side of the equation represents the square of 
the taTngent from any point (x, y, z) to the circle. 

To find the condition that the general equation of the second degreCj 
Vi 4- 2fyz + 2 gzx + 2 hxy = 0, should represent 

a circle. 

The general equation can be written 
/(^i Vi = {ux-k^vy-k-wz) {x^y-\-z)--{v-\-w — 2f)yz---[w-{-u---2g)zx 

— (w + y — 2/i)a:y = 0 ; 

the necessary and sufficient conditions that this equation should 
represent a circle are therefore 

— 2^ + 2/i 

■“ jfi 

These conditions can be written 

/( 0 , 1 , :z}l 0 , 1 ) 

a^ h'^ c^ 

In trilinear coordinates the conditions that /(Of, /3, y) = 0 should 
be a circle are /(O, c, — Z>) =/( — c, 0, a) = /(6, —a, 0). 

To find the tangential equation of the circle whose centre is 
and tvhose radius is g. 

*') is any tangent to the circle, the areal equation of this 
tangent is px + qy^rz = 0 ; hence we have 

f) = ±{pxo + qyo + rzo\ 

or /j 2 ^ (px^ + qyo + rZoy\ 

Making this homogeneous by means of the identical relation 
{ap, hq, cr] = 2 S, we get 

+ [m H 

The general tangential equation of a circle is therefore 
4- 6^ ff + r^ — 2 hcqr cos A — 2 carp cos R — 2 ahpq cos C 

= (?p + m24-Mr)2; 

its centre is (Z : m : w), and its radius 2 S/{1 4- m 4- n). 

Note. We have shown in § 6 that [ap, bq^ cr}* = 0 is the equation of 
the circular points at infinity, Q and U^ The tangential equation of the 

H li 
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circle is, therefore, in the form uo ■= where u^O, v ~ 0 are the equa- 
tions of O, o', and = 0 is the equation of the centre 0 ; the circle, as we 
have previously proved, touches OO, 00', the line at infinity OO' being the 
chord of contact. 

The circles of the triangle of reference. 

I. The circnmcircle. Here ti = 0, ^2 = 0 , = 0, so that 4 ;he 

equation of the circnmcircle is a^yz-^V^zx-\’C^xy = 0 . (In trifinears 
this becomes a/ 3 y -f & ycx + cot/i = 0.) 

The tangential equation of the circnmcircle is therefore 

+ — 2c‘^a^rj?— — q, 

which can be written aVp±'b\^q±C'>/r ^ 0 , 

Cor. The nine-point circle circumscribes the triangle A'B'C\ where 
A', B\ C are the mid-points of the sides. If p', q, r are the perpendiculars 
from A\ B\ C' on any tangent to the nine-point circle, and p, g, > the 
perpendicular from A, B, C to the same tangent, we have p-fg = 2r', 
q-^ r t= 2p\ r-l-p = 2g' with due regard to sign. Also o «= 2 a', 6 = 26', 
ce=2c'. Now since the nine-point circle circumscribes the triangle 
A B C yfQ have a'y^p'-f 6'>v/g'-l“ c'\/r' == 0, hence 

a>v/g + r-i-6-s/r-hp-f cy^p + g = 0 
is the tangential equation of the nine-point circle. 

II. The inscribed and escribed circles. 

(a) For the inscribed circle = 5— a, t2^s--bf ^3 = 5—0; its 

equation is 

{{s--aY X (s--hy^ y ^ (s— cf z} (x-\-y-\-z) — a^yz-'b^zx-‘C^xy = 0 . 

The tangential equation, since = ar/ 25 , y^ br/ 2 S, Zq = cr/ 2 Sj 
is (op 4 - 6g -f cr)^ = ] ap, 6g, cr] 

This reduces to 

(5— a)2r-f (5— 6 )rp-|-(i> — c)pg = 0 , 
or gr cot J A -j- rp cot J R -hpg cot | = 0. 

Note. The reader should deduce the trilinear equation. 

(b) For the escribed circle touching BG externally we have 

=5, ^2 = 5 — c, = 5 — 6 ; its equation is 

{s^ X {s--cf y + {S'-hf z] {x -{-y z)-‘a^yz—b'^zx--c^xy = 0. 

The areal coordinates of its centre are { — ari/ 2 S, brJ 2 Sj crJ 2 S\^ 
so that its tangential equation is 

( — ap + 6g + =*'iap, 6g, cr \ ^ ; 

this reduces to 

gr cot i A — rp tan \ B^pq tan J C = 0. 
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III. The nine'point circle. 

Here = AC' . AN 

= ^c.b cos A 
= Scot A, 

or = \(b^ + c^—a^). 

The equation of the nine-point 
is therefore 

S [xcoiA ^ycotB-k-zQoi G\ {x-\-y-\-z) — a^yz — b'^zx — c^xy = 0, 
or {x-{‘y^z)li{b'^’^c^--a^)x--i{a^yz'{‘b‘^zx + c^xy) = 0. 

We have already shown that its tangential equation is 

aVq + r + bVr-^p-^c\/p-\-q = 0 . 

The reader can also deduce this from the general tangential 
equation. 

IV. The polar circle. The orthocentre P is the centre of the 
polar circle, and if p is the radius 
we have 

= AP.PL = BP. PM^ CP.PK 

Hence 

^2 == AP^--p^ = AP^^ AP.PL 
= AP. AL = 2 Jicos-4 . &sin C 
= be cos A = 2ScotAl. 

The equation of the circle is then 

2iS(a;cot A-f y cotP-f cot C) (x ^ y ^ z)-- yz -^b"^ zx--c^xy = 0, 
which reduces to 

a;‘^cot-4-f-y^cotP-h^^cot (? = 0. 

The tangential equation of this circle is 

tan .4 + ^2 tan tan C = 0. 

The radical axis of two circles. If the equations of two circles 
are found in the forms 

+ + (X’\-y ■{-z)--a^yz--li^zx--c^xy = 0 , 

{Vx’k‘'mfy-{‘n'z){X’\'y^z)’--a^yZ’-b'^zx-‘C^xy = 0 , 
it is evident that points common to the two circles also lie on 
{(l^V)x-^-(m--m')y’\-{n-^n)z](x-{‘y’\‘Z) == 0, 

H h 2 
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i. e. on one of the lines 

(1— r)x + (»»—»»') y + («—»')•«' = 0, x-^-y-^z = 0. 

The first line is the radical axis, and the second is the line at 
infinity, which is the join of the circular points at infinity. We 
have previously shown that all circles pass through D, Q .' ; we 
proceed to verify this. , 

The circular points at infinity. Since the equation of any 
circle can be expressed in the form 

(1* + »My + nz) (x + y + ^) — {a^yz + V^zx + c^xy) = 0, 
it meets the straight line. at infinity in two points given by the 
equations a^yz ■\-lP‘zx + c‘‘xy x+y-\-z = 0, which are evidently 

the same points for all circles ; these points (Chapter V, § l6) we 
called the ‘circular points at infinity ’. 

We have from these equations 

y^x"^ + o?y^ + — c*) xy = 0, 

or y^x^ + + 2 ai> cos Cxy = 0, 

i. e. {hx + aye'^) (hx + oye“'^) = 0. 

Thus either x:y:z = ae*^ : —l> ih—ae^, 

or = ae : --0 : b-^ae • 

iC * 

But b—ae = b~a cos C—ia sin C = c (cos A — i sin A) = ce~ , 
hence the coordinates of the circular points at infinity are 

(«e'^' ; -5 : ce"'^), :-b: ce% 

Note. The tangential equation of Q, O' can be easily found thus : if the 
line px qi/ + rz = 0 passes through a circular point at infinity, this point 
must be the point at infinity on the line, i. e. (q-r: r-p :p-q)* This point 
therefore lies on the circle a^yz'^-li^zx^- c^xy = 0, so that 

a^(p-r)(p-q)-^y^(q-p) (g-r) + c* (r-3) = 0. 

We have shown that this equation is the same as 

{ap, hq, oY « 0. 

Illustrative Examples. 

Example i. The nine-point circle touches the inscribed circle. 

The equations of these circles are 

2 J (6* -f c® — a*j a? . (a? + y + 2 ') = a^yz -f h’^zx + 

2 (5 ~ aYx . (.T + y -f 2 r) t= a^yz + V^zx + c^xy. 

The equation of their radical axis is.therefore 

2 {(bH c“~a^) — (fe + c~a)*} a: = 0, 

2 (a — 6) (c ~ a) a? = 0, 
xjijb - c) + y/(c - a) + zj{a - i/) «= 0. 


i.e. 

or 
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The coordinates of the radical axis are therefore 

{l/(6-c) : l/(c-«) : l/(a-ft)}. 

The tangential equation of the inscribed circle is 

{s - a) qr-^ (s - h) rp + (s^c) pq =» 0, 
or (a - a)/p + (5 - 2))/g + (s - c)/r =* 0. 

Now 2 (6~c) ( 5 -a) = 0, so that the radical axis of the nine-point and 
inscribed circles touches the inscribed circle ; it therefore touches the 
nine^-p.oint circle at the same point. 

It can be shown similarly that the nine-point circle touches each of the 
escribed circles. 


Example ii. The straight line Ix-^my+nz ^ 0 meets the sides 
of the triangle ABC in B'y C' : prove that the circles on AA\ J5B', 
CG' as diameters have the common radical axis 

l{m--n)xcot A-\‘m{n — l)ycoiB-{‘n{l--m)zcot (7=0. 


The coordinates of A' are |o, -- - and of A {1, 0, 0} ; the 

I * m — n m — n) ^ ^ 

centre of the circle on AA' as diameter is 

I \ — r I or [m-n: - n ; m}. 

I 2(tn“?i) * 2 (m-w) ) ^ ^ 

Let the equation of the circle be 

a^yz^-li^zx-^ c^xy = (Xa?-f /xy-f re?) (a? + y + 5^); 

since it passes through A (1, 0, 0) we have A = 0. 

The centre is given by 

Pz c^y --{yy vz) « x ■¥ z — {yy ^ vz) - y(x-hy + z) 

= a^y -f Px - (yy + - r (a: + y + 2 '), 

i.e. Pz+c^y = c'^x + — y{x-^- y^’Z) = a^y-{^Px-v (x + y + z). 

Substitute in these the known values of x:y : Zy and we get 

Pm — c^n = P {m — n) m — 2 p (m — n) = P (tn —n) — 2 r(m— n). 

Hence 2y{m — n) ~ m (a* + c^ — P) = 2 ac cos Bnty 

2i/(m~-»)== -n{a^ + P-P)= — 2rtfeco8 Cn. 

The equation of the circle on AA' as diameter is then 

2 , 1.2 .2 ncotC \ . 

a^yz + Pzx -^c^xy = 2S ^ — m — n V ^ 

Similarly, the equation of the circle on CC' as diameter is 

a^yz-\'PzX'\^c^xy = 2 /S^ ( x ) (x + y + c:). 

^11 — 1 n — i / 


The radical axis of these circles is therefore 

/ cot -4 m cot B i. ^ / 1 1 A a 

p.a?+ .y-)icotC( + 

n-l m — n n-l' 

i.e. I (m~ «) arcot ^-f m {n-l) y cot B + h {Z-m)^cot C = 0. 

The symmetry of the result shows that it is also the radical axis of the 

circles on BB' and CC' as diameters. 
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Examples XII d. 

1. Find the equation of the circle Tvhich passes through two angular 
points and the in-centre of the triangle of reference. 

2. Prove that 2 (m + n) a* + 2 2 cos^ = 0 is a circle. 

8. Prove that the circumcircle, nine-point circle, and polar-circle of a 
triangle are coaxal ; show also that the circle circumscribing the triangle 
formed by the tangents to the circumcircle at the vertices of the triangle 
belongs to the same coaxal system. 

4. Show that the equations 

a/3 = y (y cos C-OL COS COS R), j3y = (X(CX COS u4 - COS R - y COS C) 

represent circles, and find their radical axis. 

5. Find the lengths of the tangents from the ex-centres of a triangle to 
the circumcircle. 

6. Find the equation of the common chord of two circles described on 
two sides of the fundamental triangle as diameters. 

7. Through the vertices A, R, C of a triangle straight lines are drawn 
parallel to the opposite sides and meeting the circumcircle in the points 
A\ B\ C respectively. The straight line joining A' to the centroid of the 
triangle meets BC in A"', and R^, are similarly determined. Show that 
AA''^ RR^, CC* are concurrent. 

8. Show that the equation of the circle which passes through the 
ex-centres of the triangle of reference is 

a^yz -f Wzx -f + {hex + cay -f ahz) fa? -f y -f 2 r) « 0, 

Find also its trilinear equation. 

9. Prove that the equation of the nine-point circle can be expressed in 
the form ay(fe34-cy — aO()-f Z/V(cy + rta — fe^ — cy) = 0. What 
is the corresponding equation in areals ? 

10. Show that the equation of the circle which passes through A and 
touches BC at its middle point is 4 {a^yz-^-h^zx-^-c^xy) = a* (y + 2 ?) {x-^y-^z). 
Find the equation of the line joining the points other than A where this 
circle cuts AB^ AC, 

11. Prove that the equation of the circle on the line joining the mid- 
points of AB, AC SLB diameter is 

a^) -2 2 a^yz-h be cos A (x-^y-i-z) (y + z — x) — 0. 

12. If (a', P', y) is a point on the circumcircle, veHfy that the corre- 
sponding Simson line is 2 (X cos = 2(X sin Ji. 

13. Show by using the tangential equations of the escribed circles that 
their external centres of similitude lie on the line a;/a-f-i//fe + 2 ?/c = 0. 

14. A circle passes through R, C and cuts CA in the ratio Z : m ; in what 
ratio does it divide BA ? 

15. Find the equation of the circle through Rand C which cuts CA again 
at D so that IBDC = a. Hence find the locus of tb e radical centre of three 
circles which pass through R, C; O, A ; A, R respectively, and whose seg- 
ments within the triangle contain equal angles. 
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16. Find the tangential equations of the circles whose centres are the 
vertices of the triangle of reference and which touch the sides opposite to 
their centres. Find the equation of their axis of similitude. 

17. Circles are described on BC, CA, AB cutting CA, AB, BC respec- 
tively in the ratio 1/X; show that their radical centre is the same for all 
values of X. 

18. The inscribed circle of a triangle ABC touches the sides BC, CA, AB 

at tlo points D, F; the escribed circles opposite to the angles A, B, and C 
touch these sides at F, , h \ ; E^, E^, respectively. Prove 

that AD^, CFj are concurrent; also the sets of lines AD^, BE^, CF^\ 
and AD^, BE^, CF^. 

19. Prove that if the circles a‘^f/ 2 + ^ 0 and 

t^y 4 (a? 4 y 4 2?) — a^yz c^xy = 0 

cut orthogonally, then 

sin 2 ^ 4 sin 2 F 4 sin 2 C <« 8 8. 

[The tangent from the circumcentre to the second circle is of length /?.] 

20. The sides BC, CA, AB of the triangle of reference are divided at 
7), F, Fso that BD^2DC, CE^2EA, AF^2FB, Show that the 
square of the tangent from A to the circle DEF is (c^-2 a^4 46^). 

21. Show that the radius of the circle n^y-f &■) a 4 = A a (a0( 4 4 cy) 

is R^\ - 2 k cos A 4 

§ 10. Conics circumscribing the triangle of reference. If the 

conic ux^-{-ry^-\-ti\z'^-{-2fyz-\-2gzX‘{-2hry^0 passes through the 
vertices (1, 0, 0), (0, 1, 0), (0, 0, 1) of the triangle of reference, 
then u = 0, v = 0, ?(; = 0. 

The general equation of a conic circumscribing the triangle of 
reference is therefore 

fyjs+gzx+hxy ^ 0 . (i) 

We have in this case U ^ F= — r/^ W ^ 

G H =^, so that the tangential equation of the conic is 

pp^^g^(f^h^i^^2ghqr--‘2hfrp — 2fgpq = 0. (ii) 

We may write this 


(fp-gq-hrf = ighqr, 


i.e. 

fp-gq-hr= ±2-/^^ 

i. e. 

fp = {^9q± Vhrf, 

or 



Note. The condition that the conic fyz^gzx^hxij should be a 
parabola is that the line at infinity should touch it, i.e., in areal coordi* 
nates, that (1, 1, 1) should touch fhe conic (ii). 

Hence the conic is a parabola if /® 4/4 - 21‘i/-2/y « 0. 

The conic ffiy 4 y -^oc 4 ^ OLfi == 0 is a parabola if 

a*/^ 4 4 c® /j* ~ 2 hcgh - 2 cahf ~ 2 ah/g =» 0. 
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To find the equation of the chord joining the points 
{X 2 , y^, ■? 2 ) cowic fyz-\-gzx+hxy = 0. 

The equation of the straight line joining the points (x^ , y^ , z^), 

{x-z, Vz, «z) is x{yiZ2-y2^i)+y{g!iX2-Z2^i) + e{Xiy2-X2yi) = 0. 

But fyi^i+ g^i + hXi = 0, 

and /^ 2^2 + * 

hence f:g-.h = x^x^ [yiZ'z-yiZi ) : yiVi (^ia’ 2 -^ 2 ^i) : [XiVt-Xtyi ) ; 

provided, then, that no one of the coordinates of the given points is zero, 
the equation of the chord can be written 

fx gy hz 

^ = 0 . 

yiy^ 


Cor. The equation of the tangent at (Tj, y^, z-^ is therefore 

=^ + ^ + ^ = 0 

/v. 2 ' 4 , 2 “ ^ 2 

V\ 


The equation of the tangent at (.rj, y^, Zj) to the conic. 

Since m = 0, v = 0, w = 0 we have Xi=:hy-^ + gz^, l\z=hXi+fz^, 
Zj = gxi + fy^ , so that the equation of the tangent is 

X (hyi + gz{) + y {hx^ +fzi) + z {gx^ +fy^) = 0. 

Now, since fyig:i + g^iX^-i- hx^y^ = 0, we can write this 

A!£.* + efj„+'iS!i,= o, 

Xi yi Zi 


or 


X X ^ - n 

^ 2 „_2 + ^ 2 - 


X 


M yi *r 

which agrees with the last corollary ; evidently no one of the coordinates 
must be zero when this form is used. 


The equation of the point of contact of the tangent (jjj, q^, rj) to 
the conic •/fp± Vgq±Vhr= 0. 

The equation of the conic written in full is 

f^p^ + g^q'^ + h^r^—2ghqr—2hfrp—2fgpq = 0. 

Thus Pi —fifPi—gqi — hr^, with symmetrical values for Qi, Nj. 
The equation of the point of contact is 

fP [fPi -m\ - /»» 1 ) + 90. {. 9 O 1 - hri -fPi) + hr {hri -fpi -gqi) = 0. 
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Now, since rj) is a tangent to the conic, we have 

hence {fPi- 9ai-hi\f = 

or fp^ -gq^ -hr-^ — ±2 Vghq^ . 

The equation of the point of contact can then be y^ritten, provided 
that no one of the coordinates jPi, r^ is zero^ 

+ I + ~ = 0, 

P\ 9\ » 1 

where V fpi, Vgqi, Vhri have the signs which make 
'//5>i+ v^Mi+ — 0. 

The equation of the polar of {x^, y^, z-^ and of the pole of (j)i, q^, fj) 
tvith respect to the conic. 

These are x{hyi + gzi) + y{hxi+fzi) + z{gxi+fy^) = 0 and 

fifPl-99l-Jir^)p + g{gql-ht\-fp^)q + h(hrl-fPl-gq^)r = 0 . 

Note. The method we have always used to show that the equation of 
the polar of a point, which is not on a conic, is of the same form as the 
equation of the tangent at a point on the conic depends on the fact that 
the equation of the tangent is unaltered when the current coordinates and 
those of the point are interchanged. It is important to note then that 

f OC Q v h z 

the equation of the tangent at yi> in the form + ‘ 2 + r 2 = 

•*^1 V\ -^i 

cannot be the equation of the polar of Zx), 

Cor. To find the centre of the conic. 

The centre of the conic is the pole of the line at infinity (1, 1, 1) ; 
its equation is therefore 

f{f-9-^<)P + 9 (9-^^-f) a + ^ -f-9) »• = 0. 

The areal coordinates of the centre are then 

f{f-9-^) • 9 {9-lt-f ) : (lt-f-9)‘ 


Example. To find the equation of a conic whose centre is the point 
(“<^ 0 ) Pot ^o)> which circumscribes the triangle of reference. 

If fyz + gzx + hxy = 0 is the equation of the conic, we have 

x<,=fif-9-h), y<, = dlg-h-f), z^ = h{h-f-g). 

Hence y# + «'o “ = (S ' “ *)* -f = l9 -h-f) (ff-h+f) = - y^^Jgh- 
Therefore / is proportional to a'o(yo+*'»~i*'c)> 3'®*! equation of the 

conic is (y. + ^o - (z^ + a:. - yo) + ^ (*o + .Vo “ ^'o) = 
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The asymptotes. Let the equations of the asymptotes be 
px+qy-\- rz = 0, p'x + g'y + r'« = 0 ; then we have 

fyz^-gzx-{-hxy-\-\{x+yJrzf — (px\-qy+rz)ip'x+q'y+r'z). 
Comparing coefficients we have 

pp' = qq' = nr' = A, 

= qr'+q'r, g+2K = rp' + r'p, Ji + 2\ = pq'+p'q. .• 
Hence (i) if px + qy + rz=iO is one asymptote, the otfier is 
x!p-¥ylq+zlr = 0. 

(ii) We have f=q/ + q'r—2\ 



qrf=\{q-rf, 

or, / is proportional to p (q—r)^. 

It follows then that if px+qy+rz = 0 is an asymptote of a conic 
circumscribing the triangle of reference, the equation of the conic is 
p{q—r)^yz + q{r~p)^zx+r{p—q)^jry = 0. 

Example i. A conic circumscribes a triangle ABC, and the tangents 
at A, B, C form the triangle A' ff C'. Shoto that .the triangles ABC, 
A'B'C' are eoaxal, and find their centre and axis of homology. 

Let the conic be fyz + gzx-^hxy = 0; its equation can be written 
fyz + x(gz-\-hy) = 0. 

This represents a conic circumscribing the quadrilateral whose sides are 
y = 0, z=0; X <=: 0, gz + hy = 0; but since y =0, ^ = 0, gz+hy = 0 are 
concurrent, gz+hy = 0 is the tangent to the conic at the point of inter- 
section of y = 0, « = 0, i. e. A, 

The sides of the triangle A'B'C are therefore 

y/g -t- zfh = 0, zjh xjf = 0, x/f+ yjg = 0. 

The straight line izfh xff) — (»//-t y/g) — 0, i. e. z/h — y/g = 0 is therefore 
AA', Similarly, BB', CC are x/f—z/h^d, y/g-x/f^d. Hence, AA', 
BB', CC intersect at the point (fig ih). Again, B'C' and BC are the 
lines y/y -i- z/h = 0 and » = 0 ; these intersect on the line x/f+ y/g +z/h — d. 
The intersections of CA, C'A'; AB, A'B' also lie on this line, which is 
therefore the axis of homology. 

Example ii. The opposite sides of any hexagon inscribed in a conic 
meet in three collinear points, (Pascal’s Theorem.) 

Let AQCPBR be the hexagon and take ABC for the triangle of reference. 
Let the coordinates of P, Q, R be (x,, y,, «•,), (x„ y„ «■,), (x,, y,, z,). 

The equation of A Q is y/y, = z/z^ and the equation of BB is x/x, = z/z, ; 
these lines intersect at the point (x,/x, : y,/«t, : 1). 
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Similarly, the other pair of opposite sides intersect at . the points 
(a-,/y, : 1 : zjy^), (1 : ; »,/»*). 


A 



These points are collinear if 


I 

yjA* 

1 


j ^\/Vx 

1 

«s/y» i 

= 0, 

‘ 1 

yjAa 

*sAa 


i. e. if 

lA, 

l/z. 

lA, 1 



i/yi 

Vy» 

Vy» 

= 0. 


l/x^ 

1 Ai 

lAa ' 



But the equation of the conic on which the vertices lie is of the form 
f/x + g/y + h/z = 0 ; hence 

//*i + 9ly\ + //^> + ylVi + Vi's = 0, //ar, + y/j/s + !»/«» = 

Eliminating/, h we obtain the required condition. 

Note. This evidently proves the converse proposition, viz. if the oppo- 
site sides of a hexagon meet on a straight line, the hexagon can be inscribed 
in a conic. 

Example iii. Find the condition that the normals at the angular 
points of the triangle of reference to the conic Z/a + m//3 + n/y = 0 
should he concurrent [Wilinear Coordinates,) 

The tangent at ^ is n3 + wiy = 0 ; suppose that the normal is + 0. 

These lines are perpendicular, so that 

Xn + fim — (Xm-f /in) cos A ss 0, 
i. e. X (n - m cos A) -h fi (m - ?i cob A) ^ 0. 

The equation of the normal at A is therefore 

(m-n cos ^)3 — (n-m cos .d)y =» 0, 

Similarly, the normals at B, C are 

(n~? cos B) y— (/ — n cos 2^) a = 0 
(Z-m cos C) a -*(171 -I cos 0)3 ■» 0. 

The normals are concurrent if these three equations are simultaneously 
satisfied by the same values of a, 3, y. 

Hence 

(Z — m cos 0) (w — n cos A){n‘~l cos B) ^{m — l cos 0) (n - m cos A) (/ — n cos B) ; 
/. m^) (cos ^ + cos J5 cos C) = 0 ; 

/. 1 1 (n^ - m*) sin sin 0 = 0 ; 

.*• :Shcl{m^-n^) *“ 0. 
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This condition can be written as 


I m n j 
r' m-' 1 = 0. 

oT^ 


Examples XII e. 


1. If X(X + /li/ 3 + vy = 0 touches l^y'^myOC + nOC^ = 0. then ?(3( + m/3 f /»y = 0 
will touch 'XPy-h fjL^OC + iOC^ ^ 0, 

2. Find the locus of the centres of conics which pass through four given 
points. 

What is the equation if the points are Ay By C and the centroid of 
the triangle? 

3. Prove that a conio which passes through the vertices and the ortho- 
centre of a triangle is a rectangular hyperbola. 

4. Show that the locus of the centres of rectangular hyperbolas which 
circumscribe the triangle of reference is the nine-point circle 

a^/(ij+z-x)-hh^/(z + x-i/) + c’^/{x + y-z) = 0 . 

5. Find the locus of the centre of a conic which circumscribes the 
triangle of reference and touches the straight line q^y rj. 

6. Show that the centre of any conic passing through the angular points 
of the triangle of reference and the centre of its inscribed circle lies on the 
conic 2 bcx^ — 2 a (6 + c) «* 0. 

7. Show that the equation of the tangent at any point of the circum- 
scribing circle is of the form 


( J + I ) ^ j = 0. 


8. Prove that the tangents to l/x -{■ m/y + fi/z — 0 yrhich are parallel to 

BC Q.re ? (y + 2 :) -f (^m + = 0. 

9. A conic circuin scribes a right-angled triangle ABC, touches the circum- 

circle at the right angle A, and passes through the centroid of the triangle. 
Show that its equation is h’^/y + c^jz — a^jx = 0, or -f cjy - a/a = 0. Find 

its equation when the coordinates are transformed to rectangular Cartesian 
coox'dinates with ABy AC for axes, and hence find the eccentricity of the 
conic in terms of the angle B. 

10. Find the coordinates of the centre of a conic which circumscribes 
the triangle of reference, and has the line (piy qiy r^) for an asymptote. 

11. The condition that the straight line (p, g, r) should be an asyixiptote 
of a rectangular hyperbola circumscribing ABC is Ip (q — ry cot -4 = 0. 


§ 11. Conics inscribed in the triangle of reference. If the 
conic up^ + vq^ + wr^ + 2fqr+2grp+2hpr:=^0 touches the sides of 
the triangle of reference, (1, 0, 0), (0, 1, 0), (0, 0, 1), then w = 0, 
V = 0, = 0. Hence fqr+grp+hpq = 0 is the general tangential 

equation of a conic touching the sides of the triangle of reference. 



TRILINEAR AND AREAL COORDINATES 


493 


The equation of the conic in point coordinates is therefore 
f^x'^+g'^y^+h^z‘^ — 2ghpz—2hfex—2fgxy = 0 , 
which can be written (cf. § 10) 

>/fx±Vgy± \^hz = 0. 

M^ote i. The conic is a parabola if^+gr + h = 0, or, if we are using 
triUnjear coordinates, f/a + g/h + h/c = 0. 

Not^ii. The equation of the conic can be written fqr-yy{gf-\-hq) = 0; 
but g = 0, J‘= 0, gr+hq = 0 are three collinear points, so that (Chap. X, 
§ 10, 1) the conic touches the join of g= 0, r = 0 (i. e. BC) at the point 
hq + gr~ 0. The areal coordinates of the points of contact of the conic 
with the sides of the triangle of reference are therefore 

(0 : l/g : l/h), (1//: 0 : l/h), (1//: \/g ; 0). 

To find the equation of the point of intersection of the tangents 
(i’l. Qi, »‘i), {Pi, Qi, to the conic flp+giq + hir = 0. 

The equation of the point of intersection of the lines (jJj, r,), 
{Pi, Ti, f'z) is 

P(ifif]i-Tj^i) + S(>iP-^-r2P,) + r(Piq.^-p.^qj) = 0. 

But fqiri + grjPi + hpiqi = 0, and fq^r.^-^- gr.^.i-\- hp^q^ — 0, hence 

f:g:hz= p^p.^ {q^r.^-q^r ^) : q^q^ ; 

provided, then, that no one of the coordinates of the given tangents 
is zero, the equation of the point of intersection can be written 
fP'PiPi-i-gq/qiqi+hr/rir^ = 0. 

Cor. The equation of the point of contact of the tangent (Pi, rj) 
is fp = 0. If, then, = 0 touches 

the conic 0, the coordinates of the j>oint of 

contact are {flPi^, 

To find the equation of the tangent at the point to Uie conic 

vyu?-f Vgy^ •frz = 0. 

This equation can be found in the same way as that of the point 
of contact of the tangent (p^, rj) to the conic 

y/gq \ yOir = 0 

(see § 10) ; the equation is 

+ 7 '^^1 = 0. 

Xi yi Zi 

where -//Xi, ^gPi, VhZi have the signs that make 

Vf^i+ y^gyi-i -/hz^ = 0. 
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The equation of the jpok of (|>i, Qx, r^) and of the polar of (a:i, py, «i) 
with reject to the conic. 


These are 

i» (*2i + gri) + q {fri + hpy) + r {gpy +fqi) = 0 
and fifxi-gyx-hzi)x+g {gpi — hzy -fx^ y+h{^x — /®i - ) « = 0 . 


Cor. The equation of the centre, i. e. the pole of the line> at 
infinity (1, 1, 1), is 

(ft + (/+*)« + (s' +/)»• = 0 . 

The areal coordinates of the centre are therefore 


are 


{(ft+ 5 '):(/+ft)-(i 7 +/)}- _ __ _ 

The ti'ilinear coordinates of the centre of •//«+ V^/ey = 0 

0 




a c b a 3 


Example. To find the equation of a conic ivhose centre is the ^oint 
yoj ^o) which touches the sides of the triangle of reference. 

Let the conic be + Vhz = 0, then we have ^ 4- /i, ^ 

Zq ==/-f-( 7 . Hence 2/= + equation of the conic is therefore 

(yo + - ^o) + Vy(^o+^o“yo) + {^0 + yo - « 0. 

The asymptotes. Let px + qg-trz = 0 be an asymptote; it 
touches the conic at the point {f/p^ : g/q ^ : h/r^), but this must 
be the point at infinity on the asymptote, viz. ( 3 — r : r— p :p— g)* 
Hence we have / = kp^ {q — r), g = kq^ (r — p), h = kr^ {P’^q)* 

It follows that if (p^, r^) is an asymptote of a conic inscribed 

in the triangle of reference, the equation of the conic is 

Pi v/ {3i - > 1 ) x + 3i y (rj -Pi) y + ri V{p\ - 2 i) ^ = 0. 

Now, if p, qj r is an asymptote, we have 

f/P + 9/Q. + ft/''" = 0 and //p* + g/q^ + h/r^ — 0 ; 
hence (g/q + hjrf +/(. 9 / 2 * + h/r^) = 0 , 

or h (/+ h) 5* + 2ghqr + <7 (/+ y) r* = 0 . 

If, then, the two asymptotes are (pj, qy, rj), {p^, q,y, r^, we have 

gig2 ^ 9{f±9) ^ gi* bigi-*ni>i- giyi] ^ 

n ft (/+ ft) »‘i* -l>i 2i - gi ] ’ 

so that 22:^2 = gi/(riPi -pi qy - qy Ty ) : ry/(py qy - fyPy - gj rj). 

It follows that, \l *pX’^qy+rz is ohe asymptote, the other 

IS ^ — V " I “ \ 

gr— p(g+r) 

Note. The coordinates of the asymptotes can be found by solving the 
equations /gr 4-yrp + hpq = 0, (y + A) p + (/i +/) g + (/+ (j) r = 0. 
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Example i. The joim of the opposite vertices of a hexagon circum- 
scribed to a conic are concurrent. (Brianohon's Theorem.) 

Let a, c, d, by f be the sides of the hexagon and take a, 6, c for the 
triangle of reference. 

Let the coordinates of d, / be (pj , q^y r^), (pj, rj), fpa, gg, r^). The 
equation of the point of intersection of a, e is qjq^ = and of d is 
VlV\^ \ these points lie on the straight line (pjr ^ ; q^/t\ : 1) Similarly, 
the joins of the other pairs of opposite vertices are the straight lines 
iPi/Q.\ • 1 • These lines are concurrent if 

I Pi/n gjri 1 j 


Pl/il 

1 

»»/3s 

= 0, 

1 

iJPi 

rJPi 


V>\ 

1 /r. 

1/>V 


I/Pl 

VPs 

l/l’s 

= 0. 

l/3i 

V?, 

V3j 



But the equation of the conic touching the lines a, b, c is of the form 
f/p+glq'^hir^ 0, 

hence f/p^ + g/q^ 4- h/ f\ = 0 , f/p^ + g/q^ + h/r^ 0 ; f/p^ + ff/q.^ 4- h/r^ = 0 . 
Eliminating /, g, h we obtain the required condition. 

Note. This evidently proves the converse of the theorem. 

Example ii. To find the equation of the tangent to the conic 
Vfx+ \^rz :=0 which is parallel to BC. 

The tangential equation of the conic is fqr-k- grp-\-hpq «= 0. 

The coordinates of BC are (1 : 0 ; 0); hence the coordinates of a straight 
line i)arallel to BC are (1 4- A; : ^ : A;). This touches the conic if 
/A;2 + gA:(A;+l)4-;*A;(A:4-l) = 0, 
i. e. A; = 0, or -{g ^h)/(f-\- g-\-h). 

The coordinates of the tangent required are therefore / : — (^ 4- i^) : - (g + n-j, 
and its equation is /a? = (g 4- h) {y + z). 

Example iii. The centre of a conic, inscribed in the triangle of 
reference, lies on a fixed straight line paraUd to BC; find the equation 
of the envelope of its asymptotes in areal coordinates. 

Let the given fixed straight line be y + ^ = (\4- 1) a:, and let the equation 
of the conic be fqr^- grp 4 - hpq == 0 . 

The coordinates of its centre are g-\-h :h’Yf \ /+ g, and since this lies 
on the given line we have 2/w X (y + ^). 

If {P* 5!i asymptote, we have A;p* (g-r), y ~ A:g* (r-p), 

« A;r*(p~g); hence 2p*(g-r) « X {g^ (; — p)4‘r*(p-g)} 

= X(g-r)(gr-pg~pr); 
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the factor ^ - r = 0 represents the point at infinity on BC ; neglecting 
this, the tangential equation of the envelope becomes 
. 22>* + X (pr+jpg— gr) = 0. 

The point-coordinate equation of the envelope is therefore 

-^2xy = 

Examples XII f. / ' 

1. The areal equation of the inscribed circle is 

^/{s — a) x-\- ^/{s^h)y+ \/(s~c) 2 : = 0, or 2 -v/a? cot ^-4 = 0. 

2. The trilinear equation of the inscribed circle is 2 cos = 0. 

What are the equations of the escribed circles in a similar form ? 

3. The tangents to an inscribed conic parallel to the sides of the 
triangle of reference form a triangle A'B'C'. Show that AA\ BB\ CC 
intersect at the centre of the conic. 

4 If a conic touches the sides of the triangle of reference at A% B', C\ 
prove that AA\ BB\ CC' are concurrent. Find the equation of the axis 
of homology of the triangles ABCy A'B'C, 

5. If the conic \/fx+ \^gy+ Vhz = 0 is a parabola, find the coordinates 
of the point at infinity on its axis. 

6. A conic touches the sides of the triangle of reference and the straight 
line (pi, gi, Show that the locus of its centre is 2 (y + ^-’a;)/pi = 0. 

7. Find the condition that the conic = 9 should be 

a rectangular hyperbola. 

8. The locus of the centres of 1 octangular hyperbolas inscribed in a 
triangle is the polar circle sin 2 ^ -f /ii* sin 2 sin 2 C = 0. 

9. Normals are drawn to a conic, inscribed in the triangle ABCy at its 
points of contact with the sides. Prove that they meet in a point if 

j Oi* sin* A /3* sin* B y* sin* C 

OC cos A fi cos B y cos C =0, 

1 1 1 

where a, /3, y are the trilinear coordinates of the point of intersection of 
the lines joining the veitices of the triangle to the points of contact of 
the opposite sides. 

10. Prove that if the conics aVOL tan 6-^h tan ^ -f c -v/y tan >//■ = 0, 
a \/cx coiO-^h cot 0 -f c v^y cot 0 = 0 are parabolas, a circle can be 
described through their six points of contact with the sides of the triangle 
of reference. 

11. ABC is a triangle and P any point on a fixed straight line. Prove 
that the envelope of the harmonic conjugate of PA with respect to PJ9, PC 
is a conic touching the sides of the triangle and the fixed sti-aight line. 

12. A conic touches the sides of a triangle at A'y P', C', and passes 
through a fixed point. Show that the stmight line joining the points of 
intersection of P C', PC; CA'j CA\ A'B'y AB envelopes a eonic which 
circumscribes the triangle ABC, 



TRILINEAK AND AREAL COORDINATES 


497 


§ 12. Conics referred to a self-conjugate triangle. The polar 
of A (1, 0, 0) with respect to the conic 

is u^ + /i^+ = 0 ; hence, if this is the side JSC (^ = 0) we have 
h = 0, g = 0. Similarly, if B and C are the poles of CA and AJ5, 
we must have /= 0, g = 0, h = 0, 

The general equation of a conic with respect to which the triangle 
of reference is self-conjugate is therefore 

-h = 0. 


Note i. One of the coefficients w, t?, w must be negative ; if two are 
negative we can change the signs througfiout. The conic can therefore be 
written ~ This equation can also be written 

Pa:- = {nz-^my) {nz-{- my), 
or nPy^ = {HZ’- lx) {nz-\- lx). 

These forms show that the conic touches nz — my=^0, nz-^ my ^ Q, the 
side BC being the chord of contact, and also that it touches nz — lx 0, 
nz-^lx = 0, the side CA being the chord of contact. The tangents from 
A and B to the conic are real. The tangents from C to the conic are 
imaginary, for the equation can be written z'^ ^ [Ix-^ imy){}x-‘imy)* 
Hence two vertices of a real self-conjugate triangle lie outside the conic 
and one inside. 

Note ii. If the equation is used in the form jP j nP = sPjrP we can 
use a parametric representation for the coordinates of a point on the conic, 
viz. {I cos ^ : m sin d : n}. The analogy to the case of the ellipse 

x’^/a^ + y = 1‘ 

will be evident, and the various equations are in a similar form ; thus, for 
example, the tangent at the point ^ is a? cos 0/1 f y sin 6/m = z/n. 

The tangential equation of the conic uaP + vy^ 4- wz^ = 0 is 
vivjg^ + wu(f + nvt^ = 0 or jg^/u -h ^/v -f rP/w = 0. 

Tangent and point of contact. The equation of the tangent 
at the point is uxx^'^vyyiA-v"ii^e\^ Oy and that of the 

point of contact of the tangent r^) is 

+ + = 0. 

Hence, if = 0 touches the conic, the point of contact 

is {p/u, q/v, r/w). 

Pole and polar. The equation of the polar of the point (:ri, Zi) 
is uxxiA- vyyiA- wzzi = 0, and that of the pole of (i?i, Qu r^) is 

+ qqi/v + rr^/w = 0. 

Thus the pole of the line PiX+qig + r^z = 0 is {Pi/u, q^/Vy Tj/w}. 

wi I i 
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Cop. The equation of the centre is p/u+qlv-^-r/w = 0, and its 
coordinates are ( 1 /m : 1 /v ; l/«>). 

Hence the equation of a conic with respect to which the triangle 
of reference is self-conjugate and whose centre is {xq, y^, go) is 
+ i/Vyo + = 0. 


The asymptotes. The equation of the asymptotes is (§ 8 (6)) ^ 
(uv+m + tvu)(ux’‘ + vy'^ + we^) = uvw(x+y+g)^. , 

(a) 1/ px+qy+rg = 0 is an asymptote, to find the equation of the 
conic. 


Let the conic be ux'^ + vy^-¥ wz^ — 0 ; the point of contact of 
px + qy + rg=^0 is {p/u, qlv,vjw], and this must be the point at 
infinity on pa; = 0, viz. {q—r:r—p:p—q\. 


Hence 


u = — 


kp 


q—r 


kq 

r—p' 


w 


kr 

p-q' 


and the equation of the conic is 

= 0 . 

q-r r-p'^ p-q 


(b) If PiX+q^y r^z ^ 0 is an asymptote^ to find the equation cf the 
other asymptote. 


(jPi> Q.\i ^i)f {P 2 t Q. 2 ’> ^ 2 ) asymptotes; then, since they 

touch the conic and pass through the centre, we have 

p/u -f q/v 4- r/w = 0, p^/u + g^/v -f r^/w = 0, 
where ux^ + -f wz"^ = 0 is the equation of the conic. 


Hence 


u^v ^ tv 
V V ' vw 


)+(!+ 


r2/l 


w 


)= 0 ; 


Hence 


Now «)-|-M = 


^1^2 w^{u + v) 

Pi _ (^i-Pi)iii-Pi-^i) 

■ri) ‘ 


Pi-9.1 ai-ri (l>i-3i)(3r 
which is proportional to (^i— — 

Hence v^{u + w) is proportional to jPi — ^i), so that 

»'i^2 r^^ir^-Pi-ii)' 


or 22 : ^2 = 2i (q^ -p^ -Ti) : (^i -Pi-qi\ 

Similarly for p^tq^; so that the equation of the other asymptote is 

PiiPi-Qi- n) + 2i {2i -Pi - ri) y + n (»-i -Pi- 2i) « = 0. 
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Illustrative Example. 

Two triangles are self -polar with respect to a conic; show that their 
six angular points lie on a conic and their six sides touch a conic. 

Let one of the triangles be the triangle of reference ABC, and A'B'C' be 


the other triangle. 

l^e equation of the conic is of the 
form Ix^ + mif + nz^ = 0. 

Let the vertices of the triangle 
A'B'C be (^ 1 ,^ 1 , ^i), 

(^3, 2^3 » 2^8)- 

Then, since A\ C lie on the polar 
of B\ we have 

Ix^x^ + mtji ya + nz^ = 0, 

Ix^x^ + my^y^ + nz^z^ *= 0, 
and, similarly, 

Ix^x^ -f my^y^ + nz^z^ ~ 0. 

But these are the conditions that 
the points A\ B\ C' should lie on 
the conic 

^ wyiy,y» ^ ^ ^ 

X y j? “ ■ 

This conic passes through A, R, C; 
hence the six vertices lie on a conic. 


The equation of the conic is of the 
form (p* + mq^ + nt^ = 0. 

Let the sides of the triangle 
A'B'G' be (Pi, qi, ri), (yj.gj.rj), 
(Pt< ys. »•»)• 

Then, since B'C', A'B' pass through 
the pole of C'A\ we have 

/piPa + wg^i3'a + Mrir2 = 0, 

Ip^Ps + miQn + ♦^^ 2^3 = 0 , 
and, similarly, 

^PiPi + + ^^^3 n = 0. 

But these are the conditions that 
the sides A'B\ B'C\ C'A' should 
touch the conic 

^PiP2P3 ^ mi q%<lz ^ ni\r^r^ ^ ^ 
p q r ' 

This conic touches the sides of the 
triangle ABC; hence the six sides 
touch a conic. 


Systems of oouios. 

(i) Conics passing through four points. Let the four points be 

^ 1 , ^i)> (-^i.yu^i), -yi, Hi), K, yi, -^i), so that the 

diagonal triangle of the quadrangle, whose vertices are the four points 
(p. 471), is the triangle of reference. 

Let ux^ + vy^+we^ + 2fyz + 2gex+2hxy~0 be the conic; sub- 
stituting the coordinates of the four points in this equation we find 
/=0, y = 0, h = 0. 

The equation of the conic is therefore ua^+v^+wz^ — 0, with 
the condition that wxi^ + vy^^+wzi^ = 0. Evidently the triangle 
whose vertices are the diagonal points of a quadrangle is self- 
conjugate with respect to any conic which circumscribes the 
quadrangle. 

(ii) Conios tonohing four straight lines. Let the straight lines 
be PiX+q^y+TiZ = 0 , —PiX+q^y+TiZ = 0 , PiX—q^y+TiZ = 0 , 
PiX+qiP—r^e = 0, i.e. the lines 

(J*!. Si. n). 2i» ^i), (j)i, -gi, ri), (i)i, gi, -r^), 

I i 2 
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so that the diagonal triangle of the quadrilateral they form is the 
triangle of reference. 

With the same reasoning as in (i) we find that the tangential 
equation of the conic is up^-\;V^ + wr^ = 0, with the condition that 
+ = 0. Evidently the diagonal triangle of a quadri- 

lateral is self- conjugate with respect to any conic inscribed to the 
quadrilateral. 

Examples XII g. 

1. Show that S a^Ol}/{q — r) = 0 is a parabola. 

2. Find the equation of the diameter of + my^ -f nz^ = 0 which passes 
through {x, y\ z), 

3. Find the equation of the tangents at the ends of the chord = 0 
of the conic Ix'^ + my^ -l- nz^ = 0. 

4. A conic, with respect to which the triangle of reference is self- 
conjugate, has lx my nz 0 for an asymptote; find the coordinates of 
its centre. 

5. A conic, to which a given triangle is self-polar, passes through a fixed 
point ; show that its centre lies on a fixed conic circumscribing the given 
triangle. 

6. A rectangular hyperbola, with respect to which the triangle of refer- 
ence is self-conjugate, has j? -f -f ^ 0 for an asymptote. Show that 
'S.pa^Kq-r) = 0 . 

7. Find the separate equations of the asymptotes of the conic 

a;®— = 0. 

8. A conic has a fixed self-conjugate triangle and touches a fixed straight 
line ; find the locus of its centre. 

9. Find the envelope of the polar of a given point with respect to 
a parabola which has a given self-conjugate tnangle. 

10. A system of conics circumscribes a quadrangle ; how many conics of 
the system (a) pass through a given point, (b) touch a given line ? 

11. A system of conics is inscribed in a quadrilateral; how many conics 
of the system (a) touch a given line, (b) pass through a given point ? 

12. The polars of a fixed point, with respect to a conic which passes 
through four fixed points, are concurrent. 

13. Find the envelope of the polars of a fixed point with respect to 
conics which touch four fixed straight lines. 

14. A conic passes through four given points ; find 

(a) The locus of the poles of a given straight line with respect to the 
conic. 

(b) The locus of the centre of'the conic. What special points lie on 
this locus? 

15. A conic touches four fixed straight lines ; find 

(a) The locus of the poles of a fixed straight line with respect to the conic, 

(b) The locus of the centre of the conic, 
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Show that (h) passes through the mid-points of the diagonals of the 
quadrilateral formed by the given lines. 

16. A system of conics is inscribed in a quadrilateral ; find the locus ot 
the points of contact of tangents in a given direction. 

17. A conic is inscribed in a quadrilateral ; prove that the product of the 
perpendiculars from one pair of opposite vertices to any tangent to the 
co^ic is in a constant ratio to the product of the perpendiculars from the 
otner^air of opposite vertices. 

18. A given triangle is self- conjugate with respect to a parabola; show 
that the parabola touches four fixed straight lines. 

19. Two conics circumscribe the quadrangle ABCD, and tangents are 
drawn to the conics from a point P, whose points of contact are Q, Q ' ; 
R, R\ If P lies on one of the sides of the quadrangle, show that QR 
Q'R' intersect at one of two fixed points. 

20. A system of conics circumscribes a quadmngle whose vertices are 
(^ : ±m: ±n) ; find the condition that two given points should be conjugate 
with respect to any conic of the system. 

21. A system of conics is inscribed in a quadrilateral whose sides are 
(I : ±m: ±n)\ find the condition that two given stmight lines should be 
conjugate with respect to any conic of the system. 

22. A system of conics touches three given straight lines and passes 
through a fixed point ; how many conics of the system will pass through 
a second fixed point? 

23. Show that the conic 2(u-['f-g—h)x'^ = 0 meets the line at infinity 
at the same points as the conic represented by the general equation of the 
second degree. 

§ 13. The general equation. 

1. To find the equation of the director circle of the conic 
ux^ + vjf 4* wz^ + 2fyz 4- 2hxy = 0, 

afid the equation of the directrix tvhen the conic is a parabola. 

If is a tangent to the conic through the point yi, 

and (Xf z) is any other point on the tangent, then 
px^qy-l^rz = 0 , px^ + qy^ + rz^ = 0 ; 
hence — (yz^-y^ z ) : (zxy^ - z^ x ) : [xy^ - Xj y). 

Now {py q, r) being a tangent to the conic, we have 
Up^+ FgH Wf^ + 2Fqr-{-2Grp+2Hpq = 0 ; 

hence 

^Uiyzj^-yizy^ + 2^F{zxi-Zix)(xyj^-Xiy) — 0 (i) 

is the locus of [x, y, z)y i.e. the equation of the tangents from 
{xiy ^ 1 , ^i) to the conic. Equation (i) can be written 
S ( Vzf^ 4- Wy;^ - 2 Fy,z,) a- - 2 2 [Uy,z, + Fx;^ - Gx,y, - Hz, x,) yz = 0. 
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The tangents are at right angles (using areal coordinates) if 

2a2(FV+ 

+ 2 2 ( 4- Fx^ — Gxi Xi) be cos A = 0. (ii) 

If we omit the suffixes, this equation represents the locus of 
a point the tangents from which to the conic are orthogonal, i.e. the 
director circle. 

The equation (ii) can be expressed in the standard form for 
a circle, viz. {x+y+g){lx+my+ne)—{a^ys+h^gx+c^xy) = 0 as 
follows ; collecting coefficients we obtain 

2 ( Fc2 + Wb^ + 2Fbc cos A) x'^ 

— 22 {Fa^ + Gab cos C+ Hca cos R— Ubc cos A) yz = 0. 
Take the expression 
{x+y-\-z) {(FcH TF62 + 2R6CCOS A)a: 

+ ( lFo2 + Uc^ + 2 Gca cos B)y+{Ub'^+ Va^ + 2 Hab cos C) 

from the left-hand side of this equation, and we have three terms 
containing yz, zx, xy left ; the coefficient of yz is 

— (2 JPa* -f 2 Gab cos C+2 Hca cos R — 2 Ubc cos A) 

-(Ub^+ Va^ + 2 Hab cos C) -(Wa^+ Uc"^ + 2 Gca cos R) 

= -a^(I+ V+ W+2F+2G + 2H) = -a^K. 
The equation of the director circle is therefore 
{x-]ry+z)'2,{V(^+ Wb^-\-2FbccoBA)x—K{a^yz+b^zx-\-c'^xy) = 0. 
Cor. If the conic is a parabola, we have R = 0 ; the equation of 
the directrix of the parabola is 2 ( Fc“ -f TFl>* + 2Fbc cos A)x — 0. 

The focus of a parabola can be found as the pole of the directrix. 

II. Conjugate diameters. 

(a) To find the equation of the diameter bisecting chords parallel to 

px+qy+rz = 0. 

If (xi, y^, z^) is the mid-point of a chord parallel to the line 
(P) Qt ^)) its equation is (§ 6, Cor. ii) 

■'^-■^1 _ y -Vi _ 
q—r r—p p—q 

For the points of intersection of this chord with the conic the values 
of h are given therefore by the equation 

Wk-r, r-p,p-q) 

+ 2h { [q-r) -1- {r-p) Fj [p-q) +/(Xi, y^, z^) = 0. 
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Since (xi, y^, Zi) is the mid-point, the values of k must be equal 
and opposite, hence 

(2-y)Xi-|-(r-i5) Tj-f = 0. 

Hence the locus of i.e. the equation of the diameter 

bisecting chords parallel to px+qy-{-ris ^ 0 , is 

^ {q-r)X + {r-p)Y+{p-q)Z=0. 

Coi». The straight line IX + mY-^nZ r=i 0 is a diameter of the 
conic if ? + m 4 *w = 0 . 

(b) To find tJie condition that the lines (Pu r^\ (p^y ^*2) should 
he parallel to conjugate diameters. 

The diameter bisecting chords parallel to [p^ q^ r^) is 
(«1 - ^1) ^ + (»■! -i>i) T-l- (i?! - (Zi) Z = 0 . 

If we write fi, (2 i— rj), (rj— j^i), (Pi—q^ respectively, 

the equation is -I- mj T-t- «i Z = 0 , or 

(all -t- ZtMJi -t- grii) x + {hl^ -t- vmi -k-fn^ y + {gl^ -h wn^ z = 0. 

This is parallel to {p^, q^, r.^ if 

j uli + hnii + gni hl^ + vini+fni gli+fnii + tmi 

Pi q-z r.^ = 0 , 

1 1 1 

and writing I2, m» 2, nj for (q.i—r.^, i^z-P-z), (Pz-qz) respectively, 
this gives 

l2{uli + hmi + gni) + m2{hli + omi+fni) + n.^{gli+fmi + wni) = 0 , 
i. e. mIj Z2 + vnii m.^ -t- Wfiin.^ +/{min.^+ Wi) 

+ 9 {nilz + n^li) + h + l^mi) = 0 . 

This is the condition that the diameter parallel to {p^, q^, r.^) 
should bisect chords parallel to (p^, q^, rj), and symmetrically it 
is the condition that the diameter parallel to (pj, q^, r^) should 
bisect chords parallel to {p.^, q.-,, ; hence it is the .condition that 

the diameters parallel to (jj,, qi, rj), (p^, q^ >2) should be conjugate. 

Cor. The diameters X -I- F+ MjZ = 0 , + '>*h F-f «2'^ = 

where -f- -t- nj = 0 , ?2 + w»2 + % = ^ conjugate if 

2 u\ ?2 + 2/{»Wi -t- mani) = 0. 

Now iilj = (»h + «i)(»»2-f-«2) ; 

.*. »»in2 + Wt2»l = — «1«2> 

and similarly = wtima— «i«2“^i^2> 

+ = ni» 2 “^^ 2 “^i^ » 

2 Zj ^2 “ ” (^1^2 'h ^2^1) ~ (^1 ^'Z " 1 " ^2 


whence also 
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Hence the condition for conjugate diameters can he written in 
either of the forms 

2 (m +f-g —Ji) li I 2 = 0, 
or 2 (t) + w — 2/) (wj M2 + W2 Ml) = 0. 


(c) To find the equation of the diameter conjugate to nZ — 0 

{where ? + w + m = 0). ^ 

Let the equation of this diameter be rx + m'T+n'Z = Oo; then 
we have V +m' ■\-n' = 0 and 

{u+f—g—h)U' + {v-irg—h—f)mm'-\-{w + h—f—g)nn' = 0. 
Eliminating V, m', n' we get 


I X Y Z 

I 1 1 1 

! {u+/—g—h)l {v+g—h—/)m {w-{-h—f—g)n 

i.e. {{w+h+f—g)n—{v + g—h—f)m} = 0, 

or, since m + n = — I, this becomes 

2X {{gl+fm + tvn) — {hl + vm+fn)} = 0, 
which can also be written 


= 0 , 


X Y Z 

1 1 1 

ul 4- hm + gn hi + vm +/n gl +fni + ton 


= 0 . 


III. The axes. The axes of the conic are conjugate diameters 
at right angles. 

Let the axes be the diameters 

X “b Mj-j Y “f“ Wj Z 0, ^2 X. 4" T 4* ^2 ^ ^ t 

and suppose that they are parallel to the straight lines 

PiX+QiP+riZ = 0, p^x+q^y + r^z = 0. 

Then, since the diameter bisecting chords parallel to {p.^, q.^, r,^ is 
ia-i - >2) X + (»2 -p-^ iPi - Qd z = 0, we have 

_h_ _ JJh_ _ Wi j ^2 _ ^2 _ _ «2 

<?2-^2 »2-i>2 P 2-92 3i->*i r^-pi 2h-Qi 

Since the lines (pj, q^, r^, {p 2 , q^, r^) are perpendicular, we have 
2 ih - »'i) - ^• 2 ) cot A = 0, 

i. e. lf,2 cot A 4- Mil m2 cot J54- 1I1W2 cot 0=0. (i) 

Again, since the diameters are conjugate, we have 
{u-\-f—g—h)lfi2+{v-\-g—Jt—f)n%-^m2 + {w+h—f—g)nin2 = 0, (ii) 
and further 
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Eliminating l.^ , , n.^ from (i), (ii), and (iii) we obtain 

li cot A Wj cot B cot C 

{u+f~g-h)li (v + g—h-/)mi {tv+h—f—g)ni — 

1 1 1 
and evidently satisfy the same equation. 

But, if {x, y, z) is any point on the axis liX + Wj IT+niZ = 0, 
th^, since = 0, we have 

= r-Z:Z-X:X-T. 

The equation of the axes is therefore 

(z-x)(x-T) (x-r)(r-z) (r-z)(z-x) 

u+f—g—h v+g—h—f tv+h—f—g =0. 
cot A cot B cot C 

This equation can also be written 

{Y-Zf (Z-Xf {X-Yf 
v + w—2f w+u—2g u+v—2h =0. 
sin^ A sin^ B sin'^ C 

« 

To find the equation of the axis of a parabola. 

When the conic is a parabola, we know that the equation of the 
axes of symmetry reduces to that of the axis and the line at infinity. 

Let A, fjt, V denote u+f--g--h^ + — /e— /, + /— r/ respec- 

tively. Now the equation of the conic can be written 

-{{f-9-^x+{g-h-f)y+{h-f-g)z} {xJ^y+e) = 0; 
this can be verified by immediate simplification. 

Hence the common chords of the conics f(x, r) = 0 and 
+ = 0 are 2(/— = 0 and x + y^-z = 0; i.e. they 

meet the line at infinity at the same points. 

Thus if the conic f{x, y, z) is a parabola, so is the conic 
Xx'^ + py'^ + vz^ = 0 ; in this case therefore + rA+ A/x = 0. 

The equation of the axes is 

, (z-x)(x-r) (x~r)(r-z) (r-z)(z-x) 

A fjL r = 0, 

cot A cot B cot C 

i.e. 2(r-Z){fx(Z-X)-J/(X-r)}cotX = 0; 

when the conic is a parabola A^+ fii;+ i;A = 0, and this becomes 
2(r-Z) {iJiZ+pY--(iJL+v)X} cot A = 0, 
i.e. 21/A(r-Z){A,xZ+i^Ar+fcrX}cotX = 0, 

i.e. {/xi/X+i'Ar+A/xZ} .21/A(y--.Z)cot^ =0. 
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Now nvX+vkT+>^liZ 

= ^x{}ivu+vXh+\iig) 

— {fj.v{k—f+g+h)+vkh+\ng} 

= Sx {kftv—givf—vkg—kiih} 

= {kfiv—g.vf—vkg—kiih)^x. 

Hence the line fivX + vkY+kfiZ — 0 is x+y + e = 0, i.e. the 
line at infinity. '' 

The equation of the axis of the parabola is therefore 

(Y-Z) cot A/k+{Z- X) cot B/iJi+ (X- T) cot G/v = 0, 


IV. The fooi. If (xj, yi, e^, (x^, y^, are the foci of the conic, 
since the lines joining them to the circular points at infinity are 
tangents to the conic, we must have for some values of k and /t 

k (oj), iq, cr}^+ji (pxi + qyi + rg,} ( px, + qy^ + rz^ 

= Up‘^+ Vq^ + Wr'^ ■\-2Fqr+2arp + 2, Hpq. (i) 
We can determine the value of A since 

Up^+ V^+ Wr- -^-^Fqr ■{■2Grp + 2Hpq—k{ap, hq,cry^ 
breaks up into two linear factors. This gives (see V, below) 

4N2XA2- AdA+ A2 = 0 ; (ii) 

the two values of A give two pairs of factors, and two corresponding 
pairs of foci. 

Or, in this identity put p, q, r each unity, then 

.^1= U+ r+ W+2F+2a+2H= K, 
provided that (x^, Pi, Zi), (x^, P 2 > finite points. 

Comparing coefficients we have also 

U = ftXiXj + Aa*, 

2G = p (Xi + 2 A ca cos R, 

211 = /*(xiy 2 +X 2 Pi)— 2 A al> cos C; 

hence 

2U+2G + 2H = pXi(x2+y!i+02) + pX2(xi+yi + z,) 

= ^(Xj+Xj). 


Thus 


Xi + X^ 


2(D'+G+I{) 

K 


and 


XjXa— 


U-ka^ 

■■■■■■ ■■,* " • 

K 


Therefore x^, x^ are roots of the equation 

Xa:2-2(C7+0+H)x+D'= Ao*. 

Similarly, the other coordinates of the foci are roots of the equation 
Xp»-2(7+H+ T" = A6S 
Kz^-2{yY+F+G)z+W=kc^. 
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These equations can be written 

+ &c., 

where Xq^ Zq are the coordinates of the centre. 

Since (iii) 

we have {(U^^a-^-Ilf-UK^-XKa^] =0. 

Ti\^s gives a quadratic for A, which must be the same as equation (ii) 
found^bove ; taking either value of A, we have 

K[x^x^)^ ±V{[U‘¥G-^Hf-UK+\Ka^}, &c. ; 
the signs of the surds must be chosen so as to satisfy equation (iii) ; 
thus to each value of A there corresponds a pair of foci. 

Note i. When the conic is a parabola K = 0, and the equations become 
linear. 


Note ii. The equations for finding the foci can also be obtained from 
the fact that the tangents from a focus to the conic pass through the 
circular points at infinity, and therefore that their equation satisfies the 
conditions for a circle. Thus, if 

/ (^. • f{^\ y\ ~ + 2 / 1 "' + = 0 

satisfies the conditions for a circle, we have • 

(t?+ w?-2/) ,/{x\ y\ z)-(Y-ZY = Xa* 
and two symmetrical equations. 

Incidentally, if we eliminate /(x, y\ z) and A from these equations, we find 

{Z-^Xf (X-Y)^ 

i V'\-iv-2f W'^u—2g w + r — 27i | =0; 

I a® c* 

hence the foci lie on the axes of the conic. 


Note iii. If the conic is inscribed in the triangle of reference, we have 

F=0, W-^0. 

Hence Xd^ = 0, + = 0 ; 


XiX^ _ ^2 fl£2 

"" c-* 

(In trilinear coordinates this gives OCiOC^ ^ ^ 7172 *) 

If the conic is a pambola, i. e. K = 0, then in equation (i) we could 
not conclude that ^ = 0, but + + + + evidently 

fi is not zero, hence one focus is at infinity ; we still have *= ^ , 

where — 0. 

Hence a V^a "t ^V^a + ^V^a ®= fhe finite focus lies on the circum 
scribing circle. 

Again, if \//a 7 + '/hz = 0 is the equation of a parabola inscribed 

in the triangle of reference, the point of contact of the line at infinity 
ii? + y + s^ = 0 is {f\g\h)\ this point is its infinite focus, hence the finite 
. /a* c* 
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Illustrative Example. 

To find the equation of the tangent at the vertex of the parabola 
inscribed in the triangle of reference^ with its focus at the point y\ /). 

If fqri^gtp-i^hpq = 0 is the equation of the conic, we have 

X :y :z ^ aff : b'^/g : c^/h, ^ 

Hence the equation can be written a^qrjx' c^pqjz Q, The 

point equation of the conic is therefore 

a^xjx ■\-b'f yly -\-c^/zlz « 0 . 

The directrix is the polar of the point (x\ y\ z) with respect to this conic ; 
its equation is 2 - a*) ic = 0, or 2 ax cos Ajx = 0. 

The tangent at the vertex is parallel to the directrix, so that its co- 
ordinates are {aeo^Ajx ^^lc^ h con Ely ' c cos C/-^' + , and these satisfy 
the tangential equation of the conic. 

Hence 2 ^ 1 +4 4 -^ +4 »0, 

{ y ) [ z ) 

i. e. 2 a* {b cos B + ky) (c cos C + kz) = 0. 

But a}yz-\-b'^zx-\-c'^x'y = 0, so that this equation becomes 
A; 2 a* {cf cos C + hz' cos B) + abc 2 a cos R cos C *= 0, 
i.e. since + + = 1, 

A; + 2a cos B cos C = 0 ; 

A; + 2 R 2 sin A cos Boob C — 0; 

+ 2jR sin A sin R sin C = 0. 

The equation of the tangent at the vertex is therefore 

2 (a cos Ajx —2R sin A sin R sin C)a; = 0, 

or ~ a cos A-\- —,b cos R + — , c cos C «= 2 R sin ^ sin R sin C (a; + 1 / + z), 

X y z 

Note. This is the equation of the Simson line of the point {x\ y\ z) 
with respect to the triangle of reference. 

V. The lengths of the axes, and the eccentricity of the conic. 

Method 1. Since the axes are conjugate and perpendicular, the 
tangents at the extremities of an axis are each perpendicular to it ; 
hence a circle, whose centre is at the centre of the conic and whose 
radius is a semi-axis, has double contact with the conic, the pole 
of the chord of contact being a point at infinity. 

The tangential equation of the conic is 

+ Wr^ + 2B\r -H 2 + 2Hpq ; 
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let (ajfl, ^ 0 , be its centre and r the length of a semi-axis. Then 
the equation of the circle whoso centre is y^, g^, and whose 
radius is r, is 

i:S^‘(pxQ+qy^+rg^^ — {ap, hq, er}\ 
or, writing r = 2 Sp, the equation is 

^ {pxo+qyo+rgof = {ap, hq, cr\\ 

Heiv:o we have, identically, 

= p(px+qy+rgf, 

where A, p. are constants, and {x, y, g) is a point at infinity, so that 
x+y+g = 0. 

Now put p, q, r each unity in this identity, thus AiT-f-l = 0, or 

\ = -l/K. 

We now have 

2 + Kp^ {ap, hq, cr]^ = K {px^ + qy^ + rg^^ -p.K{px-\-qy-^ rgf, 
and since the right-hand side has two linear factors, the left-hand 
side also factorizes. Hence 

I U+Ka^p^ H-Kahp'^cosC G-Kcap^coaB 

\ H-Kahp^ cos C V+Kb^p^ F-Kbcp^ cos A =0. 

i G-Kcap^ cos B F-Ehcp^ cos A W+Kc^f^ 

The coefficient of /j® is evidently zero ; the coefficient of p* 

j U —acosC —acosB 
= 2 FMc\h h -hcosA 
\ G —ccosA c 

U+H+G 0 0 

= 2K^hc H b -hcosA 

G —c cos A c 

= 4^2X2 V {U+ H+ G) = 4S^K^. 

The coefficient of p^ 

U H —a cos B 
= 2Kc H V -hcosA 
G F c 

= K . '2c{c Atv—acosB A«/— tcosA A/j 
= AKO, where d = Sa^w— 22/l>ccos A. 

The term independent of p is A®. 

Hence iS^K^p* + AK6f^+ A^ = 0, 

or lPr*+KAer^ + 4S^A^ = 0. 
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Cor. 1. If 1 * 1 , rj are the semi-axes of the conic, 

+ tV = - A 6IK^, V = 4 AVilT^, 


hence 


fl rj 


4 ^5^ ' 


=s , where ^ is the eccentricity. 


If e = 0 the conic is a circle, and in this case IG-BTS* « d® ; this condiVon 
can be easily verified by the conditions previously found. When tlu^ conic 
is a circle we have =» r^, hence the radius of the circle represented by 

the general equation is given by r® s= 2 SA/iC^. 

Cor. ii. If the conic is an ellipse, its area is 2 ttS A/Z^. 

Cor. iii. The conic is an ellipse or an hyperbola according as the 
values of and are both positive, or one positive and one negative ; 
i. e. according as is positive or negative. 


Method 2. The equation of the conic is 

/(^> = ttx^ + vy^ + wz^ + 2fyz-\‘2gzx+2hxy = 0 ; 

let its centre (supposed finite) be {xq, ^o)» and write x=^Xq+^, 

if = ifo + V, 0=^eo + C 
Then we have 

fix, y, z) =/(a:o + ^, + «o+C) 

= /(a;o> l/o. ■®o) + 2jfXo+»)ro+C^o}+/(^> V, 0 

= /(«o. ^ 0 . ^o)+/(i, V, 0, 

for since (a:o, Po, ^o) is centre, Zq = Yj, = Zq and ^+7) + C = 0. 

Now suppose the coordinates changed to Cartesians referred to 
the principal axes of the conic. 

If f{x, y, e) = \\ X^/r^-\- Y^Jr^— 1} where A is an undetermined 
constant, then 

/(«o^ yo, «o) = ^{O/ri^+O/ra^-l} = -A. 

But /(f, V, 0 = fi^f y, e)-fiXf„ y^, z^) 

= X{XVri2+YVr22}; 

0 = -X2/ri2-rVr22 

where d.f{x^, y^, z^ = 1, 

Now the distance of any point (a;, y, z) from the centre of the 
conic is 

V'{ -a* (y-yo) iz-ZQ)-h^ ix-Xo)-c^ («-««) iy-yo)} 

Thus, if (^, rj, Q and (X, Y) are the same point, we have 
~o2T,C-6*<|-c>*^»j = X2+r*, 

and 

Q-a^vC-b>Ci-c^^7j = ^{-X^jr^^-Yyrij+X^+YK 
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The right-hand side is a perfect square when /* = or r^, hence 
also the left-hand side. Thus the squares of the semi-axes are the 
values of /x for which 

— Ii.d {u^^+vr]i^ + w^+2fr}C+2g(,^+2h^rf} — {a'^r}^+l^^^+c^^ri) 
is a perfect square. 

Sow if 7], 0, where |-i-Ti + C = 0, is a perfect square, so is 
the expression in jj obtained by substituting — (^ + ’)) for ( in 

^(6 V, 0- 

This is exactly the process we might use to find the condition 
that x+g+ e — 0 should touch the conic (l>{x, y, z) = 0, so that the 
condition is the same in both cases. Hence (j) (^, t}, Q is a perfect 
square if <j)(x, y, z) = 0 is a parabola. 

This gives us 
^ {y.^d^vw-(jidf-laY} 

- 1-22 {{fidg-\b‘^)(jidh-\c^)-iJLdu{ydf- ia^)} = 0 
i.e. 2{Uy?(P + aVf^d-{a*} 

+ 22 {Fy.^^+l(id(a^u-m-c^9)+ = 0, 

i.e. Ky?d^ + e,jid+i8^ = 0, 

where d = 2a* {u+f—g—h) = 2a*«— 22/6c cos A. 

The squares of the semi-axes are therefore given by 

Ky?+ey./{Xo, yo, ^^o) + 45*{/(Xo, yo, = 0. 

Since /{Xq^ y^, z^ = A/A", this result agrees with that of the first 
method. 

VI. Radius of Curvature. Let {pc', y', /) be a point on the conic 
(f> = ux^ + vy^ + wz^+2/yz+2gzx+2hxy = 0, 
then, if we write ^ = x—x', t} = y—y', C = we have 

</) = «P-f.t;T,*-f-«;C®-|-2/7)C+2yC^-t-2/»^T}-h2(^X'+7,r-|-Cn 

since <^' = 0. 

The circle of curvature at (x', yf, z') touches the tangent 
xX'+yf' + zZ' = 0 or ^X'+vY'+CZ' = 0 
at that point. But if P is any. point on a circle touching a straight 
line at 0, and PJV is the perpendicular to this straight line, then 
OP* = 2pPN, where p is the radius of the circle. [Cf. x^+y^ = 2rx 
in Cartesians.] 
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The equation of the circle of curvature is then 

{e-e!') + h^{e—e') (x—x') + <^{x-a^{y-}/) 

+ 4Sp{xX'+ifY'+eZy{aX', bY', cZ'j = 0, 

or a’‘nC+bK^+cHri + i8p{iX'+riY'+CZ')/\aX',bY',cZ'\ =0. 

We may write this equation 

C=\(a'^vi+iHf. + c‘^$v) + {iX'+vY' + CZ') = 0, " 

where 4SpX = {aX', bY', cZ'\. 

Now 

(p—2C=u^+vri^ + w^+ 2fy(+ 2gC^+2h^r}-2\ {a^r)C +b^Ci+ 
and the right-hand side factorizes since ^+r)-f-C = 0;thus</)— 2C=0 
represents a pair of straight lines, and these must be the tangent 
at the point of contact and the common chord ; hence we have 
identically 

M ^ -f- 1 ) Tj* + «; -I- 2 /r(C+ 2gf + 2 A ^7/ - 2 A (o^ TjC-f 6^ ^Tj) 

= (^r-fnr'+C^Oa^+>w7,+nO. 

In this identity put ^ = T'-Z', r, = Z'-X', i=X'-Y'-, this 
is allowable since the values chosen satisfy ^+7? + C = 0, hence 
2u(r'-Z')H22(/-a2A)(Z'-X')(X'-r') = 0, 
which equation gives the value of A. 

Now we have X — ux+hg+gz, 

Y = hx+vg+fz, 

Z = gx+/g+wz, 
and, if {x, y, z) is on the conic, 

xX-^yY+zZ = 0’, 

hence 2 « ( T- Z)* 2 2/(Z- X) (X - Y) 

= 2(Mr*-2*Xr-|-7;X2) -h 22 (/jZX-t-flrXr-/X2-«rZ) 

= 2 {X(vX-Ar)+ r(«r-/iX)} -f 22 {X{gY-fX)-Z{uY-hX)} 
= 2 {X (Wx- Gz) + r( Wy- JFV)} + 2 2 {X {Fx- Gy)-Z{ Wy- Fz )} , 
and, using the fourth equation above, this becomes 

= -2z{GX+FY+ WZ)-21y{GX+FY+ WZ) 

= — A 2«*— 2 A 2y<r 
= —A{x+y+zf = —A. 

Hence 2\ = -A/2a'^{Z'-X'){X'-Y'):=-A/{aX', bY', cZ'P; 

_ {ax', bY', cZ'} _ {ax', bY', cZ'y 

^ “ ASK ' “ 28 A 
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VII. Invariants. The relations connecting areal coordinates with 
rectangular Cartesian coordinates are 

^ ~ Xcos^i- Tsindj), = ^cos02— iTsin^a), 


^ ^ ( jPa - X cos 03 - r sin 03), 

where ,03 — 02 = w— A, 02— 0 i = ir- C> 63— 0 i = ‘n+B. 

Now suppose that iiix‘^+vy^ + we^+2fifs+2g0x+2hxif transforms 
into u'X’‘+v'T^ + to' + 2 f'¥+ 2 g'X+ 2 h'XY; then (Chapter XI, 
p. 433 ) 

<,252^2 Pi sin 01 2 

^ A'=AX gj^ j>2 cos 02 sin 02 

Pq cos 03 sin 03 

oPi ^ 2^2 

= A X X (pi sin A +P2 sin B+P3 sin C)* 

~ 266 S«^ ^ ’ 

i.e. a' = A/ 4 S 2 

Again, the squares of the semi-axes of the conic 

ux^ + vy^+wz^ + 2fyz-{-2gzx-^2hxy = 0 

are given by 

K^r^ + KAer^ + iS^A^ = 0, (i) 

and the squares of the semi-axes of the conic 

u'X^ + v'Y^ + w'+ 2 fY+ 2 g'X+ 2 h'XY :=0 
are given by 

+ K + v') A' TT r 2 + A '2 = 0 , (ii) 

so that equations (i) and (ii) must be identical, hence 
W'^ (u' + v')A'W^ A'2 A '3 


thus 

K* ~ AA0 "452 a2 

PP-/3 A'3 W a' 

J5^3 - ^3 ’ K ^ A^ 



i. e. 

U'v'-h'2=: 

482 

Also 

u'+l/ A' 1 

0 ”'^"4S2’ 

i. e. 

“'+^ = 4P- 


1267 
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Note. These two invariants can also be proved by lubstituting for 
X, y, and z and finding the values of u\ and /' ; the simplification is 
somewhat tedious. 


Illustrative Examples. 

Example i. To find the latus rectum of the conk 

ux^+vjf+wz^+2fyz+2gzx-^2hxy = 0 
when it is a parabola. 

If we transform to rectangular Cartesian coordinates referred to the axis 
of the parabola and the tangent at the vertex, the equation transforms into 
X(r2-.4mX)«=0. 

Then a' = ~4 X* and u' + v' = X ; 

hence 16 m*X*fif* *= — A, and X = d/4 S*. 

Thus ni^ = — 4A/S**/d*. 

Example ii. If the equation 

ux^ + u}f + wz^’\'2fyZ’\-2gzx + 2hxy = 0 
represents a circle, to find its radius. 

We may suppose the equation transformed to X + = 0; the 

invariants w'+v', u'f?'—/"*, and A' are 2X, X* and —X*p*, and these give 
the expression for the radius previously found. 

The following method gives other more simple expressions. The equation 
+ vf + + 2 fyz + 2 gzx + 2 hxy = 0 

can be written 

{2f-v-w) yz^{2g-w-u)zx+{^h-u-v)xy^{Hx-^vy^wz) {x-Vy + z) ^ Q. 

Now since x-\-y^-z^ 1, when this equation is transformed into Carte- 
sians, + + {x-{-y'\‘z) transforms into a linear expression. 

Again, since + y + is the line at infinity, if 

ux^ + vy^ + + 2 fyz + 2 gzx + 2 hxy = 0 (i) 

is a circle, then 

{^f-v-w)yz-\-{2g-w — u)zx->t(2h--U’-v)xy = 0 (ii) 

is also a circle, and it is clearly the circumcircle. 

We have seen that when these equations are transformed into Cartesians 
the terms of the second degree are the same. 

Hence if equation (i) transforms into X + p*} s= 0, 

equation (ii) transforms into X {(a:-Oc')* + (y — »= 0. 

The discriminants of these equations are — X’p® and — X*R*; 

-X*p*«= A/45® and — X®iP « (2/— r-w?)(2p-«?-ii) (2/i-u-r)/16/S^. 
Hence P* = 4 (2 

The reader can prove similarly' that 
p* = 4R®A co8.4cosRcos C7/(y + w-/) (/+y — m^-^). 
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We conclude this chapter with some general illustrative examples. 
Example.!. If two triangles are reciprocal they are also in homology. 

Let ABC and A'B'O be the two triangles ; take ABC for the triangle 
of reference^ and let the equation of the conic with respect to which they 
are reciprocal be 

^ ux^-\^vy^-^wx^-\^2fyz + 2gzx + 2hxy — 0 . 

Sinc^ B'C' is the polar of A^ its equation is ua? + + pz = 0 ; the point 

of intersection of BCy B'C' therefore lies on the line x/f+y/g-^z/h^Q, 
The symmetry of this result shows that the points of intersection of CA^ 
O' A' and JJ?, A*B' also lie on this line ; hence the triangles are coaxal and 
^If+yl9'^^/h = 0 is the axis of homology. 

Again, since A' is the pole of BC its equation is Up-^-Hq-^Gr^ 0, i. e. 
A'\s the point (Cf, if, G). 

Hence A A' is the line Gy^=^Hz; similarly the equations of the lines 
BB\ CC' are Hz = Fx^ Fx = Gy. 

Thus AA\ BB\ CC' intersect at the point {l/i’, l/G^ 1/-^} ; the triangles 
are then copolar, and this point is the centre of homology. 

Example ii. To find the equation of the conic, one of whose foci 
is at the point (iti, Zi)y to which the triangle of refererwe is self- 

conjugate* Deduce the locus of the foci of conics which pass through 

four given points. 

The tangential equation of a conic whose foci are (a?i, Zi)^ (a^a, yj, z^) is 
a*p* + + c* r* — 2 6c cos Aqr - 2 ca cos Brp - 2 aft cos Cpq 

+ k {pxi 4 - qyi + fz^) (px^ + qy^ + fz^) = 0. 

If the triangle of reference is self conjugate with respect to the conic, the 
coefficients of qr, /p, pq are zero, so that 

^ (yi^a + y%^i) = 2 6c cos A, k (z^x^ + = 2 ca cos B, 

k {x^y% + a^jyj) = 2 a6 cos C. 

Hence yi ca cos B'{-z^ah cos C'-x^hc cos A = ky^ z^ x ^ , 

and z^ah cos C + a:i6c cos A~-y^ca cos B = kz^x^y^ , 

x^hc cos A + y^ca cos B—z^aib cos C = kx^y^z ^ ; 
hence, substituting these values of kx^y ky^y kz^ in the 'equation, we have 
2p*a?i {a*yis:i + (yicacosR + ^ia6cos C - Xibc co^ A) x^ = 0, 
which is the required equation. 

The point-equation of the conic is therefore 

{a* y^ + (y^ ca cos J? 4- a?ia6 cos C- xf)CQ.o%A)x-^^ =0. 

If this conic passes through the four points ( /, + y, ± h), we have, dropping 
the suffixes in the coordinates of the focus, 

'2f^lx{d^yz + (yea cos B 4- zah cos C — xhc cos A) x] = 0, 
whic^h is the equation of the locus of the foci of conics which pass through 
the points (/, iy, ±h). 


K k 2 
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Example iii Two concentric conics are drawn, one circumscribing 
the triangle of reference, and to the other the triangle bisecting the sides 
is self-conjugate : prove that the two conics are similar and similarly 
situated, and their areas are in the ratio 

—^xye:{—x-\-y-\-e)(x—y-\-e){x+y—e), 
where {xiyx e) is their common centre. 

r 

Let ABC be the triangle and P, R the mid-points of the sides. ^Project 
the figure orthogonally so that the circumscribing conic becomes a circle. 
Let A'B'C and FQ'R' be the projections of the triangles ABC and PQR, 
The mid-point of a line projects into the mid-point of the projection of the 
line, so that P', Q\ R' are the mid-points of A'B'C'. 

Now the areal coordinates of a point are unaltered by orthogonal projec- 
tion, and the centre of a conic projects orthogonally into the centre of ^he 
conic. Thus {x\y:z) is the circumcentre of the triangle A'B'C'\ it is 
therefore the orthocentre of the triangle F Q'R', Hence the second conic 
projects into a conic to ’ which the triangle FQ'R' is self-conjugate and 
whose centre is the orthocentre of the triangle FQ'R'^ i. e. it projects into 
the polar circle of the triangle FQ'R*. 

Since the two conics can be projected orthogonally into two concentric 
circles they must be similar and similarly situated, being evidently similar 
sections of xjoaxal cylinders. 

Again, the ratio of two areas is unaltered by orthogonal projection, so 
that the ratio of the areas, of the conics 

= ratio of the areas of the circles 
= 7tR'^ : -ttP'® cos -4' cos B' cos C' 

= - 1 ; cos Jl' cos B' cos C'. 

But ^ ^ y ^ 

sin2.4' ein2P' 8in2C' ** 4 sin .4' cos P' cos C' 

hence 2a?: — a? + y-i-« = cosil' : cos P'cos C' 

and two symmetrical results, therefore 

%xyz \{--X'\-y-\-z){x — y’\'z){x'\-y-z) = 1 ; cos .4' cosP' cos C', 

Example iv. JEH,nd the area of the conic Vlx+ '^my+ nz = 0. 

We can apply the method used in the last example to this problem. Let 
(a?, y, z) be the centre of the conic, then 2l^y-\-z^x, 2 m« 2 J+a?--y, 
2 n * a? -f y - 

Project the figure orthogonally so that the conic becomes a circle and let 
A'B'C' be the new triangle of reference. Then we have 

Area of conic : area of circle inscribed in A'B'C' 

«= area of ARC : area of A'B'C'. 

Hence the area of the conic = Trr'* • S-^S' 

*= TrSF^s'^i where s' is the semiperimeter of A'B'C' 

** fT 8^ s' (s' — a) (s' — b') (s' — c') -f s'^. 



TRILINEAR AND AREAL COORDINATES 617 


Now the areal coordinates of the centre are unaltered by orthogonal 
projection, thus 

^ s-s — 1 ^ y^z-x _ z\x-y ^ x^^y-z 

a* b' ^ c' ~ a' Th' + c' b' + c —a' c'-^a —b' ~~ a' + b' — c 


Hence 


/ + m + n 
a' 



m 

a' — b' 



the areJl of the conic is therefore 


nS/<sJ 


(I + m + n)® 


Examples XII h. 

1. A system of parabolas is drawn to touch the sides of a triangle. 
Pri^e that the locus of the point, in which the lines joining the vertices to 
the points of contact of the opposite sides meet, is a conic passing through 
the vertices and having its centre at the centroid of the triangle. 

2. If LMN is the pedal triangle of ABC, it is self- conjugate with respect 
to any rectangular hyperbola through ABC. 

3. The locus of points from which tangents to (X^/l-h p'^/m + y^/n = 0 are 
perpendicular is 2(m + n)0L* + 2 2 cos A = 0, which is a circle whose 
mdical axis with the circumcircle is 2(m + n) 6ca = 0. 

4. Find the tangential equations of the circumcentre, in-centre and ex- 
centres, orthocentre, centroid and symmedian point of the triangle of 
reference. 

5. Investigate the character of the conics 

(i) = 4/^; 

(ii) a’p* sin {B -- C) + b^q^ nin C — A sin ^ = 0 ; 

(iii) = -ihcqr cos A, 
and find their areal equations. 

6. Show that it is possible for a conic to be described round a triangle 
ABC such that the tangent at each angle is parallel to the opposite side. 

7. Find the coordinates of the point isogonal with the orthocentre of ABC. 

8. Find the equation of the rectangular hyperbola through the four 
points if, ±g, ±h), 

9. The mid-points of the diagonals of the quadrilateral formed by the 
four lines lx±my ±nz = 0 lie on the line Px-\- tn^y-^ n^z = 0. 

10. Show that if the lines 

liXi^miyi-niZ^O, liX'¥tn^y-{- n^z ^ 0, l^xi-m^y + n^z ^ 0 
fonn a triangle self-polar with regard to any conic with regard to which 
the triangle of reference is self-polar, then 

_1 I 

h ^1 

ill 
ill 

h m* M, 
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11. Find the condition that the in-centre of the triangle of reference 
should be the focus of the parabola lx* + my* + nz* = 0. 

12. A conic is inscribed in the triangle of reference and has one focus at 
the orthocentre. Prove that its centre is the point 

{cos R-C: cos C-A : cos A-R}, 

and that the sum of the squares of its axes is JR*{1 + 8 cos -4 cos R cos C). 

13. Find the equation of the parabola which passes through A, R, tw/) of 
the angular points of the triangle of reference ARC, and also through the 
middle points of AC and RC. 

14. If the line Za + wiS + ny — 0 meets the sides RC, CA, AR of the 
triangle of reference in 2), J5Z, F respectively, prove that a conic may be 
drawn to touch DA at A, EB at R, FC at C, and find its equation. 

15. The radical axis of two circles given by the general equations 

'l{ax*-¥2fyz) = 0 and 2 (a' x*-\-2fyz) ~ 0 
in areal coordinates is 

ax + hy + cz a'x 4 - Fy + Fz 

a + 5 + c ~ h a' + h' + c' — — g' — h' 

16. A rectangular hyperbola passes through the corners of a triangle and 
through its in-centre. Prove that the tangents to it at the in-centre and at 
the orthocentre meet in the point whose distances from the sides of the 
triangle are r(cosR + cos C), r{co8 C+cos A), r (cos A-f cos R), r being the 
radius of the inscribed circle. 

17. If the connector of yj) ((Xg, Va) is divided harmonically by 

+ = 0, then 

/Oi 78 + /9a 7i) + 9 (7i ^8 + VaaO + ^ («i 02 + ^a^i) = 0. 

All conics circumscribed to a given triangle which divide a given segment 
harmonically pass through a fixed point. 

18. Show that the equation of a pair of conjugate diameters of the conic 
yz’^zx-^xy^ 0, may be written in the form 

(g - r) (y - z)* + (r-p) (z - x)* 4- (p - gl (x - y)* = 0. 

19. Prove that the coordinates of the foci of the ellipse 


are respectively proportional to 


c 


a 

F’ 



c 

a’ 


a 

h ‘ 


20. The tangents drawn from the angular points of the triangle of 
reference to the conic vx* 4- vy* 4- wz* 4- 2fyz 4- 2 gzx 4- 2 hay = 0 meet the 
opposite sides in six points which lie on the conic 

VWx*+ WUy*+ VVz*->2 UFyz^2 VOzx^2 WHxy = 0. 

21. Show that 2{x* + y*)-z* = 0 is a parabola. Find its focus, directrix, 
and the equation of its axis. What is its latus rectum? 


«w ct* oc* . 

22. Find the focus of 5 = 0 and deduce the equation of the 

directrix. 
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28. The equation of that diameter of the circle 20t* sin 2^ = 0 which is 
perpendiculai* to the line -f m/S + ny = 0 is 2 aa cos A (cm - hn) = 0. 

24. Show that if A is a focus of the conic /a*4- m/3* + ny® « 0 then 
m ^ n and + c* *= a*. 

25. The squares of the semi-axes of the conic v^a7+ = 0 are 
given by the quadratic 54 - 3 r (a* -f 5* + c*) + 2 S® = 0. 

26. A parabola is inscribed in a triangle, and the trilinear coordinates of 
its focus are a', i3', y'. Prove that its axis is the line 

27. Prove that a ^ a sin (B - C) + ^ sin ((7- A) + c-v/y sin (A - J5) = 0 
is a parabola touching the sides of the triangle of reference, whose 
directrix is the straight line joining the centre of gravity and the ortho- 
contre of the triangle. 

28. Show that the director circle of the conic -v/ny = 0 

can be thrown into the form 

(a sin ^ sin J? + y sin C) (lOC cot A-hmfi cotR + ny cot C) 

= ( Oy sin A + ya sin R + a^sin C). 
'sin^ sinR sin (7/ ' ' ^ ' 

A circle circumscribes a triangle circumscribed to a conic i9, and has its 
centre on S ; prove that it touches the director circle of <9. 

29. If p, g, V are the perpendiculars on a line from the vertices of the 
triangle ABC^ show that the conics represented by the equations 

Q 

tan 2 qr-V tan - + tan pg == 0, v^ap + ^hq -f V^rr ~ 0 

are confocal. 

30. Prove that the foci of the conic 

a{(X cos A)^ -1-^0 cos B)^ -f c(y cos C)i = 0 
are the circumcentre and orthocentre of the triangle of reference, and that 
the square of its eccentricity is 1 — 8 cos A cos B cos C. 

31. Prove that the joins of the mid-points of'the sides of the triangle 

of reference to the mid-points of the corresponding perpendiculars of the 
triangle are concurrent at the point (a ^ : : c*), which is isogonal with 

the centroid. 

Show that the vertices of a triangle, its circumcentre, orthocentre, and 
symmedian point all lie on a conic whose equation is 
2 a^yz (cos 2 R — cos 2 (7) = 0. 

32. When a conic degenerates into a pair of points its director circle 
is the circle on the line joining the points as diameter. Hence find the 
equation of the circle for which the points (^rj, y,, ^,), (.rj, //a, ^ 2 ^ 
extremities of a diameter. 

33. Show that the tangential equation of a conic inscribed in the triangle 
of reference and having a focus at (x, y, z) is 2qrxr^ = 0, where i\, Tj, r, 
are the distances of the focus from the vertices of the triangle of reference. 
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34. Find the locus of the foci of a conic inscribed in the triangle of 
reference and touching the line (^, g, r). 

85. The orthocentre of a triangle circumscribed to a parabola lies on 
the directrix. 

86. The triangle of reference circumscribes a parabola whose axis is 
the line (p, g, r ) ; prove that 2paY(g-r) = 0. (The point at infinity on the 
axis is the infinite focus.) 

37. A parabola has a fixed self-con jugate triangle ; show that the loois 
of its focus is the nine-point circle of the triangle and that its di/ectrix 
passes through the circum centre of the triangle. 

38. The director circles of a system of conics which touch four fixed 
straight lines form a coaxal system. 

39. Prove that the equation of the asymptotes of a conic may be found 
by substituting (yz^-y^z)^ (zXq-z^x), {xy^-x^^y) for p, g, r in its tangential 
equation, (xq, y^, z^) being the centre of the conic. 

40. Find the coordinates of the focus of the conic yz + zx-h4xy = 0. 

41. Show that the equation of the axes of the conic ^ = 0 

is 2{h^-c^){y-z)^^0. 

42. A straight line passes through a fixed point. Prove that the line 
joining its poles with respect to two given conics always touches a fixed 
conic inscribed in the common self-conjugate triangle of the two conics. 

43. Prove that through three points E, C two parabolas can be 
drawn so as to touch the circle ABC at A and that the axes of these 
parabolas are at right angles. 

44. A rectangular hyperbola circumscribes a triangle ABC. Show that 
the loci of the poles of the three sides of the triangle with respect to 
the hyperbola are straight lines. 

45. If the internal bisectors of the angles A, E, 0 of a triangle meet the 
circumscribing circle in A'B'C'y the trilinear equation of the conic inscribed 
in the two triangles ABC, A'B'C' is 

^a{b-{-c)(X+ (c-\- a) fi-¥ \/c(a-f ftjy == 0. 

46. The pencil subtended at any point of the conic 

2o(oSy-PoyOc-yoOC^^O 

by the quadrangle consisting of the vertices of the triangle of reference 
and ((Xo, Poy Vo) is harmonic. 

47. Four conics circumscribe ABC and have the in-centre for a common 
focus. Show that the centres of all conics which touch the four corre- 

spending directrices lie on 2(X cot 2 ~ 

hi 

48. If 8 = ZOf-f-wi^+ny, then — is one of the anharmonic ratios of the 

mti 

pencil formed by joining any point on 0(8 + A; 3y = 0 to the points (OK, /3), 
(OK, y), (8, /3), (8, y), where (0(, ^) means the intersection of OK = 0, ^ « 0. 

49. If the triangle of reference is equilateral, prove that the line 
^ + y+30K = 0 is a directrix of the conic j3*+y*“30K® = 0. 
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50. If a* 2 hCf prove thai two of the sides of the triangle of reference 
are parallel to a pair of conjugate diameters of the conic whose trilinear 
equation is a* ■= 

51. With a given straight line as asymptote three conics are described 
such that a given triangle is inscribed in 1, self-conjugate with respect to 
2, and circumscribed to 8. The centre of 8 bisects the distance between the 
centres of 1 and 2. 

52. If I, Zj are asymptotes of a conic circumscribing ABCy I, Zj are 
asymptotes of a conic with respect to which ABC is self-conjugate, Z^, Z3 are 
asymptotes of a conic touching the sides of then Z,, Zj are asymptotes 
of a conic circumscribing ABC, 

53. Show that the equation of the locus of the foci of rectangular hyper 
bolas for which the triangle of reference is self-conjugate is 

• 2{a*(--a co8-4-f ^cosR-fy cos C)-f = 0. 

54. Show that if the two conics A/rny'¥ a/tiz = 

ux (y + z - x) + vy z -y) +wz{x-¥y-‘z) = 0 
are similar and similarly situated, they also touch one another, 

55. A conic cuts the sides of the triangle ABC at 2), D ' ; E, E ' ; F, F' 
respectively, and AD^ AD' intersect the conic in dd\ BE^ BE' in ee'^ 
CFy CF' inf/'. Show that the intersection of dd' with the polar of A, ee 
with the polar of Byff' with the polar of C are colline^r. 

56. A'B'C' are mid-points of the sides, A^B^C" is a triangle formed by 
tangents at ABC to the circumcircle. Show that the six points of inter- 
section of corresponding sides of A'B'C' and A^B'^CT lie on a conic. 

57. A triangle is inscribed in a parabola with its orthocentre at the 
focus. Prove that its circumscribing circle touches the tangent at the 
vertex. 

58. The sides BC, CAy AB of a triangle are cut by the internal bisectors 

of the angles in D, E, F and by the external bisectors in A'^ B'y C\ Show 
that A'B'C' y AEFy B'FDy C'DE are all straight lines, and prove that 
the locus of the centres of conics circumscribing the quadrilateral A'B'ED 
is y (aa-5/3) « 0, OC, |3, y being trilinear coordinates referred 

to the triangle ABC. 

59. Tangents at the centres of the inscribed and escribed circles of 
a triangle to the rectangular hyperbola passing through these centres 
meet in pairs on the sides of the triangle. 

60. Through any point P straight lines PA, PR, PC are drawn to the 
vertices of a fixed triangle ABC cutting the sides RC, CAyAB in A',R', C'. 

Show that, if the perpendiculars through A', R', C' to RC, CA, AR meet 
in a point, the locus of P is the curve 
a* sin® A (3 cos R - y cos C) -f sin B (ycoBC-CX cos A) 

-f y*sin® C(a cos A-jScosR) « 0, 

ABC being the triangle of reference and the coordinates being trilinear. 

61. The normals at the points A, R of a parabola intersect at the point C 
on the curve. Show that tan* C «= 4 cot A cot R. 
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62. A triangle ABC is cut by a transversal in DBF. On BC a point 2>i 
is taken such tbat D and are harmonic conjugates with respect to B 
and C. The other tangents from D and to an inscribed conic meet 
in P and AP meets BC in P'. If points 0' and P' are similarly obtained, 
show that P', Q\ and P' are collinear. 

68. A conic passes through the angular points of the triangle of reference 
and their centre of mean position. One of its axes is parallel to x a= 0 ; 
show that its equation is a/x >= cco8P/y+ h cos Clz, 

64. Show by orthogonal projection that the area of the conic * 

+ + 0 is 27r5t(w/(wt? + w-f • 

65. The six lines Wfy4*n2f = 0, = wry+n'^ = 0, 

n'z-^Vx «* 0, ra?4' m'y *= 0 touch a conic. 

66. Prove that 0 represents a parabola in areal coordinates 

and that the equation of the axis is 

67. If the equation + nOL^ = 0 represents a parabola, show that 

the equation of its directrix is 

(w* + n* — 2 mn cos A) bcOC ’h(n^^P — 2nl cos B) ca/3 

+ (Z* + - 2 Itn cos C) ofty = 0, 

68. If the conic wa?® + ry* + « 0 touches at a finite point the conic 
similar and similarly situated to it which passes through the angular points 
of the triangle of reference, show that w + i? + w^*= 0, and that the conics 
are hyperbolas. 

69. Through the angular point A of the triangle of reference a straight 
line AD is drawn, cutting the conic 

S^ux^ + vy® -f wz^ -f 2/y«+ 2 gzx-^- 2 hxy — 0 
in the points P and P', and also cutting the line L^lx-\‘my-^nz *= 0 in 
the point Q. If a point Q' is taken on AD such that the range fPP', QQ ) 
is harmonic, show that, as the line AD moves, the locus of Q' is the conic 
IS «= L (ax + Ay + gz). 

70. Show that x, y, z being proportional to the areal coordinates of 
a point, the equation of the circle osculating the conic a;®-f Xy^r = 0 at ihe 
vertex B of the triangle of reference ABC is 

0 * 0 ?* + a*;?® + (c® + a® — b®) 5^07 4* X c* 2 ? (a? + y + 2 ^) *« 0. 

Show that if X varies the radical axis of the osculating circles at P, C 
passes through a fixed point. 

71. Prove that the equation of the conic inscribed in the triangle of 
reference, and having one of its foci at the circiimcentre, is 

%in A^OL cos A + sin B^j^ cos B + sin C^/y cos C =• 0. 

72. Find the condition that + + should be cut harmonically 

by the conics wa*+ efl* + loy* == 0, w'oc* + tj'^* + «^'y® ~ 0. 

If the triangle of reference is equilateral, prove that the conditions that 
the envelope of the line should be a circle are 
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73. A parabola has double contact ^witb = 0 and 

touches the fourth common tangent of -/wij8+ -v/n^ == 0 and 

*/T^L 4* 3 4- a=! 0. 

Show that the locus of the pole of its chord of contact with the first 
conic is 

TMN {IL + iw3f 4- nN) (rt a + 6^ 4- cy)* 

« {lhc^mca+mh){(XMN^^NL-}-yLMY 
where — and similarly for M and N. 

74. An ellipse circumscribes a triangle ABC and has its centre at the 
centre of gravity of the triangle. Prove that ihe radii of curvature at 
A, B, C are proportional to the cubes of the sides BO, CA, AB and that 
che product of the three radii of curvature is equal to the cube of the radius 
of the circle circumscribing the triangi. ABC. 

75. The conic ua:^-{^vy^ + irz^ -^2fi/z-\-2gzx-h2hxy = 0 meets the sides of 
the triangle of reference in three paii-s of points such that the lines joining 
them to the opposite vertices inteicf*ct by threes in two points : prove that 
ui>ic — 2fgh-^uf^ — vg^-wh^ = 0 . 

76. The locus of the centres of rectangular hyperbolas with respect to 
which a given triangle is self-conjugate is the circumscribing circle of the 
triangle. 

77. PQRS is a quadranr^l^and A, B, C its diagonal points. X is any 
other point. Show th at the si* conics (XBCPSj, (XBCQR)^ {XCAQS)y 
(XCARP), (XABRS), (XABPQ)^^'^^ ^ second common point. (PB, QS, RS 
meet QR, BP, PQ in . A, B, C espectively.) 

78. The area of/iue circle ^ = 0, where 

C ^ a * yz ^ xy (lx my n z) (x + y-^z), 

is where Rf is the radius of the circumscribed circle and A 

is the discriminant of C. 

79. Obtain the expressi/’^n 

pc (m*4-n* — 2 mn cos .4)? 

2a sin A linn 

for the radius of curvature of the conic ~+?+“ = 0 at the vertex A of 

(X fi y 

the triangle of reference. 

80. The triangle of reference being equilateml, prove that the envelope 

of the director circles of the conic whose equation is kxr' = + for 

different ve^lues of k, is the curve 

(y* 4- 2** *- 2yz-Bxy -SxzY = 4 (y* 4 - 2 ?® 4- yz) (x + y 4 z)\ 

81. Sl|ow that tlie radius of curvature of the conic 

yio(+ v^+ “ 0 

at the point where it toucKog the side « = 0 of the triangle of reference id 
1 6 Imt ^ (iKC + nh)* . 
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82. Interpret the equation a::® + *= af* in triangular coordinates, and 

find the equation of the chord joining two given points on this conic in its 
simplest form. 

The chord FQ of the conic a?* + y* = touches the conic a?* -f y* *= 2^*. 
Show that P and Q are conjugate with respect to the conic 
(a-6— l)a?* + (6-a — l)y* + (a + 5-l)«® = 0. 

83. A system of conics is drawn touching the sides of the triangle o- 
reference and a straight line through the centroid. Show that the envelope 
of the centre locus, for different positions of this straight line, is the conic 
whose equation in areal coordinates is 


yy + 2f-a:+ >/a? + a?-y+ ^x\y-z = 0. 

84. Find the equation in trilinear coordinates of the hyperbola which 
touches BC and has AP, AC as asym^^totes. 

85. P, iS" are the real foci of an elbpse inscribed in a triangle and through 
S, ^ is drawn another inscribed conic. Show that the pole of with 
respect to it is the centre of either the inscribed or one of the escribed 
circles. 

86. Show that the equation of a ^onic circumscribing the triangle of 

reference is — + ~ 0, where a. 6, c are the sides of the triangle 

pOC ry * ’ ’ 

and pt q, r are the focal chords parallel to these sides. 

87. A pair of tangents containing a constanj^^^gle . are drawn to the conic 

+ + « 0; show that the locus inters^ ection is given by 

(asin A + /3BinP + y sin C)® S ** 

~2rM?/3yco8^_2M?ii>0( cos j 8~2wi?a^cos C}^ 


where A; is a constant and P = wOC® + -f wy 

88. Prove that any tangent to the conic 

(6 + 1)“> CX> + (a + 1)“> 13« « (a^ b)-' 7* ’ 

is cut in a harmonic range by the conics + s a(X*“t = 7*. 

89. Find the tangential equation of a conic ^ which the triangle of 
reference is self-conjugate, and which has a focus a,t yi» 

Show that if one focus is on P(7, the other is on :>ho line joining the feet 
of the perpendiculars from P, C to the opposite sides of the triangle of 
reference. 

90. A parabola circumscribes a triangle and has its focus it the ortho- 
centre ; prove that 2 cos V^cos A = 0. 

91. The major axis of an inscribed conic passes through tie point in 
which the external bisector of the angle A meets BC, Find the 'ocus of its 
focus in trilinear coordinates. 

92. The equation ty*-f u?-?* = 0 represents a parabola whc'© axis 
passes through the point (1, 1, 1). Show that its Vertex is the point 


(5-—. 


5- 


w + u 


W / 
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93. Find the equation of the centre of the conic 

+ + + = 0 , 

and the conditions that it may represent a circle. 

94. A conic touches four fixed straight lines ; show that the locus of its 
foci is a cubic. 

95. The triangle formed by the polars of the middle points of the sides of 
^ triangle with respect to any inscribed conic is of constant area. 

96^ The four foci of the conic Lp* + Mq^ + Nf^ = 0, where p, g, r are the 
tangential coordinates of the line pa-f g/3 + ry = 0, have as their equation 

2^ {L sin* A + Msin* B + iSTsin* C} - 22' NL + LM} + 2'^LMN = 0, 

where 

2 = Lp* + ifcfg* + jYr®, and 2'=jp* + g* + r* — 2grcos.4 — >ycosJ5— 2 j>gc 08 C. 

97. Prove that the equation to the circle of curvature at the point A of 
the conic l^y + myOL-^nOC^ = 0 circumscribed to the triangle ABC is 

(6* + y*+2i3y cos A) almn = (m* + n* -2 mn cos A) (my + njS) (a(X + 53 + cy). 

98. An ellipse is described having the triangle of reference for a self- 
conjugate triangle and with its centre at the point whose areal coordinates 
are (a:, y, z). Prove that the area of the ellipse ■« 2 

99. ABC being the triangle of reference, three conics are described with 

B ni^nd <7, C and A, and A and B respectively as foci and with semi-minor 
axes Show that the three will have a common tangent if 

W* V + cos A 

- 2 ca5j* cos R - 2 ahh^ cos C = 4 5^*, 
and that the equation of the tangent will then be 

W^ = 0. 

100. Prove that the conic, which touches the sides of the two triangles 
formed by the pairs of tangents to any given conic from two vertices of the 
triangle of reference and the corresponding chords of contact, passes 
through the third vertex if uvw — 2 fgh — w/* — ~ xvV = 0. 

101. Prove that the polar reciprocal of each of the conics 

Ix^ -f- my* + nz^ = 0, La?* + JIfy* + Nz^ ■» 0 
with respect to the other, intersect in the four points 

102. Show that the points {-x^.yiyZ^, (a?i, “^i) are 

the angular points of a triangle inscribed in the conic ua? -V ^>y^ w:? = 0, 
and self-polar for the conic = 0 provided that 

Xa?i + fiyi -f vz^ = 0, and ux^ + ry^* + wz^ *= 0. 

Hence show that if one' triangle is circumscribed to a conic S and is self- 
polar for a conic S', an infinite number of such triangles can be drawn. 

103. The tangents drawn at the vertices of a triangle to a circumscribing 
conic are parallel to the opposite sides ; show that the osculating circles at 
the vertices intersect in a point lying on the circumcircle. 
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104. The two points iio within the triangle of 

reference. Find the coordinates of the poles of the line joining them with 
respect to the four conics which pass through them and are inscribed in 
the triangle: show also that an infinite number of conics, with respect 
to which the triangle is self-conjugate, pass through all four poles. 

105. Prove that all straight lines through a given point intersect the 

polars with respect to a conic of their poles with respect to a conic in 
points which lie on a fixed conic, and this conic circumscribes the common 
self-conjugate triangle of the conics ^ 



ANSWERS 


la. 

1. Sx + iy - 12. 2. (6, 1), (-2, -3), (2, -1). 

3. (i«, ^O'v/S), ( — Ja, Ja>/8), (a/y^lS, Ju\/3^. 

4. (6, tan-H), (6V^, Jir), (4, iir), (4, |ir), (4, Jir), (4, V ,). 

5. (2, .2), C-2,2), (-2, -2), (2, -2). 
a. (8,2), (-3.2), (-8, -2), (3, -2). 

7. (2,0), (0, 1), (-2,0), (0. -1). 


Ib. 

1. (l, 1). 2. Each side is a. 3. a. 4. 8*’ + 3i/* » 156. 

5. *H!/’-8x-6y = 0. 6. (-9JJ, 2J^f). 

7. (1, 2). Inttnitely distant. 8. 4 :3 ; (-23, 19). 

10. 2v^', 3v^', ^26, 90“ 11. (1,6). 12. v'lKa’+b*) }• 

18. -/SS, /lO. 16. Ojfcj = a^6j. 

16. (a, 0), (ov/a, 30*), (2a, 60*), (ay's, 90*), (a, 120*). 

17. Take AR, AC for axes of reference. 
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3. )• 

4. (2a, 0), (a, a>/3), (-a, ay's"), (-2a, 0), (-a, -ay^S), (o, -av'S)- 
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50. V»8in(»i-tfa)+r2r,8in(«j-«,)+i-,ri8in(«,-e,) =0. 51. 2:1.' 

52. (x-8)*+(y-4)* = 26 ; circle. 63. 2ax+2by = o*+b*. 
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66. The orthogonal projeotion of a harmonic range ie a harmonic range. 

68. x*+v*-l*. 60.60°. 61. 3\/7. 63. 8a*-8l>j/+a6 = 0. 

68, 6ic*+6y**f 26aaj+6a* » 0 ; (— ia, 0) (—5a, 0), 

64. {(* 1 +«»)/n, (yi+ya+...+Vn)/«}- 

II a. 

1. Zx—y 8a— b, 

2. (a) X— y = 0. (b) 12x— 6y+89 = 0. (c) x+y •= 1. (d) x— 2y •= 0. 

(e) X = 0. (f) y = 0. 

8. y - 0, X - 0. 6. (a) 120°. (b) 80°. (o) 46°. (d) 186°. 

6. (a) 80°. (b) 120°. (c) 90°. (d) 46°. 7. 2x+8y - 12, 2x+8y = 0, 

8. (a) 80° ; (b) 90°. 

lib. 

1. (i) y— X — 0. (ii) y\/3— x = 0. (iii) y+x\/8 = 0. 

2. (8, 0), (0, 4), (-8, 0), (0, -4). 8. 136°, 46°, 90°. 

1, Hf ~2V2, ia, jb. 6. 7y-0a; = 126. 

6, (i) a; — 0, 2 / =a 0, x + y «= a. (ii) \/Sy+x ~ 0, x ** 0, 2x— a\/3 =* 0. 

9. 80®. 10. 160® ; 150®. 11. x \/8 + y \/2 ^ 6. 

13. (i) x/ 4 + !//8 « 1, 8x/6 + 4y/6 « 12/6 ; y ^ -8x/4 + 8. 

(ii) X/4-J//2 « 1, x/V'6-2y/\/6 « 4/V'5 ; y = Jx-2. 

14. 8, — 16. j/\/8— X— 8\/8 « 0, x — 0. 

17. (i) c/\/8, c. (ii) c, — c. (iii) c, c, 

18. The perpendicular from the origin on the lino is 8. 19. ± i|. 

30. (i) y^y/S+x^ 4. (ii) y\/3+x = — 4\/8, (iii) y\^+x ^ +10. 


II O. 

1. X— 2 + fi(!/*“l) “ 9. 2. 3x+4y + M = 9, 

8. (a) x + 7y+fi*»0; (b) * 0. 4. 8x + t/— 5 -f/ix == 0. 

5. X cos Ot-fy since =» +1. 6. yv^3— x+M = 0, or x+f* = 0. 

II d. 


1. 8(x4 2)-(y-8) = 8x-y+9-0. 

(x+2) + 8(y— 8) = x4-8y— 7 — 0. 

2. 7x~4y » 0. 

8 . (a) X— 2 y 4 -l * 0 . (b) 4 x+y + 11 «= 0 . (c)x— y=aa— &. 

(d) X coa i (0 +<l>')+y sin ^($ + <p) = acosK^— </>). 

(e) 2x— (m+n)!/+2amn •= 0. (f) (x— a)sin0— (y— &)cos^ «* 0. 

4. ycot75®«x~6. 6. lOy+llx— 100 = 0. 

0. (x-xj) («j,-X8)+(y-yi) (ya-Va) = 9. 

7. (a'^f— 6'p)(ax + &y+c) + (6p— a^) (a'x+6'y+c') * 0. 

8° if if (8i:4^8)x4(4 + 8-/8)y+4 •= 0. 9. a-/8. 

10. xco82C(+y8in2ce *■ 2p. 

11. c'(ax+fty+c) — c(a'x+5'y+c') = (oc'— a'c)x+(bc'— 6'c)y —0 

12. xVs+y— 4 « 0, X— y-v/8+4 -= 0, x\^8+y+4 » 0. 

18. adx + bcy+cd 0. 16. x— 2y » 0 ; x4y 0 ; 2x+5y 0. 
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17. 2x—6y «• 1, x + y «■ 2, 67x + 62v = 569. 

18. (i) 4(3x + 6v-7)-3(4x + 6j/-6) = 2v-13 = 0. 

(ii) 6(3* + 6i/— 7)— 6(4x+6y— 6) = — 2x— 17 =» 0. 

20. 1' = m' ; l' + m' = 0. 

lie. 

1. 2. 2. 10, 6v^2. 3. >ia.r + »l>l/ = 0»— !)<«*+ (n — l)6fc+l. 

» 

. lit 

I. (-!l. 8), (44, -5), (14, 80). 2. (3, v'S + l) or (3, 3-24). 3. (3, -8). 

II g. 

3. 2. 61*-20y-l -0; 2*. 3. (-8. 1.4), (-2, 1-4), .4. 

4. a6-~ ^ + 5. 56ac — 35t/-f- 167 « 0 ; 5ac + 8?/— 13 « 0. 

e. tan“*H. 7. {la + mh + nY =^r*(p + m^). 

8. a; = 1, t/ = 3, 5c « 4, 1 / *= 2. 9. (4, 4). 10. 81. 

11. 3C = 2, a; — 2 + V^8 (l/ — 1) = 0. 

12. d| 4* ^3 “ ®3 ”” 63 f Ci^d^ ~ 0. 

14. 1(2672), tati-> 1. 15. 100, 275. 16. (A, 1*) : (2A, !*)• 

17. (0, aX), a; « 0. 18. a. 19. 6x+7y - 31. 

21. (1, Zmn + ; + m4 n). 

23. bU'-av =s 0, 6t< + av — dZ) = 0, 2u— a = 0, 2r—6 — 0. 24. mu^v == 0, 

25. M + ?o = 0, w — = 0. 20. Xi/ + Zrx = 2xy. 

II h. 

1. 1{. 2. li. 3. i or ^ 4. 77J. 6. («6+&c + fa, a-f& + c). 

0 . X + /I + I' = 0. 7. ic®sin<u. 

II. 3 (8«4-4y — 7)4-5 (4® + 5//— 6) + 30(x — y+ 1) - 0. 

lOx — j/ 0, 29x4-37 !/ — 51 = 0, 39x — 18t/4-9 = 0. 

12. v—w = 0, 147—M = 0, ?i — r = 0, 2U4-V4-U7 = 0, 2r4-i(^4-tt = 0, 2K;4-u + t; = 0 

13. It ~ 0, V = 0, w ^ 0. 


Hi. 

1. y-^mx = 0. 2. (Z — m)(n--p)/(Z--p) (n— w). 3. .r* + y* « 2a*. 

4. (p4-9-2r)v-(2p3~pr~9r)x - 0. 

5. (ZxWa-Zami) (Zjm^-Z* Wj) -r {h'rni-hffh) 


II j. 

2. A(673-8). 8. 8x-4» + 7. 

4. 75' 46'; 21x-77v+63 = 0; obtuse. 8. 1(4 + 278). 6. 

8. 4*-8v+7 ~ 0, 4»+8tf+l = 0. 10. 7:4. 11. 2x+2y = 19. 

12. 1(1673). 13. (2, 60'). 14. 8» + 6y = 8, 6i + 3y = 8. 

15. (i) (m4-n)y— 2» = 2atnn, (ii) x+mny « (w + n)a. 

(iii) x/acos}(0+^) + y/5sin|(^+^) — cosJ(d— ^). 

10. 2x-y = 5, x + y = 6, 5x + 2y « 28. (i^, 2|). 

17. 17x + lly+9 « 0, x4-4y4-6 « 0, x4-y4-l « 0. (J, -IJ). 
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18. a6/(asina + & cosa). 20* 21. hx-^^ky ^ a\ 

22. x*^* + y*A* * c*/(A + fc)». 28* (~V-, V)- 24. (A;~l)/*c. 

25. xVa*4-vV2»* * 1- 26. {a (6-60/(b + &') ; 2W/{hJfh')}. 

27. x*-fy®«o*. 28. 29. x+a « 0. 

80. (30, k). 31. (1, 6). 32. (0, --mn/p\ 

38. r cos 2 d == a cos 34. /3, | (X, tan~^ ( 1 + e cos a) /6 sin (X. 

36. r « f>cos (^ — (X). 

36. ^/{p*+«?^ + 2p<lcos/3— a}, tan*"' (/>sma + <f8in^)/(/)cosa + rfcosi8). 

37. (i) ^ = i(a + /3) or iw + ^((X + ^). (ii) r (cos^ + sin^) « + 9. 

(iii) ^«iir + i(/3-CX); 3 « ir + i (8-a). 

(iv) rcos(^--J(X) = pcos^a; rsin (^~^(X) « psin^fX. 

88. Six*— 34xy— 31y* + 44x+92y = 0. 39. ip*sinCX. sec*(X(l+sin2<X). 

48. (i) r' cos (^ — (X) — p. 

(ii) {r'(cos^'+«cos^^— (X) — ^} {>/(l + 2« cos (X + fi*) } . 

44. (-7, 3). 46. 120x-36y+12 = 0. 

48. (i) 4ax + c* = 0. (ii) x* + y* = c*— a*. 49. 1:— 3. 

61. (i) 2x+y+5 = 0, x — 2y+10 = 0. (^ii) 68x — 67 y ; 42 x = 83 y. 

62. Escribed to third line. 53. 147x — 121y + 670 - 0. 

66. c*(a'* + 6'*) = c'*(,a* + 6*). 

57. (8^/5, Jir), \/8rcos^T2rsin ^ + 2>\/8 =* 0. 

iv/S.rcosd + 2rsind + 6 — 0. ^ « Jir. rsin^ = 2\/8. 

68. x* + y*-2ay = a*. 60. x + 2 = 0, 7x + 24y + 182 - 0. 61. (7, 9). 

63. (1, 7), -1. 64. 19x-2y+19 « 0. 66. y* - 4«x. 

67. a* = 4xy. 68. xVaHy*/^* “ V* ** 

71. mr— n«? « 0, mv-\-nw =* 0, 72, 2«+3t’ * 0. 

73. X + y cos 0; «== p + <2 cos a;, x cos oi + y *= p cos o; + Py y ^ q, 

76. r sinCsin (^ + .4) ~ dsinjB ; pole ; r sin ^ = c/ given line. 

77. (x— a)(x — 6)c = xy(a— 5) where OA = a, OB ^ b, PQ = c and .4P, L3f are 

axes of reference. 

78. (i) 2hx + 2ky « h^ + k^, (ii) (xA-fcy-/>*-fc*)* - iky{h^+0). 


Ill a. 

3 . (x*-y*) (x*-a*) (y*-a*) - 0. 

4. {(x— y)*— 2a*} / (x+y— 2a)* — 2a*} (x— a) (y — a) — 0. 

6. X « a, X « —a, y = a, y «= —a. 7. x*— y* *= 0. 

8. x* + 2/ixy— y* = 0; the given lines are perpendicular. 

9. (a) x*+y*+2xysec 2^ * 0. (b) x*+y*— 2xy8ec 2^ « 0. 

10. (i) X— y = 0, X — -v/3y = 0, x+-v/3y « 0; 46®, 30®, 160®. 

(ii) y ■* xtan CX, y == xtan (01 + 60®), y «■ xtan (a + 120®); Oif, 0( + 60®, 0i( + 120®. 

11. The lines u — mv ~ 0, u + mv » 0; these are harmonic conjugates of u ^ Oy 

r- 0. 

12. (a) X*— 3xy + 6y* « 0. (b) x*— 8xy+6y*— 6x+9y + 9 « 0. 

13. a (y— a)* — 2;i(y— a) (x — 6) + 5(x— 6)* 0. 14.^. 16. u* — t* * 0. 

16. (4,0), (-2,0); (0, -1*), (0, -4); (6, -6), (2, -2). 

X— y ■■ 4 ; 8x+4y + 6«0. 

17 . 0 + 6 -0. 

18. (a) a/b « h/c « c/d. (b) (6c-ad)* - 4 (6d-c») (ac-&*), 

(c) a + c-0, 6 + d«0. 
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19. (i) X* tanSd— 8x*j/~8xy*tan8d+y* « 0. 

(ii) x8tan0+x®2/(2 tan0tan2d — 1)— xy2(2tan 2^ + tand)4-!/® *= 0. 

20. a® — a^c — oad^ + cci* ~ 0 ; d® + d*6— 5a®d--a®6 - 0* 

21. x2+xj/-f = 0. 22. a®2® + a®w* « 1. 

28. X* — 4x®j/cot4^ — 6x*j/® + 4xj/*cot4d + y^ = 0. 

Illb. 

I. 9x* + 12xt/ + 4j/® — 6x — 4v4-1 = 0. 2. tan“^ (— V/-). 

3. (avf ytaiia)(x-j/cota) = 0. 5. 8^. 7. \/6. 

8. 8x + j/ ~ 0, X— 8|/ ~ 0. 11. i. 

12. (i) (a6'-a'6)a = 4(l;^'-6'/i)(a/i'-a'/i). 

(ii) (fe6'-aa'j* + 4(6V + a'A)(/i6' + a;i') -0. 

13. x2 + 2xy + j/® = 0. 14. x^ — 2xj/— ^2 — 2x — 6j/-- 7 * 0. 

10. a tan2 CX -2;t tan a + 6 = 0. 17. 60®. 

21. 2jp \/6* — ac/(a sin^ (X — 2 6 sin (X cos (X + c cos^ (X). 

22. a + fc = 0 and h{l^-7n^) = (a~5)/m, 

or a/24-2Wm + 6m* = 0 and (a + 6)* + 4 (a6 — A*) = 0. 

28. {a'h--ah')x^ + (a'b‘-al/)xy + (bh'--b'h)y^ - 0. 

25. — m*) sin CX + 2ZmcosCX} ; x* — 2xycot CX — + AcosecCX *» 0. 

26. a6'4-a'6 « 2/iV; a6' + a'6-2Wi' « 6 V(^*-a6) (Va-a'6')' 

31. 2c\^ a6) (1 + 2moosft>+m2) } (a + 2Zim + 6m*). 

IIIo. 

1. 8^+4y « 0. 

2. 4jr2 + 8JrF4-8ya + 8X+2r-6 = 0; 

2X+1^-1 = 0; 2X+8y+5«0. 

Illd. 

1. = a2. 2. 2xy+a^ *= 0. 3. 2Xy-c2 + a«~6» « 0. 

4. JT (a cos® ^ + 2 sin 0 cos 0-hb sin® 0)+2XY [b^a sin $ cos $-^h cos® ^ — Zi sin® d) 

+ r® (a sin® 9 — 2h sin $ cos ^ -f Z> cos® 0) *» 0. 

6. X~i? - 0. 0. 20, y® « x2tan2d. 

7. jr* (i + v'8)+r*(i-v'8)-2xy- 0. 

me. 

1. (i) AA'+BB' - {AB' + B A' )<ioa 01. (^ii) a+6 =• 2Aco8ai. 

2. (toi + mj,*+n)sintt;-r V(^*+»»*~2J*ncosai). 3. 

4. X® (/i— acosw)— xy (a— 6) — V* (^ — &coso;) = 0. 

Illf. 

1. ax+Z^y+y = 0; any number. 

8. If ax+Ziy+y « 0 ; hx + by+/» 0 have a finite solution ; one way ; 

{CA-6g)/(a6-fc»), (gh-<^f)/{ab-h•‘)}. 

4. Yes, when (bg—/hy<.(ab—h*){bc—/*). 

5. (a) 6tan*tf + 2Atan9+a = 0. (b) atan’tf— 2Atanff+6 .. 0. 

(c) tan 20 = 2A/(«— &)• (a) (h) if A*< a6. (c) Always possible. 

e. db ^ h*. 
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Illg. 

4. (a) - W-. (b) -tf (c) m- (d) 9 or 4J. (e) 12 or 48. 

0. (a) C = 0 and A = 0. (b) a+5 = 0 and A 0. 

10. x’-8i/* ■= 0 or 8x*-»» « 0. U. x»-»» - 0. 

21. The pairs of harmonic conjugates are x*+2xy — y* « 0, x* + 6x!/ + 6y* <= 0. 

26. AA {x« + Xa + b + C} = 0. 

29. {a(a'+6' + 2x')-6(<»' + 6'-2V)}* 

+ 4 {a(a'-6')-A(a'+6'-2A')} {b (a' -b')-h{a' + b' + 2 h’)} = 0 . 

32. K — — 0, or oo. 


Va. 


1- (») (1) 2), 2. (ii) (3, 0), 3. (iii) (-o, c. (iv) i. 

(v) (fa, fb), iv/o> + 6>. (vi) (A, 4); 

2. (i; x’ + 2/* — 63c~8t/ « 0, (0,0), (7,7). (ii) x*-f y* + 4x-«6y 4- 12 « 0. 

(iii) + — 4xcos^ — 4i/sin^ * 0, {2 (sin ^ + cos ^), 2 (sind + cos^)}, (0,0). 

(iv) 4x* + 4j/® — 12y4-6 ~ 0. 

(v) x’ + y* -= (“/-/s, a/\/'2), -o/'/2). • 

4. (a) x^*f xi/+y^4-5x + 7j/4-0 = 0. (b) x*— xy + y^ — x + 6y + 8 » 0. 

(c) x*4-\/2xy4- y* + (2-f-8\/2)x4*(04-'\/2)y*f 04-8\/2 *= 0. 

8. 60°; (3, 2), >/i3. _ 

0 . (i) (x-3)»+(V+|)* = a-/61)’. (ii) (x-2;»+»» = 2». 

(iii) (*-i)*+(v-J)» = (l/y2)« 

8, (i) x^ + y’ •=* 4. (ii) x*-f y* « 9. (iii) x*4-y’ ~ c*. (iv) 9(x*-f y*) « 1. 

(v) 4(x* + y*) + (vi) 196(x*+y*) « 9‘7. 


Vb. 


1 . x® + y* + 12x--10y + 9 = 0; x* + y® — 6 x + 8 y— 9 *= 0. 4. ( — 1,1). 

6. x*+!/*-6x-8y+20-=0; v'fi; (2,2)(2,«); (2,2)(5,5). 
e. x2 + 2yx4-c *= 0 ; x* + y^ + 2/y — a* *= 0. 7. /• « c. 

8 . x^ + y*— ax — &y = 0. 9. x*4-y* = a*. 10. (4, 1), 

11. (x — ^)* + (y-/c)2 » a’, Qij A;), a. 12, x^ + V* - 4 a*/ 

is. (1, 2)(4, 8 ) ; v'iO. 14. 8 x> + 3v’ + 10ax + 8 o» - 0, (- 80 , 0) (-Ja, 0) 

15. x® + y*— X— 6y-f 4 -= 0. 

10. x* + y*+12x + 16y + 76 =. 0, outside, (—3, — 4)(— 9, -12). 

17. 6x> + 6y»-8x+4y-6 - 0. 18. 8i»-28i+ 10 - 0 ; 23 + \/20» : 16. 

19. x* + y*— 8x+l *= 0, x*4-y® — 5x + 4y-f 9 = 0. 

20. x*4-y*— + + + 

22. Iv/IO, (-2i,£), v'i. 

23. (i) (x— a)*4-(y-&)* * (^~a)® + (fe-&A (i’O x*-f y®--2ax-2ry + a* « 0. 

(iii) x*+y®— 2rx— 2ry+r* « 0. 

25. x*+y*-(0( + i9)(x4-y) + a^ - . 20. x4-y-7 « 0. 

27. Circle through JB and C. 28. x*+y*— lOx =* 0. 

29. db (fi + »i*) ~ am + W. 



ANSWERS 


688 


Vo. 

1. x + y + 5 * 0. 2. y-i = 0 ; 8a:4-y+2 ^ 0 ; 3x4-iy « 10, 

3. = ilO. 4 . 3x + 4y - 0; (f, -2*). 

5. Inside; 9x— 2y— 6 « 0. 6. (2, 1). 7. 7/v'2 8 , 2x + 6y — 29. 

0. 8x-y-8 * 0, 8x-y+2 = 0. 10. 2x-5y + ll = 0. 

11. »*+y«-2x-2y + l - 0 ; , x* + y»-12a;~12 y + 86 « 0. 

12. (8cos^-{-l, 8sm6 + 2). 14. lOx - 17 ; y « 2. 

li. 8x— 4y— 5*0; 8x— 4y+15*0. 16. Circle ; straight line ; circle. 

17. Circle; 3(x*+y®)-14 (x + y) + 26 « 0; (1,8). 18. x*+y2 * 25. 

20. X cos a + y sin a « ± r. 21. 2 (a^ — a^, x + 2 ( — bj) y « — a 2 ^ — b.^-. 

22. Concentric circle. 23. (x* + y*— nx— Ary)* = (/i, A;) fixed point. 

24. x* + y*~30x + 80y + 225 * 0; x* + y*- 6x + 6y +9 == 0. 26. 8r. 

27. (x* 4 y*) (y« 4/* - c) « (x* 4 y* 4 yx 4/y)*. 


Vd. 


1. liH. 2. (10, 5) (^5, 10); (5, 15). 3. (8, 4), (4, -3). 

5. xaina-ycosa == ±a, 8 . 8J. 13. x*— y^aO. 

14. x*4y*4«y— ax == 0. 


19. PA is a diameter. 


Ve. 


Vf. 


1. X — y — 5 * 0, X— y43aO. 2. (x — a)8infli( — (y — b) cosCX * +r. 

3. x*+y* * 9 ; x* 4y* = 49. 

4. (x*4y*-ax<-by)* a (rx4 Ry-i2b)‘-*4 (-Rx-ry-jRa)®. 6, 2x-2y * 3. 

7. (x*4y*~ax— by)* a r*(x»4y*). 8 . x*4y* =* 2r (xcosa-ysiii a). 

9. The concentric circle 8(x*4y*) — 4 (i?*4 7?r4?*). 


6. n(x»4v*) - 2y2a. 7. { (x~r) (x~2i)4y*}* -- r* {y*4(x-R)* j. 

10. {2rcosycos^sec6— r sin y4<i^ secy— (?>}. 

12. xco8((X4i8474fi)4y sin ( 04 / 34748 ) *= 2 r cos O cos /3 cos 7 cos 8 . 

18. If B is the origin and circle x*4y* — 2rx, locus is x* — y* a 2rx, 

14. A straight line. 

Vh. 

1. (i) A(x*4y* — a*) a y (/i*4;c>— a*), (ii) x*4y*— 2ay « a*; x*4y*4l4ay — a*. 

(iii) x*4y*±2v^8ay-a* a 0. 

3. x2-.y«42/cxy a a*. 4. x*4y* — 4ax4a* a 0. 

8. (i) 9x249y*— a* - fiaycotO. (ii) x*4y* — a * — 2aytania. 

(Mi) x*4y*42aycota a a*. 


Vi. 

1. (8, 0), (-2, 0). 

2. x*4y*~a(X*4X-^)x-2a(\-A-i)y-.8a* * 0. { -a, a (\-\-i) j . 

3. xa4y*--7x-21y4l20 = 0. 4. x»4-V*-6x-4y48 *0; (4, 4), (2, 0). 

6. x*4y*-6x-8y-119 a 0. 
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Vj- 

1. - (Ax + fey-r*)*. 8. 90®. 

4. x*4- y*4-2yx-f2/y+2c— y®— /* ~ 0. 5. 8x*-f 8y* + 12x— 18y-f 86 0. 

7. 8x+4y = 7, 

Miscellaneous, p. 174. 

1. yx+yi(+c*=0. 2. y2— xy — x+4 = 0. 3. (16,20). 

5. 2x+y = 0 ; x~2y = 0. 7. A circle. 

8. x®+y* « a*4-r^ where (±a, 0) are the given points. 

10. A straight line. 

13. 8x*— 8y*4'2ayA/3— 3a* = 0, where vertices of triangle are (±a, 0), (0, a^/s), 
16. (0, mn/p) ; p (x*-f y*)+p (n — w) x+ (tnn — p*) y— wnp 0. 

2p (x* + y*) — (m— n)px — (»wn+p*) y = 0. 

16. (xi*+yi*-a*)(Xa*+y2*“a*) = (^la^a+yiya ““«*)** 

18. A circle touching a line parallel to given line at the given point. 

20. -1, -3. 22. r3-(a* + b* + c*)r-2atc = 0. 23. xx' + yy' a*. 

Vk. 

1. X - 1, x±2\^y = 3. 2. 6x*-i-6y* — 18xy + 22x + 60y~166 « 0. •* 

3. x*4-y* + 9x + 7y— 6 -» 0. 4. x*+y* + 4x + 4y— 1 = 0. 

6 . x*4-y* = 1, x*4-y* a= 81. 0. x— 24 = ±2\/2y. 

7. 10x*-f 10y* + 18x-80y~8 « 0. 

9. (x* + y* + 2yx + 2/y + c) — 1) « (a* + 6* + 2ya + 2/6 + c) (ix+wy— 1). 

11. x**f y*4-8y + 9 * ±10\^2y, 18. A-f p = 0. 

18. 16(x*-fy*) = 67x; 8(x*4-2/*) ~ 57 x. 

20 . X* + y* — 2 (aj + b®) («i 4- <*2)*“^ + b* ~ 0. 

21. 2 (ttj — ttj) X + 2 (61 — 62) y = 4- V — — V "" cos* a 4- c* cos*^ i8. 

22. A circle. 

28. (x*4-y*~c){Z(/-/')-m(y-y')}-2x(/~/') + 2y(y-y')4-2(/y-/y')-0. 

24. (a*4-b®)Cx*4-y*) + 2c(ax4-&y) = 0. 


VI. 


1. (3, 2), x*4-y*-6x-4y-.14 = 0. 2. 19x4-8y-12 - 0. 

3. {a4-6, J(a4“&)} ; x*4-y*— (2x + y) (a4-6) + a*4“3a(/4-l>* « 0.^ 

4. (-2, -1), (0, -3). 6. v^r^a*+T*. 

11. (—y -1-1 A/a, — /4-wA/a) where A* (^*4-m*)4-2A(yl4'/»»~an)4-y*4'/®— c = 0. 


Vm. 


1. (x-l)(y~l) « 0; (x4-y)(x4*y-4) = 0. 2. 66x4-17y-6 = 0. 

8. Circle. 6. C« - S^f* 4- (y - 8)* = 6. 
e. (2Am— ?a4'i&)x4“(2W4-wa— m6) y4-M “* 9. 

7. x*+y*— 86x— 46y4-324 « 0, 26x*4*26y* — 80x — 494y4'64 « 0, 

8. x*4-y*-2(A;4-A;')*4-2ifc;fc'y/d+2AA;'<-.(J* = 0. 

p. x*4*y®4-6x— lOy— 7 * 0. 10 ^ 91x*4-91y*— 240x— 866y4*604 — 0. 

18. 4(na*— 2iiia6+/6*) (i»*— /n)i-r {(1— n)*4-4w*}. 
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13. 4«*+4v*~ll«-lly-28-0. 

14. The angle in a semicircle is a right angle. 

10, 2 (i3, q) ( 7 , r) sin O- y) = 0. 

17. + c*) (&« + cj/ + a) (cr + ay + t) - 0. 21. uv * u?®. 

22. u-^kw ^ 0, 


Vn. 

1. r*— rriCOs(tf— ^j)— rr2COs(^ — + 

2. »%cos(^— (X) ■» R, 3. rcos(2di— d) = 2i2co8^^]. 

0. r® + 4arcos0— 12a2 = 0 ; 4a. 

9. (i) (Srcos^— 2R)®sin*a4-9r*sin*dcos®(X =* li*sin*2a. 

(ii) 9r®--12Rr co8^ + 4R*sin®7 = 0. 

LI. 2Rrcos^ = fc*. 12. r cosd + rf = 0 ; { —r? + >/<?* + 2 a(i, 0®}. 

L3. A circle. 

Lv. The circle circumscribing u^, Mj, Ug is 

r cos $1 cos $2 cos 0^^ a cos (^ — — ^2 ^s)* 

The centres of such circles lie by fours on circles of which one is 
2 r cos cos ^2 cos ^3 cos ^4 = aco 8 (d— ^ 2 — ^ 3 —^ 4 ). 
There are 5 such circles^ &c. 


Miscellaneous, p. 217. 

2 . (a, 0), (aSwtiWj, 0). 

4. The poles of a; + lt/ = 0, te— y = 0 w. r. t. the circles lie on x + 2c « 0. 
Eliminate I between the equations of the pairs of tangents from these poles to 
the circles. 

11. + &A:V(aa + b*~c«)}, c/(a2 + 6* - c*). 

12. Two coincident lines through the origin. 

14. x* + +»!/-• 2cx + \/6ct/4-c* *= 0. 19. + ±ax^/2 - 0, 

22. x^-{-y^-px--qy ^ 0, 

26. X « (a2 + f2^/f, if - f ^2 ig the circle, (f, 0) the fixed point. 

28 ky^ = r(k-^x), (/c, 0) is the mid-point of AB, 80. 6. 

36. y 2 ( 49 x< 4 - 49 x*y 2 _ 4 ^) ^ 0. 38. Circle. 39. x^ + y^-{‘2gx-j^a^ = 0. 


Via. 

1 . (i) Parabola, (ii) Two real straight lines, (iii) Ellipse, (iv) Two parallel 
straight lines, (v) Hyperbola, (vi) Two imaginary straight lines. 

2. (-1,1), (-6i, 3), 2x8+16x4-27-0. 

6. (1, -2), (8, 6), (0, 0), (4, 4) ; 2x + y = 0; 2x + y - 12. 

0. (/8-l>c) >, or < 0. * 8, ;ix + 6v+/= 0. 

9. (a + 2/i + 6)y8 + 2(y+/)y+c = 0. 

VI b. 

1. Parabola. 2. Hyperbola. 3. Circle. 4. Two straight lines. 

5. Hyperbola. 0. Parabola. 7. Hyperbola. 8. Ellipse. 

9. Two parallel straight lines. 10. Hyperbola. 11. Ellipse. 
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VI 0. 


а. No centre, (-1^*, - A), ( 4 , -2), no centre, (-1A, -A)i (0. !)• 

3. 1, -/*. 4. (x+^V+{y-^)* = 1 (2*-v+»)». 

б. (!r-l)»+(v-2)* = (8»+4y)* 

0. (ii) x* + 4a;i/ + y*— 2x+2j/ + 2 « 0. (v) (2x + y~2) (® + 2y-2) = 0. 

(vii) (»—!/) (7x + y) = 0. (x) (x+y— 1) (2x— 1/+ 1) *0. 

8 . (vib) (4) 2V^, 1-/^. (5) Iv^, 2^^. (7) i^/2, 

(8) v'a, (10) iA/2 + 2A/i0. (11) 1 /a/7{24 + 8>/2}#. 

9. (Tib) (8) x»+ll!/» -= 2. (11) (3-A/2)x*+(8+V^)y» <= 8. 

10. tan 2^ « 2;j/(a— 6). 12. Centre and line at infinity. 

13. X ■■ 1, no value, positive, negative. a/\ ^ 

15. 4A/8,iA/::i; 2; (J, -*) ; (1, -1), (2^. J) ; x-»-2 = 0, 3x+8.v-4-0; 

8x*+12xy + 8t/*-6x— 18y+2 « 0; aj+y— 1 « 0, x + « 0. 

16. (2, 0), (0, 1), i^/E. 17. a/*+hg^-2fgh - 0. 

18. (J, -If), V^; 6x+8y+l = 0, *-2v-4 = 0. 

19. (i) om*-2W»»+W* - ab-hK 

(ii) (a6--X®)(aZ®4-2Wm + 5m^) « [X(?— rn®) — (a— 5) ^m]^. 

20. (H, If) ; (0, 0), (2f, 3J) ; 4x-8y * 0 ; 8x4-4y « 10. 7x + y - 10 ; 

x—7y+10 — 0, 8x+4y— 6w0; 8x4*4y— 15 * 0. 

21. y*) = (a— 6)xy ; (ao~-/i2)-.(a + 6)r* + l = 0. 

22. 2x-8y-2 = 0, 8x + y+2 = 0. 23. \/|. 

25. (-iJf , - 1 %), 20x~86y-l « 0. 26. $ 7 (v) 2x + y == 15, 2x + y « 5. 

27. Referred to 4x-~8y+l » 0, 3x + 4y— 1 «= 0 as axes; xy « 1. 

28. (5/8, 18/8), 4x+4y-7 - 0. 

31. aV^, fa\/8; x-y « 0, x+y*0; (faV2, fc>/2) ; fv^. 

37. The point of intersection. 

VII a. 

3. (acot*<^, 2acot<f>), 4. a<®, 5. Z + am* « 0. 

0. y* « iax(lx+my). (i) ial ■= 1. (ii) i+am* = 0. 7. y'tT/ia. 

10.90®. 12. r*-=45y. 

10. (i) (~2, -H); x + 2-0; (-2, -f), 4y+9 * 0. 

(ii) (8i,l); y-1; (4,1); x - 8. 

(iii) (4, 8); x-4 « 0 ; (4, 7*) ; 2y-17 - 0. 

(iv) (i, If); x-y+1 =0; (1, 2); x+y~l « 0. 

10. (acot*<^ — 2acot<^). 20. x + y cos w + a cosec® ai = 0. 

21. (4, 4), (f, -1), 2y-x-4 * 0, 2y + 4x+l = 0. 

26. CA, -A); 4x + 8y+9-0. 

27. (i) in *= am®, (ii) ai® + 2aim® + m®n « 0, x « 0, y® « a(x— a). 

28. 16x® + 24xy+9y®— 140x4- 20y *= 0 ; (1.6, 1.2), 4. 

32. Prove sum of radii « sum of perpendiculars f^om focus to tangent and 
normal. 

Vllb. 

7. 2:1. 0. x(l + f*)4-yf4-a<® » 0. 

11. When orthogonal the envelope reduces to the focu.s. 

10. y®» 4a(x4-4i). 
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1. y + te-ai-a<» = 0. 2. -(<*+2V<- 

3. (»—<*(•)(<+ cos + 2 (W)(l + « cos a) — 0. 

6. y*-a*-a* + 2a* = 0, acy + ofe = 0, 7. y» ■= 16 {(f-2)/15}». 

20. 6y» = (a + b)>(» + a). 23. jr-6a; -jr. 

VII d. 

l, 4«v^; (6«) — 2o); 2. a:*+y*— 10ax+9a* — 0. 

3. Ax—Bn + a + AaA^O. 6. (8a, +2a-s/8). 


Vile. 

1. x’+2(y+2o)* + 2/y + c - 0. 

2. {(8<+l)y-4a:}* = 4a{(<*-2<+8)a:-2<»(l + 0v— la<»}. 

3. (a:-<v + at*)®-(l + <»)(y’-4o*)-0. 4. A.» + 40\+ 16 = 0. 

6. y* — 20aa;+60a2 = 0. 

8. a;* + y® — (8m®+l)ax + m(m*--8)ay + 3a2m* = 0. 

10. 2ay* = (a~A)*(x~a). 

12. x* + y* — 8ax « 0. ' 

13. The point (--3a, 0). 

VII f. 

1. 8/126, 

2. (i) \/6y’ + a; = 0. (ii) y* = (iii) y* = 2®. (iv) lOv^lOy*— 7x. 

3. + 6. (f.*-ay)» + 2a6(fcr + ay)-8a«b!' = 0. 

7. (8a. 0), (8^0,0). 0. - Jagf/(a + b)> ; {ay (a + 26)}/{A(a + 6)*]. 

vng. 

1. A straight line (2x/a + 2y/u — 1 = 0). 

2. A straight line (x/a + y/&~l = 0). 

3. A straight line 2 (& + acos<u)x+2 (a + 6coscw) y = a&. 


Miscellaneous, p. 299. 

3. aix + 6iy + a?l>i =» 0. 16. x — 4a = A:y. 10. x+ I + 2y = 0. 

17. x* + y* — 6x— 4y -8 « 0, x* + y* — 22x-f 12y + 13 = 0. 

18. y^ + y®(x--2a)(x— c) — a (x — c)® = 0. 

21. a(x'^-fy*)— (y'**f 2a*)x + y'(x' — a)y+ax'(2a— x') =- 0. Vide 5 7, 

22 . '’y* + x[x* + y2 — 2^ — ^ (ia — ^)] = 0 j if ^ = a, (x + a) (x® + y® — 3ax — 3a*) *= 0. 
24. /c (y - Ar)H 2 (^ - a) (x - /i) (y - /c) - ^ (x ~ h)^ * 0. 

45. Maximum or minimum according as the ordinate of the point is > or 
< 4a. 

47. (i) 16a (X — 2a) — y*. (ii) x + a « 0. 

48. (a + a')*y’* + 462(a « 0. 

60. y (y— fc) (x— /i)+x (x— A)* + a (y— /c)* ^ 0. To prove the second part, find the 
value of X for the foot of the perpendi#*ular on the tangent at and then the 
condition that \ should be real. 
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2. 2x—8y—l = 0, 7x—12y+l = 0. 9. V^/8 ; divides AB in ratio 8 : i 6. 

10. (aoo8 0(, ftsinOf), (acos80(, — 6sin80(); (as*+v*)*(o***+6*y*) — (o***— 

11. $ i, VI. 13. {±Vk/{\ + 1), 0}, at® » y. 

17. {a®»7-v/6»*'*+a®v'®, -b»*7v/6>a:'»+o*j/'*. 

20. a (a:® + »*)-!. 21. •/ (a® -p®) (p® - b*)/p. 

25. 10a:®+8j/® = 187 ; (0, + v'lSOO/SO) ; 20*+21j/ = 0. 

28. If X:1 is the ratio, l + 2/(X— 1) = 2(1— e®)/(e®8in2^), .•. X greatest , with 
sin 2^. 

VIII b. 

8. a®: 6®. 16. 16 (a®x® + 6®v®) = (a®-6®)». 

17. (a®cos®0( + b®sin*a)4, (a®8in2a + 6®cos»a)4. 

20. p. 822. Pole of chord joining feet of normals lies on director circle. 

28. x®/a® + p®/6’ = 1/2. 32. a®x®/(a® + 6®)®+j/®/4l)* -= 1. 

87. tan®« = (l-«7/(2e®-l). 41. (x®+i/®)® - 4 (o®®®+6®p®). 

43. ^(2nir— 0£), where n = 1, 2, 8. 

44. a®A/o®-26Vv'o^'^; 6® V'2a®^/v'«^-6<. 

47. The chord joining the feet of the other two normals is 2 //y' + 1 = 0; 

then (a, $) lies on this. 

48. The fourth normal from the point ; 

(6»cos8 + rtj/sin8)^--2a6(&a;cos8— aj/sin8)+a®6® «= 0. 


VIII 0, 

3. (x^ + V*)® = o® — 6* y^, 4. (a® + x — a (a® — 5®) (x®/a* — . 

5. The vertex (a, 0). 10. + sec®^/a, — + tan*^/6. 

11. ®±V± Vo®-t® “ 0. 

12. (i) S<itj = 0, = -1. (ii) + = 0. 14. x®-p» = 0 x 4 / 2 . 

16- (i/f i?)- 20. x®/a®-p®/&® = (o®+b®)V(<»®-6®)®. 

21. oxcosecO— tbysecfl = a*+6®. 23. (a®tan®9+b®8ec®fl)t/a!). 

24. 6»x®-(a®-6»)y’ = a«6». 

26. sin $ cos i — 0) + sin i (^ + <^) «= 0, (x^/a* — y^/h^y = x^/a* + y^/b^, 

82. xt/i— XiV « 0. 

VIII d. 

8. (x2+ya)2 » H|.4c2(x2-y3), 3 , The hyperbola. 11. xya®— = ±1* 

12. ax— by « 0. 14. The centroid of LMN is P. 

27. a* 6* (x'^ + y2) =* (a^ + (6* -f. a® yy^) ; 4 a* x^ — 4 6* y* = (a* + 6*)®. When the 

hyperbola is equilateral the centre of the circle is the point P. 

82. X^sin^cos^ where (xsind + y cos^)® «= 4/8in^oos^. 


VIII e. 

1. 8x*(7 + 8\/5) — 4y*(2 + -v/5) *= 12. 2. x* sec® CX—y* cosec® OK «a® — 6®. 

8. x®/aHy®/6^ = l/(a® + 5®). 6 . Circle. 10. 

28. x®-y®-2xycot2a - c®. 
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Misoellaneous, p. 871. 

1. A circle touching the given circles at the point of contact. 

2. = 0. (a) x •= 0, (b) ly^+nx « 0. (c) y « 0. 

8. (i) 3a!^ + 4j/*— 4aa; = 0. (ii) « Sax. 6. The line BD, 

10. (l+»ni2)(ma-W8) :(l + ma®)(w8-»0 i(l+»Ws®)(nii-ma). 

11. If the fixed point is the origin, (a + b)—2 gX — 2/y + c (JT* + F*) = 0. 

13. (y— l)(4a;+y— 8)+X(a; + t/— 2) (5a5 + 4i/+l) ; when X = 4 the conic is an 
hyp|rbola. 

14. 2x2 — Sy^ + Sarj/— 5x + 20j/ — 12 ^b, o, 

16. x^ + t/^ + xt/— (a + b) (x 4-1 /) + o6 «» 0 ; x— 1/«=0; 8x + 8y « 2a + 26. 

22. tan""^ Je® (1 — 

34. x® + 2/2 _ 003 ^ (2 a2 + a2 g| j^a ^ .4. 5® eos^ &) x/a 

— sin 0 (2 b® 4 . a 2 sin® B + b® cos® d) y/b + (a® + b®) « 0 . 
30. 3xbsin 0 + 32 /a cos d = 2ab sin dcosd. 

80. (a/x + i3/2/)(x®/a® + v®/b2) + l « 0. 

41. ; foci lie on the bisector of the angle between the sides. 

43. 9(a2 + b2)/2. 46. b®x2+a2y2 = a®b®e®. 47. x®/a® + 2/®/b2 *» 1/2, 

40. (x2/a 2 + 2/®/b® — 1 ) (cos (X — 7 — cos & cos 5) 

+ {xcosa/a+t/sin 0(/b~cos/8} {xcos7/a + vsin7/b— cosb} *= 0. 
60. (iii) Max. a® (x2/a2 + 2/®/b®— 1), min. when OPQ a tangent. 

Min. b® (x2/a2 + 2/®/b® — 1), max. when OPQ a tangent. 

62. ax— by == 0. 54. a® xy^ + b® i/x^ = (a® + b®) x, 2/1 . 

66. ax® + b2/® «= afa' '■{'b/h' . 

60. A common chord of the ellipse and circle is a diameter of the ellipse. 

06. x® + 2/ix2/ — 2/^ = 2/2/ (rectangular coordinates). 


IX. 

7. Two through each focus ; $ = cos~' V 11/15. 

8. 11. Z2(ri®-2r^r2Cosa + ra®)-4ir|ra(r^+ra)sin®^(X + 4r^®ra®sin*|0t =» 0. 
20. r2(l-e2) + 2^crcos0-^® = 0. 

30. cc' (1 — e®)® + 2 ie (c + c') (1 — e®) + Z® (1 + e®) = 0. 30. A circle. 

44. I sec® J 5 = r+ re sec* i S cos 0, i. e. a confocal conic. 

40. F is the focus of the conic, which is a parabola, ellipse, or hyperbola 
according as the distance of the B line from F is =, <, or > the radius. 

47. It touches at the point (X. 48. r^— 2 rle cos 9-^ (e® — 1) « 0. 

40. c® « rr'co8(0— 0') ; r® — 2 rce cos 0+c®(e®-~l). 


Xa. 

4. Za + mi Wa — 0. 5 . tan*“^ ( — Zi/m,). 

0. tan”^ (Zi tWa - Za m{) /(l^ Ij + mi m^). 

7. (a) A point at infinity on kx—hy^^O. (b) A line through the origin. 

8 . —cos a/p, —sin a/p. 10 . Zjma + Zami = 0 . 



540 


ANSWERS 


Xb. 

2. (Zia+W|6 + 1)/ + 

8. tan*'(lim, /2tni)sin<w/{Zi2j + Wi»nj—(2itn2 + /2m,)cosa;}. 

0 , (tej + mva + wjp,) + Sj + mvi + n«i) = 0 , 

8. ax + by + 1 « 0, a'x — 6^ + 1 * 0. 0. {& — 6', a'~a, a6' — a'6}. 

10. (bi-aj, 0). 11. (40 : 27 : 19). 

«1 ^>1 Cl 

12 . Cli2 ^2 Cij 2 c 2 C 2 C 2 « 

' Oj c, c 

18. { — »n,/(a?i+6m,)}. 14. ^/(am^-W,)}. 

15. 1; (6 - b') - »»i (»-»')• 16- ” 0* 

17. (2«-.4)J + (25-B)»n + l - 0. 



18. e»(Z*+m*) - 1. 20. (1|, -1), (8«, Wf). 

21. {/j-J, + 60i»n,-?jW,)}/{a(Z,-J,) + 6(»n,-tn,)} ; 

{i«i - mj + a ('j mj - fj mi)}/{a (?i - Jj) + 6 (w, - mj)} . 

22. Z* + m^ — a*, t^/a^ = 1, - cU, 

28. / + tft-fe*-0, J— m + c *= 0, al + 6ni + c«0, + = 0. 

24. / (<ij +®2 ®f) *4* wi (6^ + &2 + + 3 ■■ 0. 25. — 2 * 0, 

26. I(ai- ja2) + m(bi — 2&,) — 1 « 0, 2 (ai + 2aa) + w(5i + 2 62 ) + 3 * 0. 


Xo. 

1. — cos^ (^ + ^)/rco8 ; —sin J(^+0)/rcos J (^ — ^). 

5. 23ga + m26 + 8 *• 0, c/3. 0. + 7. l/2a, il/2a. 

8 . ( 2 , 1 ) ; 2 . 10 . + == [(ps®-(?r*) Z + s® -r 2 ] 2 . 

12. a*(i* + m^) — 1, circle. 13. The points are (0, +c), the centre (/>t, 0). 

18. Centre (c, 0), radius c, common point at the origin. 

19. + « 1 (see Question 18). 


Xd. 

1. a* d* (1* + m^) *= a* H- 6® ; circle. 

8. (l + 4ai) tan*a — 16a (am* — Q ; the point (4a, 0). 3. 5 * + 2ap«0. 

4. Circle. 0. A parabola. 7. A confocal parabola. 

8. (ap + t^+1) (i* + m*) « (a3+6m + l) (pZ + gm) ; 
p/(pa + g6-f 2), ?/(pa + 7 Z>-f 2). 

10. -tVa(t+2<*), <s/a(l + 2Z*). 

11. A parabola whose focus is midway between the cent 1*08 of the circles. 

12. A pai*abola touching the given lines. 13. am* + Z 0. 

14. a*Zm (^Z— Am) + Z* + w*— XZ— pm ■« 0. 

10. (i) c*Zm =« (oZ+l) (dm + l), a conic touching OJT, OY, 

(ii) (a + &+c) Zm+Z+m = 0. 

(iii) (a— 6 + c)Zm— Z+m = 0, which are parabolas touching OX, OF. 

17. 3a(Z*4-m*)-fZ(aZ-l) = 0, (-a, 0). 
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18. a* l*+>«»n» - «*, {±A/a^6Va, 0}. 

19. 6‘w*)— a*6*Jm(Jj*— »»!*) » 

— a*ii, 0} 0}. 

90. (*, 0)j (0,0); ,r*-b»)(l»+»rt ») -1 4(W+1). 

92. (4a, 0) if tbe focus is the origin. 23. aijij+bmxm, ~ 0. 

27. Coaxal conios. 28. v*+,4aa:+8o’ « 0. 29. A point. 

32. (4 a, 0). 


XI. 


3. (a***-6*»S)(6®ai*-a*v*) - a*6*(a*-6=)(*»-v*). 

6. (a-b)(fla-^) + 2A(/x+jv) - 0; (/®+ff*)lT- (o/* + 6j*-2/jtb). 

6. A conic. 18. a — 0, *+8v“0. 

18. 2{ah'—a'h)x + {ab'—a'b)y+2(flf'—a’/) =0. 

{af'-a'f)a^ + 2Q,f-hy)xy+{b/'-b'j')y* = 0. 

21. aVo*+»V*>* = li ellipses. 23. (0, 0), (4^, IJ). 

24. The hyperbola referred to the normal and tangent at the point is 
ax^—2bxy+by^ = 2j. The vertex of the parabola is (Jb, — Jb). 

26. + + — (a + b+c) (x + v) + ('>b + bc+ca) •= 0. 

28. (ah' -a'h)x^ + (a'b- ab') xy + (hb' - bh ') »» - 0. 

30. i(x^+2xy+2y^ — 2x—2y)+k(x^+y^—2x) — 0 where fc® + 13fc+20 -m 0. 

82. t7 = xVoH»yb*-8; 0» + 86i^ - 0. 34. (,bx + by)«-(ab-b>) ■= 2by. 

37. The tangential equation is (aJ+b»t + l; (ai+bm— 1) + X (i®+m*) = 0. 

89. fa - gF. 40. 2;ix-2ov+/= 0. 

42. 2ob; {c/(l + cbs on), «/(l + co 3 <u)}, 2cy(l+cosotf) where a + b » }c. 

44. LM' + L'M » 2NN ' ; 

{(1/a -I/o') x-(l/b- 1/b') y}® 

+k* (J /o'-l/o) (l/b'-l/b) (x/o+y/b'-l) (x/a'+v/b--l) 0. 

45. 4i®+lt®-4J?® = 0. 

48. v'2(<r'+0£+6®), v'a (<*>+«» -6®) ; (a, 8), (-o(, -$). 

Note that — ~4c and use the tangential equation. 

61. AiCS-AC,Si = 0. 

68. See p. 428. The conjugate diameter is a para] lei to the polar of (x'y') 
through the centre. 

66. 8a\/i0/26. A parabola ABODE touching x « a at B(a, 8a), x^y at 

x+y *= 0 at D (—a, a). u4B(+ + ““l)> BC(+ — ■>•)) CD(+ )> 

— ). Axis, 16x + 6y--6a — 0. 

69. (i) (a — a')/® — 2/y (/i— V) + (t — 6')y'^ =* 0. (ii) ■* (a~a') (6— 5'). 

60. (x^— + — ® 0, where x*+y^ «= a* is the circle and x = ^ the 

fixed line. 


64. (^i0i-~Bi2)x2-(^i0a + AaCi-2Bij8a)xy + (AaC2-Ba*)y® 


0, where .i4|, Bj... 


are the minors of hi,., in 


h 

Cl 


No. 


67. (uy ± •“ 2 a6cx —a® (6 + c) y + a® 6c = 0. 

68. (i) Straight line, (ii) Circle. (iii) Circle, (iv) Ellipse and hyperbola, 
p — tan*^, where 2$ is the angle between the lines, Jg « distance of their 
point of intersection from the point midway between the poles. 
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XII a. 

1- ih h ♦), (t, -i, i). 2. (-4, 6, 0), (1, 6, -8). 8. (0, 1, 4). 

4. (i) (1, 8, -8). (ii) (H, -i). 5. 2 ;8 :4. 6. 18 : 2. 

7. (i) (i, h i). (ii) (i, t, I). 

8. {iCSojj-f Xj), i (2^1+1/,), i(2«i+«2)}, {i(»i + 2»j), i(yi + 2ya), i(«i+2«j)}. 

9. (i) (1:1:1), (a:6:c). (ii) (-1:1:1), (-a:6:c). 

(iii) (cos A : cos B : cos C), (sin 2 ^ : sin 2B : sin 2 C). 

(iv) (seo^ :secB:secC), (tan ^ : tan B : tan C). 

10. (0 : b :c), (0:6; -c), (0 : 1 : 1), (0 : 1 : -1). • 


XII b. 

1. 26« + 9y— 6af -» 0. 2. ct/ — 6s » 0, os— esc * 0, hx—ay =» 0. 

3. a(X — hl3 = 0, 6/9— C 7 = 0, 07 — aCX = 0. y— s « 0, s— a? == 0, a;— y « 0. 

4. wty+ns ■» 0. 8. Z(m'y4-w's) - Z'(my + ns). 

i8±7 9, y±(X « 0, a + jS « 0. qf±hz = 0, az±cx = 0, &x:f « 0. 


XII c. 


1 . 28co8iloo8BcosC. 2. 8-S*iWmn-r (6»-fcw) (an-f ci) (am-fti). 

3. xcos^ sin (B— C) + !/cosBsin (C— ^) + scosC8in (-4 — B) -« 0. 

4. a4-/9-7*0. 

6 . sc— (m — l)i/— (n — l)s « 0; {0, (n— l)/(n-w), (m — l)/(m— n)}. 
e. RrJ ^ sin J B - Ccosec i -f- -2Br}. 7. 16BS2^a6c. 

0. (i3±(i) sc4-(7±4)i/ 4- («'±4) s = 0, 


10 . 


p 

a 

r 



1 

1 

1 

Pi 

Qi 


« 0. 

12. 

Pi 

3i 


Pi 

3a 

»a 



Pa 

3a 



9, 2 (gj -rj) (gj -r^) cot .4 « 0. 


13. (i) Mid-point of BC. (ii) ‘ Point at infinity^ on BC. 

(iii) Foot of perpendicular from il'to BC. (iv) Centroid. 

15. acos.4— /ScosB— 7COSC «= 0. 16. xcos^ *■ ycosB. 

17. 8(px + gy+r«) « (p + g + r) (sc + v+s) ; y+s « 0. 

18. B V(l — 8 cos.4cosBcosC). 

OL B 7 

21. (i) 7i 

1 — cosC — cosB 

OL B 7 

(ii) OCi 7i - 0. 

2— m cos C—n cos B m— ncos.4— ZoosC n— 2cosB— mcos.4 
24. a5sin(B— C) + (y-a)8in.4 - ±Kx, a8in(B-C) + /3sinB— 7sin C « l/iOf. 

26. sccot.4 + ycotBj^scotC— 0, 

27. sc(cot JB+cotJC)—y cot JB— soothe = 0, &c. 

Points lie on xoot J.44-pcot JB+scot JC «= 0. 

29. 0( “ 0, /9 cos B— 7 cos C « 0. 

81. /9Bi « 77i, 77i = “ /3/3i ; («:?>: 0- 

86. (0 : n* ; — m®;, (n* : 0 : —2*), (w® : —2® : 0) ; 2*a5 +m®y +n®« « 0, 
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XII d. 

1 , + = 6 cx(a; 4 -V+«). 4 . (Xcosui— ^cosC « 0 . 

6. ->/{«&cA^+c—a)}, &c. 0. j/ootB— «cot C = 0, 

8. a0y{-by(X-\-cOCfi + {(X + ^ + y)(a(X+bfi + cy) « 0. 

aV(y 4 -«— x) + &V(«+^’“y) + < 5 V(®+ 2 ^*“*) *= 

10. aj/a* « y/(4c®— a*) + «/(46*— a*). 14. :mb^. 

15. 2y*(cosB— cosC) «= 0. 10. {ap, bg, cr}® « a^p^, &c. ; xla-^-yJb^z/c « 0. 

XII e. 

2. A conic; 2y«— 2aa--2a!y = 0. 6. \/i?ix(y4-«— »)+ + « 0. 

9. + 4Xr cosec 2 JB « cX+ br ; 2 >v/2 cos 2B/\/4-sin*^2J3. 

10 . 


XII f. 

2. cosii4-v/~a + siniJ3v/i§ + siniCv'7 * 0. 4./x+yy + ^*0. 5. (/:y:A). 

7. 3aV® + 22bcy/icosA *0. 

!!• If PA and the required harmonic conjugate meet PC in T, P', then the 
pencil A {PC, PP} is harmonic. The envelope is ^pjp^qxlq-^rjt * 0. 

12. If (Xj, yi, i?i) is the fixed point, the envelope is Vpxj + \/gyi + -v/rs^ « 0, or 

a^i/x + yj/y+V^ “ 0. 

XII g. 

2. J/x (my'— n«') « 0. 3. (Zx + my)*+n(^ + m)«* = 0. 

4. {mn(m— n) : ni(n— Z) : 2m(i— m)}. 6. x'V® + !/'Vy+^ “ 0. 

7. 8x + 8y — 7« = 0; x+ 16y4-21s - 0. 

8. A straight line, i*x+m^y+n>i? — 0 whore (/, m, n) is the fixed line. 

9. An inscribed conic. 10. (a) 1. (b) 2. 11. (a) 1. (b) 2. 

13. A conic inscribed in the diagonal triangle of the quadrilateral. 

14. A conic circumscribing the diagonal triangle, it passes through the six 
mid-points of the sides of the quadrangle. 

10, If the sides of the quadrilateral are (±Pi, ±7i, ±0 and ilimin) is the 
point at infinity on the parallel tangent, the locus is 

Pi^x/(niz — ny) -f y/(nx — fe) + z/{ly — mx) -= 0, 

18. x + y + 55 - 0. 

19. If the conics are x^ + y^ + s* = 0, ?x®+my2+n«* = 0,; QCx^, y^, a5i), P(xj, y^f «i), 
then the tangents at Q, R intersect on AP (viz. ^l—my^ V'n^*) if 

(i— m) nxi«a)* « (n— ^ i 

which, since x^^+yj^+s^a = 0 and ^x^* + myj® + nzj*-* « 0, gives 
n(Z— m) w(n— i) (x^ya — XavO®. 

Hence QR passes through one of the points (0 : ^m{n—l) : + Vn (l-m)}. 

20 . XiXji/i® = ViVa/w® «aii«,/n*. 21 . PiPj/l® « « ^i^a/^‘^* 22 . 4 . 

XII h. 

1. xy + y55+sx *= 0. 

4. pBin2A+gsin2P+rsin2C « 0, ap + &3+cr«0, ap±bq±cr » 0. 

ptan A-f y tanP+rtanC « 0, p-f-g+r * 0, pa*-f gb®-|-rc® « 0. 

6. (i) 12x® + 4y®— 8»® * 0. (ii) Parabola. 

(iii) x®bcoo8 A+a*ya - 0. 
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d. 7. (8m2jt :sia2£:8in2(7). 

8. x*(cV->***)+»*(<»’**-«’/*)+**(^*/*-«*a*) “0. 

11. aY(«— a) + 6*/(«— 6)+c*/(«— e) -• 0. 13. s* ■» y»+8x+8xy. 

14. 87/J+')f0£/m+0(;9/n =• 0. 

21. {26*-c*:2a*-«*:2a«+26*}, (26«-e*)»+(2o*-cYv-(<»*+J>’)« = 0. 

(8a*+b*-e*)x-(a* + 86*-c*)y+(a»-6*)» - 0. 4S*/(2c»»+26*-c>)i. 

22. 5aa{6*(r-j))+c2(p-j)}/(5-r) - 0. 

82. (*+y+8)S{(yi»j-*i8,)(l)’-c*)+a*(y,*j+v,3,)}*+tt*y3+J>’«xfc*!cy-= 0. 

34. {px+qy+rz) {pa^ye + qb*gx+rc*xy) = i^xyi. 40. (2a* :26* : — c*). 

44. jccotul + j/cot J5 + acot C *= 0. 

47. The directrices {8A - e*p) are (Xcosi + /3cos JB + 7C08iC » 0, then (§ 12) 
the conics are = 0, where Zees® + m cos® JB+n cos* JC *= 0. 

50. The line through C parallel to AB is a diameter. 

54. If the conics are Sif S^j then 28^+32 factorizes, and one factor is 
^x/(in~-n) ; the corresponding line touches 8i and therefore 82. 

50. 4 a&c 2 ax® cos B cos 0+ (a® 4- + c®) X a® yz — 0. 

68. The centre lies on the line bisecting BC at right angles. 

65. 5p®/W'-2pg(l/lm'+l/rm) « 0. 

68. The other conic is (e+io)y2i*f(w?+w)sx+(u4-v)x^ = 0, which can be written 
2Mx(y+«) = 0, so that at a common point Smx' = 0, whence, comparing the 
equations of tangents, the result follows. 

7 0. (a® : c® ; 6®). 72. A® {vw' + 1;' u;) + p® (wu;' + u' to) + v® (yu' + 1/ w) « 0. 

73. Use JqT’^mrp + npq ^ k{p(X'^q8 + ry) for conic. 

74. a®/48, by is, c®/48. 

77. {/y®! ; g^/Vi : where {±f, ±g, ±h) are the vertices of the quadrangle. 

78. Since x+y+« == 1, the terms of second degree, when C is transformed to 
Cartesians, depend only on the terms a^yz^b^zx-^c^xy. Thus if a^yz+h^zx^c*xy 
transforms into A(X® + T®— B®), then C transforms into 

Now apply A = A72S® to both pairs of equations. 

82. xcosl(^4-</>) + ysin ~ cos <^>). 

84. (aOC + 6/3 + C7)®— 4 6ci3y = 0. 

86. Focal chords are proportional to the squares of parallel diameters. 

89. 2 Bxj yiZi ^ a®p® + abc 2 {y^ cot B+z^ cot C— 2xi cot A) x^p^ «= 0, 

60. SA *= 2BqozA, &c. :SxqohA = 0 is the directrix, and this is the polar 
of the focus. 

91. a® « 0y. 

92. The tangent at the vertex is parallel to the polar of (1, 1, 1), i. 0. 
Mx+ry + u?s = 0. Its coordinates are (u-^-k,v + k, w+k), which satisfy 

p®/u+3®/v+r®/w = 0, 

and the vertex, i. e. the point of contact, is {1 -f-fe/u ; 1 +k/v 1 I+ k/w] 

98. (K+ W--2F)/d^ « l7~2(3f)/6® « (U+ F’-2B')/c®. 

94. See Ex. ii, p. 515. 

97. The circle of curvature at A circumscribes the quadrilateral formed by the 
tangent at A, the line at infinity, and the pair of lines A Cl, ACl\ Hence its 
equation is of the form C = (aa + d/S + cy) (w7 + n/3)4*A(/3® + 7®-f 2/87COSul), 
and kS-^C has my+nff for a factor, where k is clearly unity. 

103. See Exx. 6 and 97. 
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(The minihers refer to the pages*) 

Abridged notation- 

defined 52; quadrilateral 59, 64; harmonic pencil 63; circle 183; 
conics 198, 288, 412, 439. 

Angle — 

between two straight lines, 

cartesians 50, 90 ; polars 66 ; tangentials 398 ; areals 466. 
between two tangenU to, 
circle 149, parabola 260, central conic 811. 
between equi-conjugate diameters 442. 

at which line cuts circle 187, line cuts parabola 298, circle cuts circle 184. 
Anharmonio ratio— 

of range of points 61 ; of pencil of lines 62, 63, 93 ; of four points on 
conic 440. 
jAirea ~ 

of triangle 19, 56, 94, 464 ; of polygon 20 ; of sector of ellipse 318, 
of hyperoola 330. 

Asymptotes — 

defined 240 ; equation of 240, 477 ; separate equations of 242 ; coordi- 
nates of 406, 479 ; hyperbola referred to 340 ; properties of 242, 338, 
343, 344. 

Axis- 

radical 189, 483 ; of similitude 193 ; of parabola 230, 505 ; of conic 
230, 504 ; length of axes 239, 435, 508. 

Bisector of angle between two lines 51, 91, 113. 

Boole on invariants 104. . 

Brianohon’s theorem 495. 

Central curves 229. 

Centre — 

of inscribed circle 48 ; of similitude 176, 193, 400 ; of conic 228, 477. 
Ceva’s theorem 462. 

Chord- 

defined 133 ; equation given mid-point 235 ; of contact 236, 477. 

Circle or Circles— 

auxiliary 306, 316, 415; circum 129, 130, 199, 482; coaxal 190, 483; 
director 238, 407, 501 ; inscribed 482 ; nine-point 153, 483 ; orthogonal 
184, 195 ; polar 173, 483 ; radical 193 ; of similitude 177 ; on given 
diameter 164, 186 ; equation of, polar coordinates 207, areal 479, tan- 
gential 899, 481. 

Coaxal and oopolar triangles 53, 490. 

Common chord of — 

two circles 182, 484 ; circle and parabola 280 ; circle and ellipse 325, 
353 ; circle of curvature and conic ^80, 325, 348. 
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Commou tangents — 

of two circles 178, 182 ; of two ellipses 312 ; of two conics 414. 
Conditions— 

point lies on conic 402, 422 ; three points collinear 28, 458 ; four points 
on circle 198, 211 ; line touches circle 141, parabola 294, central conic 
306, conic 402, 421 ; two lines parallel 30, 110, 467, perpendicular 35, 51, 
467, 469 ; three lines concurrent 56; two pairs of lines harmonic conju- 
rates 63, 92; normals concurrent, parabola 273, ellipse 321, hyperbola 
331, 332, 346, circumscribing conic 491 ; two circles orthogonal 184 : 
general equation represents lines 107, 108, 226, circle 127, 481, parabola 
226, 476, ellipse 226, hyperbola 226, rectangular hyperbola 240, 479. « 
Confooal oonios 355 60, 416. 

Coi^ugate— 

points 172, 308 ; lines 172, 308, 406 ; diameters 229, 308, 317, 343, 502 ; 
parallelogram 318, 340; hyperbolas 338. 

Contact of conics 285, 287, 417. 

Corresponding points on confocals 359. 

Curvature — 

centre of 281, 323, 326, 332, 347, 349 ; chord of 280, 325, 348 ; circle of 
280, 325, 332, 349, 437; radius of 281, 326, 349, 511. 

Diameter 228. 

Director Circle 288, 311, 411, 501. 

Directrix— 

of parabola 238, 248, 260, 293, 407, 411, 502 ; of central conic 304, 311 ; 
of conics 244, 247, 249 ; equation of conic, given directrices 444. 
Distance- 

between two points 13, 463 ; between foci 246. 

Double contact 281, 285, 288, 416, 417. 

Drawing conics 231, 243, 343. 

Eccentric angle 316, 330. 

Eccentricity 244, 247, 249. 

Envelopes 66, 68, 253, 392, 402, 413. 

Equi-conjiigate ^ameters 809, 442. 

Evolute of— 

parabola 274, 281 ; ellipse 323 ; hyperbola 333 ; rect. hyperbola 349. 
Focus- 

defined 244, of parabola 258, 261, 294,411, 507 ; of central conics 245, 
308, 408, 506 ; of conic given by tangential equation 407 ; relative to 
circular points 250. 

Harmonic- 

conjugates 15, 92 ; range 15, 61 ; pencil 62, 63 ; property, of pole and 
polar 167, 237 ; of quadrilateral 64. 

Homogeneous coordinates 119, &c. 
in relation to circle 204, conic 241, geneiul equation 421. 

Infinity — 

points at 121, 398, 397, 468 ; circular points at 203, 251, 398, 400, 468, 
484 : llx^^ 121, 205, 391, 467; 477 ; position of infinite part of 
parabola 243. 

Intersections of— 

two lines 49, 109, 893; line and circle 147 ; line and conic 237; circle 
and parabola 279 ; circle and ellipse 325 ; circle and hyperbola 832, 347. 
Invariants 102, 108, 482, 518 ; ap^ication of, 434, 435, 514. 

Inverse— 

points 172 ; of straight line 216 ; of circles 217 ; curve, defined 216. 
Ivoi^s theorem 860. 
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Iiat\i8 rectum — 

defined 257 ; of parabola 290, 435, 514. 
liength of — 

perpendicular to a line 33, 45, 47, 434, 465 ; perpendicular to pair of 
lines 111 ; tangents to circle 139, parabola 268, ellipse 319 ; normal 257 ; 
segmenta of a chord 165, 436 ; chord of parabola 266. 

Iiimiting points, 191, 209. 

Ijocus, defined 21, 150, 402. 

Maximum triangle inscribed in an ellipse 317. 

Menelaus’ theorem 394, 462. 

Mid-points of — 

chord of parabola 267 ; chord of central conic 809. 

Kormal — 

defined 133 ; general equation of 236; of parabola 272 ; of ellipse 320; 
of hyperbola 331 ; of rectangular hyperbola 345 ; polar equation of, 381. 
Notation — 

for general Cartesian equation 108 ; for general tangential equation 405 ; 
for areal equation 475. 

Ordinate 257, 259. 

Orthogonal — 

points 397, 398 ; circles 184, 195, 212, 367 ; confocals cut orthogonally 
356. 

Osculating circle 280. 

Parabola referred to pair of tangents, 291-6. 

Parameter, defined 145. 

Parametric coordinates — 

circle 145, 156, 160 ; parabola 265, 292 ; ellipse 316 ; hyperbola 330, 342 ; 
conic referred to tangents and chord of contact 439. 

Pascal’s theorem 490. 

Pedal-^ 

line 154 ; equation of tangent to central conic 306. 

Point - 

equation of 393 ; of contact of tangent 405, 476 ; of intersection of line 
and conic 404, 423 ; of intersection of tangents at end of chord, 405. 
Point circles 191. 

Pole- 

defined 170; properties of 171 ; of line at infinity 205, 477 ; equation of 
405, 477. 

Polar — 

defined 170 ; of point 171, 236, 477 ; of centre of conic 205, 477 ; property 
of conjugate diameters 309 ; reciprocal 214, 441, 515. 

Quadrangle — 

coordinates of vertices 471 ; properties 420. 

Quadrilatered— 

equations of sides 471 ; conic circumscribing 198, 499 ; harmonic property 
64 ; properties 21, 59, 420. 

Badical — 

Axis 189, 483 ; axes of three circles 193 ; centre 193 ; circle 193. 
Bectangular hyperbola 240, 345, 849. 

Self-coiijugate triangle 172, 262, 362, 497, 499. 

Similar conics 436, 479. 

Simson’s line 154. 
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Subnormal and subtangent 257. 

Systems of— 

circles 162, 188,367,402; conics through four points or touching four 
lines 499« 

Tangent— general equation 235, 475. 

Tangential equation — 

defined 392 ; of point 393, 461 ; of circle 399, 481 ; of conics 409 ; special 
forms of 412 ; of general conic, 421, 475. e 

Tangents— 

pair of to circle 166, 168, to conic 237,423, 477, to parabola ^0, to central 
conic 311 ; polar equation of pair of 383 ; common to two circles 178, 182. 
Transformation of coordinates— 

Cartesian to polar 12; Cartesian, change of axes 97, See.; trilinear to 
areal, 453 ; trilinear and areal to Cartesian, 456. 







